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Preface

The present book is an introduction to number theory which focuses
on the theory of Diophantine equations. It is intended, first of all, as a text
for the standard elementary number theory course taught to majors in
mathematics and mathematics education. Therefore, we have tried to proceed
at a very slow pace in the initial stages of the book, and have done con-
siderably more “talking” about number theory, its structure and its goals
than is customary in books at this level. We have tried to make that portion
of the book corresponding to a one-semester first course in number theory
as accessible as possible to the broadest spectrum of students without com-
promising the content. To do this we have, for example, indulged in a
considerable amount of numerical calculation, and assumed almost no
background beyond a course in high school algebra. The theory of Dio-
phantine equations provides us with a common theme around which to
organize our discussions. This (we hope) makes number theory seem less
a disjointed collection of miscellaneous topics than an organized discipline
with goals, one of which is the study of Diophantine equations.

Chapters 1-6 provide a great deal of flexibility in organizing a one semes-
ter course in number theory, as can be seen from the following table of
logical dependence.

xi
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Chapters 7-11 give an introduction to algebraic number theory by studying
quadratic Diophantine equations, which lead to the study of quadratic fields.
Beginning at Chapter 8 the book is written at a higher level and also presup-
poses a first undergraduate course in abstract algebra. In Chapter 8, we
develop an algorithm for solving any quadratic Diophantine equation of the
form ax2 + bxy + cy2 = n. Chapters 7 and 8 provide a brief introduction
to quadratic fields. In Chapter 9, we develop, in some depth, the arithmetic
of modules in a quadratic number field and prove the unique factorization
theorem for modules. From Chapter 9, the reader can proceed either to
Chapter 10 or Chapter 11. Chapter 10 is devoted to a study of various
Diophantine equations, namely the Bachet equation y2 = x3 + k, Fermat’s
Last Theorem for n = 3, and norm form equations. Chapter 11 is devoted
to the study of the representation of integers by binary quadratic forms.

' We have included well over a thousand problems. It is our conviction
that number theory is most fun when approached with a spirit of adventure
and discovery. Therefore, our problems include simple numerical calcula-
tions, experimentation designed to let the student discover his own conjec-
tures, problems which amplify the theory in the text, and problems for the
aficionado. We have designated the latter sort of problem with an asterisk.

We employ the following numbering scheme in the book. When referring
to other sections than the current section of the book, we will do the fol-
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lowing: We will use a single digit to refer to other sections in the current
chapter. For example, Section 3 refers to Section 3 of the current chapter.
On the other hand, Section 11.3 refers to Section 3 of Chapter 11. When
referring to items inside the sections, single digits refer to items in the current
section. Thus, for example, Lemma 2 would refer to Lemma 2 of the current
section. But Lemma 3.2 would refer to Lemma 2 of Section 3 of the
current chapter. We will use 3-digit numbers only when we need to refer
outside the current chapter. In this case Lemma 8.3.2 would refer to Lem-
ma 2 of Section 3 of Chapter 8. All logarithms in this book are assumed
to be natural and will be denoted log.

The authors wish to thank the many colleagues whose conversations and
suggestions have helped improve this book. To Drs. Adam Kleppner and
James Schafer go our thanks for class-testing the manuscript. To Drs. Thom-
as Apostol, Bruce Berndt and Ralph Greenberg go our thanks for reading
the manuscript, and making many helpful suggestions. Our special thanks
and gratitude is extended to Drs. Ethan Bolker and Emil Grosswald, whose
incisive reading and critique of the manuscript went far beyond the call of
either duty or friendship. Our typists, Debbie Curran and Paula Verdun,
did a magnificent job of preparing the manuscript. And we thank the
Department of Mathematics of the University of Maryland for providing
the typing services. We are very grateful to Elizabeth Adams for her patient
and careful assistance in reading the proofs. Finally, we wish to express our
appreciation to the staff of Prentice-Hall, especially Penny Linskey, for their
support and for the professional manner in which they have produced this
book.

WILLIAM W. ADAMS
College Park, Maryland ‘ LARRY JOEL GOLDSTEIN
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1
Introduction

1.1 What Is Number Theory?

Contemporary number theory is such a vast subject that it is not easy to
describe the sort of mathematics which does or does not belong to it. How-
ever, at the risk of oversimplification, let us just say that number theory is
the branch of mathematics concerned with the study of the properties of the
integers:

---—4,-3,—2,—l,0,l,2,3,4,....
The integers (or at least the positive integers) and the rules of arithmetic

associated with them are among the oldest and most fundamental products
of the human thought process. One ancient civilization after another came to
grips with the need to count—for barter, for telling time, for calculating
calendars, for measuring lengths and areas, and for building. Out of this
necessity to count grew the number concept and the basic rules of arithmetic.
Over 5000 years ago, the Egyptians and Chinese made regular use of arith-
metic in their daily lives.

When calculating with the integers, it is hard not to notice the many
patterns and properties which they exhibit. And man’s curiosity made him
wonder whether or not the patterns which are observed to hold for the first
thousand (or first million) integers persist as general patterns of all the inte-
gers. Such questions belong to the province of number theory. They were
already asked by the ancient Egyptians and Chinese. However, among the

1



2 Chap. 1 Introduction

ancient civilizations, it was primarily the Greeks, especially the Pythagoreans,
who gave modern number theory its start.

To get a more specific idea of the sort of problems considered by number
theorists, as well as some idea of this book’s approach to the subject, let us
consider some problems considered by the ancient Greeks.

Problem 1: Find all right triangles the lengths of whose sides are integers.

Ifthe sides of such a triangle have lengths x, y, z, with z the length of the
hypotenuse, then the Pythagorean theorem implies that

x2 + y2 = z‘. (1)-

Thus, we see that Problem 1 is equivalent to determining all triples of inte-
gers (x, y, z) satisfying Eq. (1). Such triples are called Pythagorean triples.
Examples are (3, 4, 5) and (5, 12, 13). Moreover, if a, b, c are any integers
and if

x = i(a2 — b2)c, y = iZabc, z = :|:(a2 + b’)c,
then (x, y, z) is a Pythagorean triple. (Do the algebra.) Moreover, it was
proved by the Greek mathematician Diophantus that every Pythagorean
triple is of this form for suitable integers a, b, c.

Problem 2: Show thatfl is not the ratio of two integers (that is, J? is
irrational). '

The solution of Problem 2 is one of the nicest accomplishments of
Greek mathematics. It goes like this: If fl = x/y, x and y integers,
then 2 = xz/y2 or

x2 — 2y2 = 0. (2)
We may assume that the fraction x/y is reduced, so that not both of x, y
can be even. But since x2 = 2y”, x must be even, say x = 2t. Therefore,
4tz = 2yz and 2t2 = y2, so y is even also, contradicting the fact that not
both x and y are even.

Problem 3: Suppose that a, b, c are given integers. Find all integers x, y
such that ax + by = c.

We shall present a complete solution of Problem 3 in Chapter 2. To
appreciate the subtlety of the problem, let us consider two special cases.
First, consider the equation

u+v=i @
If a value for x is given, there is a value y for which the equation holds,
namely §(5 — 2x). However, if we choose x to be an integer, y = 5(5 — 2x)
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need not be. For example, if x = 2, y = 5}. Thus, solutions for which x and y
are integers are somewhat subtle to describe. However, some elementary
reasoning enables us to describe them all. For if integers x, y satisfy 2x + 3y
= 5, we must have that 2x = 5 — 3y is even. But then y must be odd.
(Otherwise 3y would be even and 5 — 3y odd.) Let y = 2t + 1 for some
integer t. Then

x=a}(5—3y)=1—3t,
so any solution of Eq. (3) for which x, y are integers is of the form

= l — 3t, y = 2t + 1, I an integer. (4)
Conversely, if t is any integer, and x and y are given by Eq. (4), we have

2x+ 3y=2(1—3t)+ 3(2t+1)= 5,
so that (x, y) is a solution of Eq. (3). Thus, the solutions of (3) in integers
are given by (4). For example, t = 0, l, —3 yield the respective solutions
(x, y) = (1, 1). (—2, 3), (10, —5)-

As a second special case of Problem 3, consider the equation 3x + 6y
= 7. This equation has no solutions in integers (x, y), since if x and y are
integers, 3x + 6y = 3(x + 2y) is an integer divisible by 3. But 7 is not divi-
sible by 3, so 3x + 6y = 7 has no solutions in integers.

Note that although Problems 1-3, on the surface, have no connection with
one another, all of them boil down to determining all the solutions (or lack
of solutions) in integers of certain equations, namely x2 + y2 = 22, x2 — 2y2
= 0, 2x + 3y = 5, and 3x + 6y = 7. The general problem of determining
integer solutions to equations is one of the central themes in number theory.
In fact, a large number of problems in number theory can be thought of as
problems concerning the solution of equations in integers. What makes
number theory interesting and gives it a special flavor is that such problems
are much more delicate than determining all solutions to an equation. Indeed,
as we showed above, xz — 2y2 = 0 has no solutions in nonzero integers
x, y. Nonetheless, it has many solutions (e.g., x = fl, y = 1). Also, given
any value for x and y, a solution to x2 + y’- = 22 can be determined by set-
ting z = :1:d _+ y‘. However, the solutions in integers (x, y, 2) have quite
a complicated description, especially when compared with the simplicity of
the original equation.

All the equations we have considered above are examples of what are
called Diophantine equations. More precisely, a Diophantine equation is a
polynomial* equation (in any number of unknowns) whose solutions in
integers are to be determined. Such equations are named for the Greek
mathematician Diophantus of Alexandria, who first made them the object

*Number theorists often consider more general Diophantine equations, e.g., 2x + y2
= 3, but we will restrict ourselves to polynomial equations in this book.
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of systematic study. Since ancient times, Diophantine equations have been
one of the focal points for number-theoretic investigations. In fact, much of
what we know about the integers has been obtained in efforts to solve Dio-
phantine equations. Therefore, we have chosen to make Diophantine equa-
tions the central theme of this book.

In this book, we shall explore various properties of the integers. But
time and again, we shall return to Diophantine equations to illustrate how
the information we have obtained about the integers can be applied. Although
it is certainly not possible to discuss all of number theory in the context of
Diophantine equations, the techniques necessary to solve even a limited class
ofDiophantine equations illustrate a wide range ofnumber-theoretic methods
and thus provide an ideal context in which to study number theory.

This book can be divided into two parts. Chapters l-7 require only the
minimal prerequisites outlined in Section 1.2 and cover what is usually called
elementary number theory. In Chapters 8-1], a greater level of sophistication
is assumed in the form of a first course in abstract algebra. The content of
the second half of the book includes an introduction to algebraic number
theory in the special case of quadratic fields. Our goal is to use algebraic
ideas to unravel the theory of quadratic Diophantine equations of the form

axz + bxy+ cyz = m.

Over the centuries, the theory of such equations has been the testing ground
for many new number-theoretic ideas by some of the greatest number theo-
rists, including Fermat, Legendre, Lagrange, Gauss, and Dirichlet. There
still remain many unsolved problems concerning them, and therefore they
are an exciting subject to cover in a course in number theory at the under-
graduate level.

As further illustrations of interesting Diophantine equations, let us give
two examples studied by the seventeenth-century French jurist and amateur
mathematician Pierre Fermat.

Problem 4: Determine all those positive integers a which are a sum of two
perfect squares. In other words, for which a is the Diophantine equation

x2 + yz = a

solvable in integers x, y?

We shall solve Problem 4 completely in Chapter 6. However, for now,
let us concern ourselves only with the case a = a prime, that is, the case
where a has no factors other then ;|:l and ia. In this special case, Fermat
proved that x2 + y2 = a can be solved in integers if and only if a — l is
divisible by 4 or a = 2. Thus, for example, x2 + y2 = 7 has no solutions in
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integers (7 — l = 6 is not divisible by 4), whereas x2 + y2 = 13 has solutions
in integers (13 —— l = 12 is divisible by 4). It would be instructive for you to
check the first 20 or so examples of Fermat’s result.

Fermat left a legacy in the form of an (as yet) unsolved Diophantine
equation, which has become known as Fermat’s Last Theorem. Fermat
learned much of what he knew about number theory from reading a Latin
translation of Diophantus’ works. In one section of the book, Diophantus
discussed the Pythagorean equation (Problem 1). In a marginal note written
in this section, Fermat wrote that in contrast to the Pythagorean equation,
we have

Problem 5: The Diophantine equation x’I + y" = z", n 2 3, has no solu-
tions in integers x, y, 2 except for the solutions obtained by setting one of
x, y, 2 equal to 0.

Moreover, Fermat claimed to have a marvelous proof of his assertion but
that the margin was too narrow to contain it. Mathematicians have searched
exhaustively for Fermat’s “marvelous proo ” for three and a half centuries.
The consensus of mathematicians today is that Fermat thought that he had
a proof but that the proof was incorrect. In any case, the statement which
Fermat made remains. Is it true or false? Mathematicians have proved Fer-
mat to be correct for many special values of n. For example, it is now known
that Fermat’s assertion is, indeed, correct for all n up to 30,0001‘. Moreover,
high-speed computers have been employed searching for examples where
Fermat’s statement is false, but no such example has ever been found. We
shall discuss Fermat’s Last Theorem further in Chapters 6 and 10, where
we shall show it to be true for n = 3, 4.

The above examples of number-theoretic questions illustrate at least one
important feature of number theory: Many number-theoretic problems begin
with the observation of a phenomenon displayed by the integers. Very often,
a suspected property of the integers is tested experimentally by verifying a
large number of cases. Of course, this procedure cannot, in general, hope to
yield any sort of proof. But it does serve many purposes. First, the experi-
mental evidenoe can lend credence to a suspected truth being investigated.
Second, the experimental evidence can show that the phenomenon under
study does not always occur by exhibiting counterexamples to the pheno-
menon. Third, the experimental evidence can lead to a guess of a correct
method of proof. The process of experimentally verifying suspected results
was at one time a manual process. Now, however, the high-speed computer
is an important tool for the contemporary number theorist.

TSee the article by Wells Johnson in Math. Computation, Jan. 1975.
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The reader should not get the impression that number theory is purely
empirical. The observational part of number theory is only the beginning.
After formulating a statement about the integers which stands up to the test
of experiment, the number theorist then is faced with the problem of proving
or disproving the statement. And supplying proofs for facts which are sus-
pected to be true is often an extraordinarily diflicult business. Very often,
an easily stated conjecture can be extensively supported by experimental
evidence but nevertheless cannot be proved or disproved. For example,
Goldbach, in 1742, stated that every even integer greater than 2 is the sum
of two primes. No correct proof has ever been given.

Another surprising feature of number theory is that when it is possible
to prove a number-theoretic conjecture, the proof often will incorporate
ideas which are seemingly far removed from the original conjecture. For
example, many proofs of number-theoretic results rely on geometric, alge-
braic, or analytic (i.e., calculus) techniques which are not at all suggested in
the statements of the theorems, which, after all, are concerned only with
integers.

Before we begin any substantive discussion of number theory, it seems
appropriate to ask the question: Why study number theory? There are many
reasons, but let us be content to quote a few. The integers arise in the daily
activities of human beings. And human curiosity poses questions which
demand answers simply by virtue of the fact that they are asked. This puts
number theory in the same category as all the other “pure” sciences which
seek answers to questions about natural phenomena, and this is already
suflicient reason to warrant its study. However, there are other equally cogent
reasons. Number theory can be considered as an art form, since its results
can be viewed from an aesthetic point of view. When viewed in this way,
number theory merits study because it is enjoyable and pleasing to our col-
lective aesthetic sense. Finally, another very important reason for studying
number theory stems from the central position which number theory occupies
in mathematics. By studying number theory, it is possible to obtain an over-
view of much of contemporary mathematics, for there are few fields ofmathe-
matics which have absolutely no connection with number theory. Also, the
study of number theory often leads to the creation of whole fields of mathe-
matics. It is for all these reasons that number theory was dubbed by Gauss
the Queen of Mathematics.

1.2 Prerequisites

We shall denote the sets of integers, rational numbers, real numbers, and
complex numbers by Z, Q, R, and C, respectively. To simplify the exposi-
tion, we shall make the following convention:
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Throughout Chapters 1—6, all lowercase italic letters (e.g., a, b, c, m, n,
x, y, 2) will standfor integers. In Chapters 7—1], this convention will be relaxed
to include rational numbers.

Let us now make a list of the prerequisites necessary for reading this book.

1. We assume that the reader is familiar with the notation of set theory.
2. We shall assume that the reader is familiar with the algebraic pro-

perties of the integers. That is, we shall assume that he is familiar
with the properties of addition, subtraction, multiplication, and
division. Also we shall assume that the reader can manipulate ine-
qualities involving integers. Whenever these assumed facts are called
for, they will be used without further comment. Similarly, the reader
may solve exercises posed in this book by using any algebraic mani-
pulations among integers which he is accustomed to from, say, high
school algebra.

3. We shall assume two properties of the integers which will form the
starting point for many of our proofs. The first of these properties is
theprinciple ofmathematical induction, with which the reader is proba-
bly already familiar. The second is the so-called well-ordering prin-
ciple.

Principle of Mathematical Induction: Suppose that for each positive integer
n there is given a proposition P(n). Further, suppose that P(l) is true and that
whenever P(n) is true so is P(n + 1). Then P(n) is true for all positive integers
n.

Well-Ordering Principle: Let S be a nonempty collection of positive inte-
gers. Then S contains a smallest element. In other words, S contains a posi-
tive integer n such that n g x for all x in S.

We shall often use the well-ordering principle in the following way. Sup-
pose that we wish to prove that all positive integers have a certain property.
We form the set S of all positive integers not having the property. By the
well-ordering principle, there is a smallest element 2 of S. That is, z is the
smallest positive integer not having the given property. This 2 usually has
sufliciently strange properties to imply a contradiction. Thus, S must be
empty; i.e., the given property holds for all positive integers n. The reader
will see numerous examples of this idea of proof in Chapter 2.

4. From Chapter 8 on, we shall assume that the reader has had a course
in abstract algebra covering the definitions and most elementary facts
about groups, rings, and fields (e.g., groups, subgroups, quotient
groups, order of an element, Lagrange’s theorem, equivalence rela-
tions, rings, ideals, factorization theory, fields).
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1.2 Exercises

1. Use induction to prove the formula

1+2++n="("T+1)-
2. Use induction to prove the formula

12+“ HEW,
3. Prove

13+2=+ +n3=(1 +2+ +n)2.
4. Prove

(x + y)" = x" + (’1')x""y + (;)xfly2 + --- + (n 1 l)xy"'1+y".
where

(n)_n(n— l) ---(n—k+ 1).
k — k(k—l)-'-~2-l

5. Consider the following proof that all billiard balls are the same color.
Use induction on n, the number of billiard balls. If n = l, the result is
clear. So suppose that n > 1. Line up the billiard balls. By induction
the first n — l billiard balls all have the same color. Also by induction
the last I: — l billiard balls all have the same color. Thus, it must be
that they all have the same color. What is the fallacy?

6. Prove that the following alternative version of the principle of induc-
tion is equivalent to the version given in the text. Suppose that for each
positive integer n there is a given proposition P(n). Suppose that P(l) is
true. Further, suppose that whenever P(m) is true for all positive integers
m g n, then P(n + 1) is true. Then P(n) is true for all positive integers
n.

1.3 How to Use this Book

Let us close this chapter with a few hints for the student. We hope that
these hints will make the book easier to use and will make this first course
in number theory more enjoyable.

First, the student should do lots of exercises. There are a large number
provided. Some are routine calculations which illustrate theorems. Others
develop theories which extend the scope of the text. Others are diflicult and
are meant as a challenge for the most ingenious readers. They will usually
be labeled with one or more asterisks.
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The student should make up numerical examples to illustrate the defini-
tions and theorems. Often, a numerical example will provide considerably
more insight into a discussion than that provided by a study of the logical
arguments alone. Also, by following a proof using a numerical example, the
mechanics of the proof are often clearly exposed to view.

Finally, the student should experiment with the integers, calculate, make
tables, conjecture properties of the integers, and try to prove or disprove
these conjectures. Ifyou doubt that a conjecture is true, test the first thousand
(or million) cases on any high-speed computer which is available to you.
Remember that empirical reasoning is the mother of number-theoretic results
and that by carrying out some experiments you can join in the long chain of
distinguished scientists, amateur and professional alike, who have contributed
to number theory.
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Divisibility and Primes

2.1 Introduction

In this chapter, we shall discuss how the integers~ are structured from the
point of view of multiplication. To get some idea ofthe sort of structure we
have in mind, let us consider first the structure of the integers from the point
of view of addition. The number 1 is a very special integer. For from 1, we
getbysuccessiveadditions2= 1+ 1,3 = 1+ 1 + 1,4: l + l + 1+ 1,
etc. In other words, every positive integer is obtained by adding together an
appropriate number of ones. Do the integers exhibit the same phenomenon
with respect to multiplication which they exhibit with respect to addition?
That is, does there exist a single integer n such that every positive integer
greater than 1 is obtained by multiplying n by itself an appropriate number of
times? It is easy to see that no such integer n exists. For example, if n = 2,
then the sequence 2, 22, 23, . . . misses 3, 5, . . . , and, in fact, misses “most”
integers. Similar reasoning works for any n (Exercise). However, a phenome-
non similar to the additive phenomenon does occur. Let us say that an integer
p is a prime ifp > 1 and the only factors ofp are i1 and :l:p. We shall show
in this chapter that every integer greater than 1 can be written as a product
ofprimes, e.g., 4 = 2-2, 5 = 5, 6 = 2-3, 12 = 2-2-3, 100 = 2-2-5-5. Thus,
instead of having one building block for the multiplicative structure of the
integers, we have many building blocks, the primes. (In fact, we shall prove
in this chapter that there are an infinite number of them.)

10
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Example 1: The factorization of an integer as a produet of primes is used
in finding least common denominators of fractions. For example, let us com-
pute 1-31 + «211,. Since 162 = 2-3‘ and 60 = 22-3-5, the least common de-
nominator of the two fractions is 22 ~34 .5 = 1620. Thus,

5 31 33 so 837 887
m+m= 162 '22—-5+6o 33:16—20+1—620= 1620‘

Not only shall we prove that every integer >1 can be written as a product
of primes, but we shall also show that such a factorization is unique up to
rearrangement of the factors (i.e., we do not count 2-3 and 3-2 as different
factorizations of 6). The uniqueness of factorization into primes is very
important. Indeed,_as we shall see in this chapter, the uniqueness of factor-
ization in the integers is one of the most subtle properties of the integers and
is one of the primary facts which makes number theory “work.”

Example 2: To appreciate the fact that the uniqueness of factorization has
interesting consequences, let us use it to find all positive factors of the integer
b = 4667544 = 23 -35 ~74. If a is a factor of b, then b = ac for some positive
integer c. If a = p1 - - - p, and c = q, - - - q, are factorizations of a and c,
respectively, as products of primes, then pl - - - p,q, - - - q, = ac = b is a
factorization of b as a product of primes. By the uniqueness of factorization,
p1, . . . , p, must be primes taken from the factorization 23-35-74 with 2
appearing at most three times, 3 appearing at most five times, and 7 appear-
ing at most four times. Thus, the positive factors of b are the numbers
2"3‘7’" for ogkgs, ogtgs, ogmg4.

We shall establish our unique factorization theorem (known as the
fundamental theorem of arithmetic) in Section 2.4. To do so, it will first be
necessary to prove certain facts about divisibility of integers. We shall derive
these facts using only the principle of mathematical induction and the well-
ordering principle.

The theory of divisibility which we shall develop will allow us to take our
first steps in solving Diophantine equations. The underlying reason for this
is as follows: In solving ordinary equations, we are accustomed to use the
algebraic processes of addition, subtraction, multiplication, and division.
However, if we are attempting to find solutions of an equation in integers,
usually we may not divide, for the quotient of two integers is not necessarily
an integer. Thus, it should seem reasonable that in order to solve Diophan-
tine equations, it is necessary to study divisibility properties of integers. As
a consequence of the results of this chapter, we shall be able to solve com-
pletely any Diophantine equation of the form ax + by = c.
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‘ 2.2 Divisibility

Definition l:* ‘We say that a divides b (written a | b) if and only if there is a
c such that b = ea. In this case we also say that a is a factor of b or that b
is divisible by a or that b is a multiple of a.

For example, 3 l 12, 7 I 245, 41 |2009, and 588 | 4667544.
If a does not divide b, we write a,{'b. For example, 3 ,f 5, 41’ 5, 7 1' 5,

since the only integers dividing 5 are :l:1 and :5.
We shall record some trivial properties of the relation of divisibility

between two integers.

Proposition 2: (i) a | b and a | c imply that a | bx + cy.
(ii) a | b implies that a | bc.

(iii) a | b and b | c imply that a | c.
(iv) Let a > 0 and b > 0. Then a | b implies that a g b.
(v) a|b and blaimply thata= :|:b.

Proof:
(i) If a|b and alc, then there exist s and t such that b = as, c = at.

But then bx + cy = asx + aty = a(sx + ty), so that albx + cy.
(ii) This follows from part (i) with x = c, y = 0.
(iii) If a|b and b | c, then b = as, c = bt for some s, t. Therefore, c =
ast and al c.
(iv) To prove part (iv), write b = ac. Since a and b are positive, we see
that c is positive, and hence c 2 1. Thus, b = ac 2 a.

(v) First note that if alb, we have |a||lb| since ifb = ac, then |b| =
la|-|c|. Thus, ifalb and bla, we have |a|||b| and |b||la|, so that bypart
(iv), [a] g |b|and|b| g lal. Theseimplythatlal = |b|andthata = ib,
as desired.T I

Part (i) of Proposition 2 implies, for example, that since 2| 4 and 2[ 6, we
must have 214-3 + 6-7 or 2| 54. We shall often use the statement of part (i)
in the following form:

(i’) Suppose that c = ax + by and that d | b but that dl’ c. Then d ,l’ a.

Indeed, if d were to divide a, part (i) of Proposition 2 would imply that
d |c. Thus (i’) is proved.

*Recall the convention we made in Chapter 1 that all lowercase italic letters denote
integers.

T'I'he inequalities used in this proof are among our assumptions concerning the integers.
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Warning: The following assertion is not always valid: If c = ax + by,
dlb, and d1 a, then dl’ c. Why not?

One way to check whether a given integer divides another integer is by
long division. For example, to determine whether 2437 | 51329, let’s divide it
out:

21
2437 )51329

4874
2589
2437

152
Thus, 51329/2437 = 21 + (152/2437), or, equivalently, 51329 = 21(2437)
+ 152. In particular, we see that 2437 ,{’ 51329, since there is a remainder of
152 when 51329 is divided by 2437. What we wish to show next is that we may
always carry out the above process of division to obtain a quotient and
remainder and that the quotient and remainder are unique. This result is
known as the division algorithm.

Theorem 3: Let a and b be integers with a > 0. Then there exist unique
integers q and r satisfying

b=qa+r, 0gr<a.

The division algorithm is equivalent to the assertion b/a = q + (r/a),
0 g r/a < 1. In the above example, b = 51329, a = 2437, q = 21, and
r = 152.

It is immediate that alb if and only if r = 0. In other words, alb if and
only if the remainder on division of b by a is zero.

To understand our proof of Theorem 3, it helps to draw a picture of the
real line. The integers na(n = 0, :Izl, i2, . . .) are represented by equally
spaced points along the line, at distance a apart. For large enough n, the
number na lies to the right of b. The integer qa just before b defines the
quotient q, and the distance remaining from qa to b defines the remainder r.
The case a = 6, b = 27 is illustrated in Fig. 2.1.

I 0°a 1m 2% 3°a 4% b 5'41

-16} i $4ééiéé1'01‘11'21'31'41'51'61'nkn'9232'1zaizhéis‘z'n‘sz'sabal
r

27=4-6+3,q=4,r=.3.
Figure 2.1

Proof of Theorem 3: We first assume that b 2 0. It is clear that there is a
natural number n such that no > b (e.g., n = b + 1). Let q + 1 be the least
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such integer (well-ordering). Then

(11+ 1)a > b2qa.
Let r = b — qa. Then b 2 qa implies that r = b — qa 2 0. Finally (q + 1)a
=qa+a>b implies that r=b—qa<a.

We leave the case where b < 0 as an exercise.
To show that q and r are unique, suppose that

b=qa+r=q1a+r1,0gr,r1 <a.
Either r 2 rl or r1 2 r. Suppose, for the sake of argument, that r 2 r1.
Then

0 g r — r1 < a, (an)
and

(q: —q)a = r — r1.
Thus, a|r — r,. If r — r1 > 0, then Proposition 2, (iv) would imply that
a g r — r1, contradicting (*). Thus, r — r1 = 0 and r = r1. Therefore,
(qi—q)a=0andq=q:- I

2.2 Exercises

1. Which of the following divisibility relations are true?
2|2; 2|6; 3|l7; —7|l4; 810; 17|135;
10|(—120); —l7|(—68); —23|(—117);
3481 [437289; 3481 | 435125. '

List all the divisors of 12, 13, 72, and 260.

3. In the following cases, divide b by a to obtain the quotient and re-
mainder:
(a) a =17, b = 23.
(b) a =17, b = —23.
(c) a = 14, b = 364.
(d) a = 376, b = 43581.
(e) a = 43581, b = 376.

4. Draw the figure corresponding to Fig. 2.1 for the following cases:
(a) a =17, b = 40.
(b) a = 3, b = 40.
(c) a=5,b=40.
(d) a = 7, b = —40.

.3 5. How many integers from 1 to 100 are divisible by 9? How many inte-
gers from 1 to 2000 are divisible by 9? If n, a are positive integers, how
many integers from 1 to n are divisible by a?

6. How many integers between 25 and 250 are divisible by 11? How many



Sec. 2.2 Exercises 15

10.
ll.
12.
l3.

14.

15.

16.

l7.

l8.

19.

20.
21.

integers between 250 and 25000 are divisible by 11? If n, m, a are posi-
tive integers with n > m, how many integers between m and n are
divisible by a?
If a, b, c are nonzero integers, prove that aclbc if and only if a|b.
Prove or disprove the following statement: If d at 0 and c = ax + by
anddlcanddlb,thendla. -
Show that for an integer n, n2 cannot be of the form 3k + 2 but can
be of the form 3k or 3k + 1. (That is, if we divide a square integer by
3, 2 cannot be a remainder.) (Hint: Divide n by 3 and consider separately
the three possible remainders.)
Show that for all integers n, 4 4’ n2 + 2.
Show that for every integer n, Zlnz — n, 6In3 — n.
Prove or disprove the following statement: a2 |b3 implies that a | b.
(a) Show that for every integer n there are integers k and r such that

n=3k+randr= —l,0,orl.
(b) Can you generalize this exercise?
(a) Show that given any integer k there is an integer n such that

5|n3 + k. (Hint: Write k = 5q + r, where 0 g r < 5.)
(b) Is the same statement true if we replace 5 by 7?
Show that the last digit of a perfect square can only be 0, l, 4, 5, 6,
or 9.
Show that a positive integer is a perfect square if and only if it has
an odd number of positive divisors. (Hint: Experiment with as many
numerical examples as you need to see the point in general.)
Show that for any positive integer n, 2| 3" — l, 3 | 4’I — 1, 4| 5" — 1, etc.
(Hint: Make use of the polynomial identity x” — 1 = (x — 1) (x"'1 +
x"'z+ +x+1)-)
Use the polynomial identity x’' + 1 = (x + l)(x"‘1 — x"'2 + x"'3 —
- - - + x2 — x + 1) when n is an odd positive integer to prove that if
2'I + 1 has no positive divisors except itself and 1 (i.e., is prime), then
n must be a power of 2. (Hint: If n is odd, then 3|2' + 1; if n = 2k
and k is odd, then 5|2'I + 1, etc.) Primes of the form 2" + l are called
Fermat primes.

Looking at Problems 17 and 18, can you give a general statement about
the use of polynomial identities in questions of divisibility?
Show that 1+2+ +n|3(12+22+ +n2) for a11n21.
Suppose that m, n are odd.

- (a) Show that 8 [m2 — n2. . ,
(b) Show that 8 | m‘ + n‘ — 2.
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Show that the binomial coeflicients

n n!
(k)—‘k (n—k) (09‘3")

are integers, where x! = 1-2 - - - x.
Let n, n1, n2, . . . , n. be positive integers such that n = n1 + - - - + n,.
Show that

n!
"1 cl ' ' ' n; I

is an integer.
The Greeks studied so-called figurate numbers, defined as follows: The
nth triangular number is defined to be the number of dots in the nth
triangle in the following sequence:

Then nth square number is the number of dots in the nth square in the
following sequence:

The nth pentagonal number is the number of dots in the nth pentagon
in the following sequence:

and so forth for hexagonal, septagonal, etc., numbers.
(a) Show that the nth triangular number is fin: + n).
(b) Show that the nth square number is n”.
(c) Show that the nth pentagonal number is %(3nz — n).
(d) Find a general formula for the nth k-gonal number.
(e) Show that a pentagonal number cannot have 3, 4, 8, or 9 as its last

digit.
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25. (a) Let n be a positive integer >1. Show that every positive integer a
can be written uniquely in the form a = a0 + an + an2 + - - -
+ an", where oga,gn — 1. For n =10, ao,. . . , a,, are the
digits of the decimal representation of a. The general case is what
is called the representation of a to base n.

(b) Find the representations of a = 57, a = 139, and a = 199 to base
7.

2.3 The Greatest Common Divisor

The concept of a greatest common divisor is probably the second most
important one in the discussion of divisibility. (The concept of a prime is the
most important.)

Definition 1: Let a and b be integers. We call d the greatest common divisor
(gcd) of a and b if and only if

(i) d > 0;
(ii) d | a and d |b (that is, d is a common divisor of a and b);
(iii) Whenever e|a and elb, we have eld.

Write d = gcd(a, b). If gcd(a, b) = 1, then we say that a and b are relatively
prime.

Example 2: Let us give a few examples of greatest common divisors:

(i) a=2, b=3, d=l.
(ii) a = 12, b = 15, d = 3.
(iii) a = 25, b = 85, d = 5.
(iv) a = 100, b = 475, d = 25.
By way of illustration, let us prove part (ii). The divisors of 12 are i1,

i2, i3, i4, i6, and i12. The divisors of 15 are :Izl, i3, i5, and :l;lS.
The common divisors of 12 and 15 are i1 and i3. And, indeed, 3 is the
only positive common divisor which all the common divisors divide. It is
very instructive to contemplate the precise role which unique factorization
plays in the above computation of gcd(12, 15) = 3.

Let’s make some comments about the definition of greatest common
divisor. First, requirement (i) asserts that gcd(a, b) must be a positive integer.
Requirement (ii) is that gcd(a, b) be a divisor ofboth a and b; that is, gcd(a, b)
is a common divisor of a and b. Finally, requirement (iii) says that gcd(a, b)
has the property that all common divisors of a and b divide gcd(a, b).

It is not at all clear that a and b have a gcd. Proving that gcd’s exist will
be one of the major tasks of this section.



I8 Chap. 2 Divtlsibility and Prime:

Not only does Definition 1 leave the existence of the greatest common
divisor of a and b in doubt, but it also leaves open the possibility that a and
b have two greatest common divisors. Actually, however, it is easy to show
that there can be at most one, for if d, and d2 satisfy the conditions of Defini-
tion 1, then requirement (ii) implies that d1 la and d, lb, dzla and dzlb.
Therefore, by requirement (iii) applied successively to e = (1,, d = (12 and
e = dz, d = (1,, we see that dlldz and d2 Idl. Therefore, from Proposition
2.2 (v), we deduce that d1 = idz. However, since both all and dz are posi-
tive, we see that d, = d2. Thus, we have shown that a and 'b have at most
one greatest common divisor. This fact will be recorded in the statement of
Theorem 3 below. '

Since the concept of a greatest common divisor is so important, we shall
give two proofs of its existence. The first proof is less “messy,” while the
second is constructive in the sense that it gives an explicit method for finding
greatest common divisors. Both proofs are somewhat difficult conceptually.
Indeed, the existence of a god is the most subtle point of this chapter. Any
proof of its existence must contain a crafty idea or two. However, someone
else has already thought up these clever ideas, and we can sit back and
appreciate their beauty.

There is one more point to make before proceeding with the proofs. As
an unexpected, even miraculous, by-product of the proofs we obtain a com-
plete solution of the Diophantine equation ax + by = c.

Theorem 3: Let a and b be integers, at least one of which is nonzero.
Then d = gcd(a, b) exists and is unique.
Proof 1: Consider the set S of all integers of the form ax + by, where x
and y range through all integers. That is,

S = {ax + by |x, y integers}.
S contains a positive integer since S contains the integers a, —a, b, and —b
(a = a-l + b-0, —a = a-(—1) + b-O, etc.). Let (I be the least positive inte-
ger in S. From the way in which S was defined, we may write d = axo + byo
for some integers x0 and yo. We claim that this dis the god of a and b. (This
is, insofar as we are concerned, very crafty.) Well, d > 0 by definition, and
so requirement (i) of Definition 1 holds. If e l a and e | b, then e l d by Proposi-
tion 2.2 (i). To show dla we use the division algorithm (Theorem 2.3) to
write

a=qd+r, 0gr<d,

and show that r = 0. This follows since
r=a—qd=a—q(axo+byo)
= a — aqxo — bqyo = a(1 - qxo) + b(—qyo)-

Thus, r belongs to S (r = ax + by with x = l — qxo, y = —qyo). Since
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0 S r < d and d is the least positive integer in S, it follows that r = 0, as
desired. Thus, d | a. We show that d | b by a similar argument. Thus require-
ment (ii) of Definition 1 holds and d = gcd(a, b). I

Note: The proof that d] a is one which occurs over and over, and you
should become very familiar with the principle: When a given integer
is defined to be the least positive integer with a given property and you
want to show that it divides another integer, divide and take the remain-
der. Show that this remainder has the same property and thus must be
zero.
Please note the following amazing corollary of the proof.

Corollary 4: If d = gcd(a, b), then there are integers x and y such that
d = ax + by.

Example 5: (See Example 2 and Corollary 4.)
(i) a=2,b=3; x=—l,y=l; l=2(—1)+3(l).
(ii) a= 12,b= 15; x= —~l,y= 1; 3: l2(—l)+ 15(1).
(iii) a = 25, b = 85; x = 7,y = —2; 5 = 25(7) + 85(—2).
(iv) a = 100, b = 475; x = 5, y = —1; 25 = 100(5) + 475(—l).

We shall now give the second proof of Theorem 3. It is called the Eucli-
dean algorithm (Euclid, Elements, Book VH, Proposition 2). It gives an explicit
method for computing the gcd of two integers.

Proof2 of Theorem 3: We shall assume that a > 0. (The case where a g 0
will be left to the reader.) By Theorem 2.3, we may write

b=q1a+rl 0<r1<a

a=qzr1+r2 0<rz<r1

r1=q3r2+r3 0<r3<rz

ru—z = qurm + r,I 0 < r,I < r,,_1
r,,_1 = q,,+,r,, (no remainder).

Since the remainders decrease and are greater than or equal to zero, even-
tually we must have zero as a remainder. Of course, we stop the process the
first time we obtain a zero remainder. Here n may be 0, l, 2, 3, . . . , and we
define r0 = a.

In this proof, we shall show that r, = gcd(a, b). By definition, r,' > 0
so requirement (i) in Definition 1 is satisfied. By definition, r,, | r _ 1. Therefore,
r,,lrn and r,|_r _1 imply that r,,|r -1 (Proposition 2.2 (i) again) using the
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second to last equation above. Then r,,|r _, and r,,| r -2 imply that r,,| r -3.
We continue this way and work our way up the above set of equations.
Eventually, we get r,,|r3, and r,,| r2 which imply that r,' | r,; and so rula; and
so rulb. Thus, requirement (ii) in Definition 1 is also satisfied. Finally, if
e|a and e|b, then, as before, e|rl and so elrz, etc. Continuing down the
chain of equations eventually leads to e |r,,, and so requirement (iii) of Defini-
tion 1 is also satisfied. I

You should compute d by this method for the examples in Example 2.
We shall work out gcd(2437, 51329). We have already performed the first
division in Section 2.

51329 = 21-2437 + 152
2437 = 16-152 + 5
152=30-5+2

5=2-2+1
2=2~1+0.

Therefore, gcd(2437, 51329) = 1. Thus, 2437 and 51329 are relatively prime.
We note that this proof gives a constructive proof of Corollary 4 also.

Namely d = r,. and so
d = rm - q..r..-1

= rn-Z _ qn(r -3 _ qn‘lr -2)

= ru-2(1 + qnqn-l) _ rn-Sqn'

Now substitute r,,_2 = r -4 — q,_zr -3, etc. We work our way up the entire
string of equations, and we finally obtain d in the form ax + by.

You should carry out this procedure for the examples in Example 5
(Note: You may not get the same solution given in Example 5). We shall
illustrate the procedure by finding x and y such that

2437x + 51329y = 1. (1)
1 = 5_— 2-2
= 5 — 2(152 — 30-5) = —2-152 + 61-5
= —2-152 + 61(2437 — 16-152)
= 61-2437 — 978-152
= 61-2437 — 978(51329 — 21-2437)
= —978-51329 + 20599-2437.

Therefore, x = 20599, y = —978.
This may seem like a fair amount of computation, but if you look at the

size of the solution and if you think about solving (1) in integers x and y,
you will see that the method is indeed quite eflicient.

We shall now record a few more facts about god’s.
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Theorem 6: Let d = gcd(a, b).
(i) d = 1 if and only if there exist integers x, y such that ax + by = 1.

(ii) gcd(a/d, b/d) = 1.
(iii) a | be and d = 1 imply that a l c.
(iv) a I be implies that (a/d)| c.
(v) gcd(ma, mb) = md, provided m > 0.

These are all very important facts, with part (iii) the most fundamental.
The above order is for convenience in proving them.
Proof:

(i) Corollary 4 is precisely the statement that d = 1 implies the existence
of x and y.- Conversely, if ax + by = 1 and dla and dlb, we see that
d] 1, so that d = :I:l. Thus, since d > 0, we have d =1.
(ii) Again from Corollary 4, there exist integers x and y such that

ax + by = d,
and so

a b _
7x+7y—l.

Recall that old and b/d are integers, and thus from part (i), gcd(a/d, b/d)
= 1, as desired.
(iii) Since d = 1, there exist integers x and y such that ax + by = 1.
Multiplying through by c yields

c = acx + bcy.
Therefore, a | a and a I be imply that a | c, as desired.
(iv) It is clear that a | bc implies that old | (b/d)c. Now simply apply parts.
(ii) and (iii).
(v) It is clear that mdl ma and mdlmb. Suppose that e [ma and elmb.

We must show that e|md. Write
d = ax + by.

Then
md = max + mby,

and so clearly elmd. Thus, from Definition 1, md = gcd(ma, mb). I
Note: In the proof ofpart (iii) above, you have seen and hopefully will
absorb a second fundamental principle for proofs in number theory. (A
first was given in a similar note on p. 19.) If you want to, prove some-
thing about a and b and if gcd(a, b) = 1, write 1 = ax + by and see
if it helps. It very often does.

Now we are able to tell the complete story concerning the solutions to
ax + by = c, as we promised.
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Theorem 7: If a, b c are integers and at least one of a, b is nonzero, set
d = gcd(a, b). Then we can solve the Diophantine equation

ax + by = c (2)
in integers x and y if and only if d |c. In this case, let x = x0, y = y0 be
one solution. Then the most general solution to (2) is

x=xo+—Z—k, y=yo—%k, k=0,;|:l,:|;2,....
Proof: If integers x and y exist so that ax + by = c, then, as usual, dla
and dlb imply that d |c. Conversely, suppose that dlc. From Corollary 4
there are integers x’ and y’ such that

ax' + by’ = d.
Multiplying through by c/d, we see that x = (c/d)x’, y = (c/d)y’ is a solution
to our original equation (2). (The point of the assumption dlc is that
x = (c/d)x’ and y = (c/d)y’ are then integers.)

For the second part of the theorem, we start with a solution x0, y., of (2).
By substituting x = x0 + (b/d)k, y = y0 — (a/d)k directly into (2), we see
that x, y is a solution of (2). Conversely, suppose that x, y is an arbitrary
solution of (2). We assume that a 7': 0. (If a = 0, then b ya 0 by assumption,
and we proceed similarly.) Therefore,

ax+by=c=axo+byo

a(x — xo) = b(yo — y).
Thus,

bla(x — x0) and hence —Z- x — xo

by Theorem 6(iv). Thus, x — x0 = (b/d)k for some integer k; that is,

x = xo + %k.

Substituting this value of x into (2) and solving for y we obtain

a(xo + %k) + by = c,

so that

by=c—axo—a%k

= by, — b—Z—k,
and thus

ay = J’o - 7k,
as desired. I
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As an example, we derived on p. 20 that a solution to

2437x + 51329y = 1
is x0 = 20599 and y0 = —978. Since here d = 1, the most general solution
to this equation is

x = 20599 4 51329k
y = —978 — 2437k,

for k = 0, i1, i2, . . . . So, for example, k = —1 yields

10.

x = —30730 and y = 1459.

2.3 Exercises

Find the god’s of the following pairs of numbers and prove that your
answers are correct by using the definition of god:
(a) a=15, b=20.
(b) a = 21, b = 315.
(c) a = 54, b = 8.
(d) a = 24, b = 49.
Find the god’s of the following numbers by using the Euclidean
algorithm:
(a) a = 10587, b = 534.
(b) a = 9800, b = 180.
(c) a = 1587645, b = 6755.
For each of the parts of Exercises 1 and 2, write gcd(a, b) in the form
ax + by.

Solve the following linear Diophantine equations:
(a) 8x + 3y = 27
(b) 2x+ lly= 34.
(c) 3x + 83y = —4.
Prove that gcd(n, n + 1) = 1 for all n.
Suppose that k has the property that gcd(n, n + k) = 1 for all n > 1'.
Prove that k = 1 or —1.
For what k is it true that gcd(n, n + k) = 2 for all n > 1?
Prove that gcd(a, b) = gcd(a + kb, b) for all k.
Prove that if a l c and bl c with gcd(a, b) = 1, then abl c. (Hint: Follow
the note in the text concerning relatively prime integers.)
Find two fractions whose denominators are 11 and 13, respectively,
and such that their sum is 67/143.
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The Smiths run a restaurant which charges a flat fee of $11 per adult
and $7 per child (inflation l). At the end of an evening the total in the
cash register is $657. What is the smallest number of people who could
have dined that day?
Find all integers x which have the following property: x leaves remain-
der 6 when divided by 11, and x leaves remainder 3 when divided by 7.
(a) Show that the Diophantine equation ax + by = c, where a > 0,

b > 0, c > 0, has only a finite number of positive solutions.
(b) Find the number of positive solutions of 16x + 27y = 390.
Let a, b be positive integers. By a least common multiple of a and b,
denoted lcm(a, b), we mean an integer m such that (i) m > 0, (ii) alm
andblm, and (iii) ifn is such that aln and bln, then mln.
(a) Let a = 5, b = 3. Show that 15 is a least common multiple of a

and b.
(b) Let a = 16, b = 24. Find lcm(a, b). Answer the same question

for (1 =12, b =15.
(c) Prove that a and b have at most one least common multiple.
((1) Prove that a and b have a least common multiple. In fact, prove

that ab/gcd(a,b) is a least common multiple of a and b, so that
lcm(a, b)gcd(a, b) = ab. (Hint: Apply Exercise 9.)

Suppose that gcd(a, 4) = 2 and gcd(b, 4) = 2. Prove that gcd(a + b, 4)
= 4.
Let a, b, c be integers.
(a) Formulate a definition of the greatest common divisor of a, b, c.
(b) Prove that if a, b, c are not all zero, then they have a greatest

common divisor (denoted gcd(a, b, c)) and only one.
(c) Show that gcd(a, b, c) = god(gcd(a, b), c).
(d) Show that gcd(a, b, c) can be written in the form ax + by + cz.
Solve the same problem as in Exercise 16, except generalize all results
to n integers a1, a1, . . . , a".
Find all solutions of the Diophantine equation 3x + 5y + 42 = 6.
Solve the system of simultaneous Diophantine equations

x + 2y + 3z = 4
2x — z = —l.

Prove that the system of simultaneous Diophantine equations
3x + 6y + z = 2
4x + 10y + 22 = 3

has no solutions.
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22.

23.

24.

(a) Let a, b, c, d be any integers. Show that the Diophantine equation

ax + by + cz = d
is solvable if and only if gcd(a, b, c) l d.

(b) Assume that the equation in part (a) is solvable and let (x0, yo, 20)
be one solution. Determine all solutions.

In this exercise, we shall determine an upper bound for the number of
steps in the Euclidean algorithm. Suppose that b 2 a > 0 and that

b=q1a+r,, 0<r1<a

a=q2r1+r2, 0<r2<r1

rk = qk+2rk+l + 7k”, 0 < 7“,,” < r“,

rn-l = qn+lrn'

Thenr1 >r2> >r,,.
(a) Show that b 2 2r,, a 2 2r,.
(b) Show that for k 2 1, we have rk 2 2mm.
(c) Show that b 2 2’”2 so that n g 2(log b/log 2).
(d) Show that for b g 10000, the Euclidean algorithm must terminate

in at most 28 steps.

Write a computer program for calculating the god of a and b. You
should refer to Exercise 22 to find out how many times you may have
to repeat the division algortihm in your program.
Let a1, a2, . . . , a, be nonzero numbers. We say that m is a least common
multiple of -a1, . . . , a, provided (i) m > 0, (ii) a,|m for 1': 1, . . . , n,
and (iii) whenever b,|m1 for i = 1, . . . , n, we have mlml.
(a) Prove that al, . . . , a,I have one and only one least common multi-

ple, denoted lcm(a1, . . . , (1,).
(b) Experiment with various values of a1, . . . , a,,, and in each case

compute lcm(a1, . . . , an).
(c) From your experimentation, show that it is not always true that

gcd(a1, . . . , a,)-lcm(a1, . . . , a") = a1- - - a,
if all a, are positive. Can you come up with a generalization of
Exercise 14(d) which is valid for god’s and lcm’s of more than two
numbers?
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Let us define the Farey sequence of fractions of order n to be the set of
all reduced fractions a/b, 0 g a/b g l, l g b g n. Thus, the first three
Farey sequences are 5}, Jl; 3}, f, +; and if, s}, %, $ +-
Prove:
(a) If a1 /b1, aZ/b2 are fractions which are adjacent to one another in a

Farey sequence, then azbl — alb2 = 1.
(b) If a1/b1, az/bz, a3/b3 are adjacent in a Farey sequence and b; =

n, then a2 = a1 + a3, b2 = b1 -|— b3.
Let m, n be integers such that gcd(m, n) = l.
(a) When does gcd(m, n) = gcd(m — n, m + n) hold?
(b) Let a, b, c, d, m, n be integers such that ad — bc = 1, mn 7'.- 0.

Show that gcd(am + bn, cm + dn) = gcd(m, n).
Let a 2 1 and let m, n be distinct positive integers. Show that

1 if a is even,
2 if a is odd.

Let us define the Fibonacci sequence of integers as follows: F0 = l,
F1=1, Fz=l+l=2, F3=l+2=3, F4=2+3=5, F5:

3 + 5 = 8, . . . , F,,+2 = F,,+1 + F". This sequence was introduced in
the Middle Ages by the Italian mathematician Fibonacci.
(a) Show that two consecutive terms in the Fibonacci sequence are

relatively prime.
(b) Show that Fu=(”31)+("'1'2)+("‘2‘3)+...

(Eventually, the terms are zero.)

gcd(a’” + l, a” + 1) = {

What is the greatest common divisor of the binomial coeflicients

n : n , . . . , n r; . .

(I) (2) (n_1).(See Exerc1se 17)

Let a, b be distinct integers. Show that there exists an infinite number
of integers x such that gcd(a + x, b + x) = 1.
Assume that a, b, c, d are integers, b ¢i- d, with gcd(a, b) = god (0, d)
= 1. Show that (a/b) + (c/d) is not an integer.
Let a, b be integers, b 7': 0. Suppose that we apply the Euclidean algo-
rithm

a = bq l + ’1

b =r1q2 +72

1'1 =rzqa +"3
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Show that we have the following continued fraction expansion for a/b:
1

__1__
q3+ ...

33. Show that every even integer n can be written in the form a — b with
gcd(a, n) = gcd(b, n) = 1.

*34. Let m, n be positive integers, d = gcd(m, n). Show that gcd(2'" — l,
r—n)=r—1.

a
'—‘=qi+
b 42+

2.4 Unique Factorization

Now, at last, we are prepared to prove the main result of this chapter,
the uniqueness of factorization of integers into prime factors. First we define
what our “building blocks” are.

Definition 1: A prime is an integer p such that

(i) P>1;
(ii) ifalp, then a = ;|:l or :|:p.

For example, p = 2, 3, 5, 7, 11, etc., are primes. We shall state some
preliminary results as lemmas.

Lemma 2: If n > 1, then n is a product of primes.

It should be emphasized that a prime is considered to be a product of
primes, namely the product of one prime.

Proof ofLemma 2: If there are integers n > 1 which are not products of
primes, then there is a least such integer (well-ordering). Call it m. Then m
cannot be a prime. And thus from the definition of a prime, there is a divisor
a of m (alm) such that a 7'.- il and a ¢ im. We may assume that a > 0.
Write m = ab. Then 1 < a, b < m (Proposition 2.2 (iv)). Since m is the least
integer >1 which is not a product of primes, a and b must be products of
primes, saya =plp2 - - - p, andb =q1q, - - - q,,wherep1, . . . ,p,,q,, . . . ,q,
denote primes. Then

m=w=m~¢m~1.
is a product of primes. This contradicts our choice of m and concludes the
proof of Lemma 2. I

' Lemma 3: (Euclid’s lemma). Let p be a prime. Then p | ab implies that p I a
or p lb.
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Proof: This is an immediate consequence of Theorem 3.6 (iii), since p 1’ a
implies that gcd(p, a) = 1, and so p I b. I

Corollary 4: Let p be a prime. Then p|a1a2 - -- a, implies that pla, for
somei,lgigr.

Proof: Exercise. Use induction. I

Theorem 5: (Unique Factorization). Let n > 1 be an integer. Then

"=P1P2 "'P:

is a product of primes and this factorization is unique. The uniqueness
is understood to mean that if

n =P1P2 "‘Pr =q1q2 4;,
where 121, . . . , p,, q,, . . . , q, are primes, then r = s and, after rearranging
q“. . . ,q,, we have];1 =q1,. . . ,p, =q,.

That we must allow for rearrangement of the q’s to make the correspond-
ing factors equal is clear, since, for example,

12 =2.2.3 = 2.3-2 = 3-2-2.
Proofof Theorem 5: We know from Lemma 2 that each n > 1 can be fac-
tored into a product of primes. If there were integers n > 1 for which such
factorization was not unique, then there would be a least such integer (well-
ordering); call it m. Suppose that

m =P1Pz "'Pr =41qz qr
Then p, |q1q2 - - - q,, and so by Corollary 4, p1 lq, for some 1'. By rearranging
the q’s, we may assume that i = 1. Therefore, p, |q1. Since q1 is a prime, we
have p1 = i] or p1 = iql. Since 111 > 1, we have pl =q1. We may thus
cancel p1 = q1 in the expression for m to obtain

m1 =P2 "'Pr =42 ‘1.-
But m1 < m (Proposition 2.2 (iv)). Thus, since m is the least integer >1
without unique factorization, we have r — l = s — l, and, after rearranging
theq’s,pz =q2, - . . ,p, =q.- Thus, r =sandp1 =q1, . . . ,pr =q,- Thus,
the factorization of m must have been unique after all. This contradiction
establishes Theorem 5. I

Corollary 6: If n < —1, then there are primes p1, . . . , p, such that

n = —p1 ---p,
and the factorization is unique.
Proof: Indeed, —n satisfies the hypothesis ofTheorem 5. I

At this point we might mention something which tends to confuse stu-
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dents. Why, in Definition 1, did we exclude 1 from being a prime? Of course,
in mathematics there is nothing sacred about the label we put on things.
However, these labels are carefully chosen to make the ideas as transparent
as possible. In our present case, if we had allowed 1 to be a prime, then
Theorem 5 would be false. For example, 6 =2-3 =2-3ol =1~2~3~1 =
1-2-3-1-1, etc. Therefore, the uniqueness of the factorization is destroyed if
we call 1 a prime.

A comment concerning the proof of Theorem 5 is also in order. If you
look at the proof that factorization is always possible (Lemma 2) and the
proof that factorization is unique, you might be misled into believing that
the proofs are about equal in difficulty. This is not so, and, as we have
remarked before, the uniqueness is by far the deeper result. If you examine
the two proofs closely, you will see that the proof of existence used nothing
but the well-ordering principle and trivial facts about divisibility. 0n the
other hand, the crucial point in the proof of uniqueness relied on the state-
ment that 171q - - - q, implies that p1 |q, for some i. This was essentially
Lemma 3, that is, Theorem 3.6 (iii), and the latter result relied on the rather
nontrivial material concerning greatest common divisors in Section 3.

We shall close this section by collecting a few more facts about primes
and factorization. The first ones concern themselves with the question of
how many primes there are and how they are distributed. These questions
lead to some of the deepest and most beautiful results in number theory and
are still the subject of much research. We shall content ourselves with Corol-
laries 7 and 8 below. The student who is interested should look at Appendix
A, which contains an alternative proof of Corollary 7 and an improvement
of it. The proofs rely on calculus and serve to give the reader a small glimpse
into the deep and marvelous subject of applications of calculus to number
theory (called analytic number theory).

Corollary 7: (Euclid). There are an infinite number of primes.
Proof: If this were false, then there would be a finite number, k, of primes,
which we denote by 12,, . . . , pk. Set

”=P1P2 "'Pk+1-

We know (Lemma 2 or Theorem 5) that there is a prime p such that pln.
Since 17 is a prime and since 1),, . . . , pk are all the primes, there must be an
i such that p = 1),. Thus, p | p1p2 - - - pk. This fact, together with p l n, implies
that p | 1. This contradiction establishes the result. I

Corollary 8: There are arbitrarily large gaps between successive primes.*

*On the other hand, it is an unsolved problem as to whether there are an infinite number
of prime pairs (1), p + 2) with p and p + 2 primes (here the gap is 2). Examples are (3, 5),
(5, 7), (ll, 13), (l7, l9), and (29, 31).
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Proof: The assertion is that for any positive integer 71 there is a sequence
of n successive integers none of which is prime. Indeed, if we denote by n!
the product 1.2-3 - - - n, then

(n+1)!+2,(n+1)!+3,...,(n+1)!+(n+1)
is a sequence of n integers. That none of them can be prime is clear since for
2 S k S n + 1 '

k l (n -+ 1)! + k
and 2 g k < (n + l)! + k. Thus, (n + 1)! + k has a divisor other than :l:l
and itself and so is not prime. I

Finally we shall give a method for factoring integers and generating
primes. The latter is called the sieve ofEratosthenes. It is called a sieve because
the procedure is like taking a sieve filled with integers and dropping out most
of the integers through holes in the sieve. When we are done only primes are
left in the sieve. We start with

Proposition 9: If n > 1 is an integer and is not a prime, then there is a
prime p such that

pln and p S M?-
Proof: Since n is not a prime, there are integers a, b such that

n =ab and Zgagb<n.
Thus, n = ab 2 a2 or agJT. Letp beaprimesuchthatpla. Thenpln
andpgagA/n” I

For example, 18 is not a prime, and 2| 18 and 2 g «fl-31 Also 25 is not a
prime, and 5|25 and 5 g J2_5.

Thus, to check whether a given integer n > 1 is a prime it suffices to
check whether n is divisible by any ofthe primes p g fl. Ifnot, It is a prime.
This in general saves a lot of work.

For example, is n = 271 a prime? Well 16 < A/271 < 17, and so 271 is
a prime or there is a prime p g 16 such that p|271. The primes g 16 are
2, 3, 5, 7, 11, and 13. We now must do some work to see if any of these
primes divide into 271 evenly. They do not (do the division). Thus, 271 is
prime.

The above idea can be put to work to generate primes. The resulting pro-
cedure is the sieve of Eratosthenes. Suppose that we wish to find all the
primes g n. Well, any nonprime is divisible by a prime S J7. Thus, list
the integers from 2 through n. Strike out all multiples of 2 except 2 itself.
The next integer in the list is the prime 3. Strike out all multiples of 3 except
3 itself. The next integer in the list that has not been struck out is the prime
5 (4 was struck out as a multiple of 2). Strike out all multiples of 5 except 5
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itself. Continue doing this. Suppose that we have just struck out all multiples
ofp except 12 itself. The next integer left in the list will be the next prime after
p; call it q. We continue doing this until q > fl, and then we quit. All that
is left are the primes between 2 and n, as all other integers have been struck
out as multiples of primes g J71—.

Example 10: n = 30. Since 5 < ./30 < 6, we must strike out all multiples
of 2, 3, and 5:

2 3 ,4’ 5 26’ 7 /8/ fl" )5
11%13i4’1/5’1617'Ml926
%%B%%%fl%wm

So the list of primes g 30 is 2, 3, 5, 7, 11, 13, 17, 19, 23, and 29.

Notice that to find all the primes up to 100 we would only have to strike
out the multiples of one more prime, namely 7, so the method is remarkably
efficient.

2.4 Exercises

1. Factor the following integers into products of primes: l3, 16, 28, 144,
169, 44, 100.

2. Determine all the primes p with p g 100 from the sieve of Erathos-
thenes. (It should not take you more than about 1 hour to use the sieve
to find all primes p g 500 and so check Table 1 at the end of this book.
This depends a great deal on how immune you are to writer’s cramp.)

3. Write a computer program to determine all the primes p g n using the
sieve of Eratosthenes. If you have a computer available, compile a list
of all primes g 1000.

4. Given a nonzero integer n, set A, equal to the set of primes pln. So
A1 = Q, A2 = {2}, A6 = {2, 3}, and A12 = {2, 3}. Prove the following
useful statements:
(a) gcd(n, m) = 1 if and only if A, n A,. = Q .
(b) n | m implies that A, E A,, (and so A, $ A,I implies that n 1’ m).
(c) If d = nx -+ my, then A, 2 A,, n A,.
(d) If d = nm, then A, = A, U A,..
(e) If d = gcd(n, m), then A, = A, n A,..

5. Given any pair of integers m, n both larger than 1, show that it is
possible to write

m = pi‘p’i‘ ° - - p7:
_ b b b" —P1'P2' ° ' ' Pk"
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where p1, . . . ,pk are distinct primes and a1, . . . , ak, b1, . . . , bk are
integers 2 0 (e.g., 12 = 22-3-5“ and 15 = 2°-3-5).
Using the expressions of Exercise 5, show that
(a) mln if and only if a, 3 b1, . . . , ak g bk.
(b) gcd(n, m) =1)??? mpii. where ct =minimum(a., b.) (1 Sisk).
(c) lcm(n, m) =p'ilp2' - - - p‘,’:, where d, =maximum(a,, b,) (1 stgk).
(The lcm is defined in Exercise 14 of Section 2.3.)
Use Exercise 6 to show that

(lcm(n, rr1))(gcd(n. m» = nm,
and thus give another proof of Exercise 14(d) of Section 2.3.
Prove that for positive integers m, n the proposition

a’" | b’I implies that alb
is true if and only if m 2 n.
Leta22,n22.Showthatifa"—1isaprime,then a=2andnis
a prime. (Hint: Look at Exercise 17 of Section 2.2.) Primes of this form
are called Mersenne primes.
(This exercise is for those with access to a computer.) Let n(x) = the
number of primes g x. Use the program you wrote for Exercise 3 to
compute (a) 7r(x) — (x/log x) and (b) n(x)/(x/log x) for x = 100, 200,
300, 400, . . . , 10000. On the basis of the numerical data derived, can
you make any conjectures? (These same calculations were performed
by Gauss.) Note: log x means the natural log of x.
Let f(x) = aox'l + - - - + a,. be anonzero polynomial with integer coef-
ficients. Show that f(k) is composite for infinitely many integers k.
(Hint: Reduce the problem to the case where |a,,| > 1.)
Show that for n > 1, the number 1 + f + - - - + l/n is not an integer.

Showthatfornthenumber1+fil+ + l/(2n+ l)is notan
integer.

Let a/b be a reduced fraction (that is, gcd(a, b) = 1). Assume that a/b
is azero ofthe polynomial aux" + - - - +- a”, a0, . . . , a, integers, a0 -/= 0.
Show that al a,” b I do.
Let p be a prime and a an integer such that 1 < a < p. Show that
(g) is divisible by 17.
Letp be a prime, and a, b integers. Show that w“ — b' is either relatively
prime to p or p2 | (a’ — b”). (Hint: Apply Exercise 15.)

Prove that n“ — 9 is never prime for any n.
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(Hilbert) Let R denote the collection of all positive integers of the form
4k + l, k an integer.
(a) Show that the product of two elements of R is again an element

of R.
(b) Say that an element m of R is a prime element if the only elements

of R which divide m are l and m. Find all prime elements g 100.
(c) Show that every integer of R can be written as a product of prime

elements.
(d) Show that the factorization in part (c) is not necessarily unique.
Let p, denote the nth prime.
(a) Show than):+1 <p1pz - - - p, for n 2 4.
(b) Show that p, < 2".
A famous theorem known as Bertrand’s postulate asserts that for n 2 1
there exists a prime p such that n g p g 2n.
(a) Verify Bertrand’s postulate for n g 100.
(b) Assume Bertrand’s postulate and verify that p,I g 2", where 1),I

denotes the nth prime.
Show that the only possible positive integers which are not sums of
consecutive integers are powers of 2.
Let d,(n) denote the number of divisors of n of the form 4k + 1 and
let d,(n) denote the number of divisors of n of the form 4k +- 3. Show
that d,(n) 2 d,(n).
(a) Show that MT, «‘73—, and {/7 are not rational numbers.
(b) Let a be a positive integer and let a = p? - - - p? be the factoriza-

tion of a into a product of powers of distinct primes p1, . , 12,.
Show that (77 is a rational number if and only if mlel, mlez,

. . , ml e,.

Appendix A

Euler's Proof of the lnfinitude of Primes

In this appendix, we shall give another proof that there are infinitely many
primes. The proof given here is due to the eighteenth-century Swiss mathe-
matician Leont Euler. Its novelty is that it connects'the ideas of calculus
with the arithmetic of the integers. Let us consider the function of s defined
by

C(S)=Lil.”=17!
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This function is called the Riemann zeta function, after the German mathe-
matical giant Bernhard Riemann, who, in 1859, systematically studied
the deeper properties of the function. Actually, the infinite series ((5‘) was
first introduced by Euler, nearly 100 years before Riemann’s work.

By the integral test, the series for C(s) converges for s > 1 and therefore
defines a function of s for s > 1. Moreover, since

we see that

E1$2 1 g = S l].

Thus, we see that
lim C(s): oo.
.I—>l+

The graph of ((5'), as you may readily check, is as given in Fig. A.l.

{(5)

Figure A.l

We will need the concept of an infinite product. This is simple to define
and is very similar to an infinite sum. Namely if a,, a2, a3, . . . is a sequence
of real numbers, define*

In N
flau=hmflan=lim aIaZ-naN.
"=1 N—poon=1 N—vee

The connection of C(s) with primes is given in the following theorem.

Theorem 1: (Product Formula)

{(s) = ITO—1%)~1 for 3 >1.
1’

*This definition of an infinite product is at variance with the usual definition given in
analysis books. For technical reasons, one usually requires that the limit be nonzero. How-
ever, our definition will suflice for our purposes.
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We should make a comment concerning the notation in Theorem 1. The
symbol 11 means take the product over all primesp. Thus, ifpl < 172 < p, <
- - - dengtes all the primes listed in order, then Theorem 1 asserts that

as) = fl (1— if = lim fi (1 — i)"m- 1 p,” N-wo ":3 1 P;

if there are an infinite number of primes, or, if there are just M primes,
M 1 -1C“) = E (1 7;) '

ProofofTheorem 1: Since 0 < 1/p,',, < 1, we have the geometric series for-
mula

1 1 l 1=1 _ _ s:

P!»
This sum contains just some of the terms in the series

_ 1 1 1 = °° i((S)—1+7+§+$+ "Elna’

namely those for n = p5,, powers of p,,,. Let’s see what happens when we
multiply the first two series (*) together* (p1 = 2, p2 = 3):

<><—><——><——>
_ l
_ Z ?’

where the sum is over all n with only 2’s and 3’s as factors.
Similarly,

I '1 1 '1 1 '1 _ 1(1‘7) (1‘?) (1‘?) ‘27:? (1’
where the sum is over all n with just 2’s, 3’s, and 5’s as factors. And, in
general,

N _ 1 ‘1 _ 1 2)"£11 (1 if) — E F (
where the sum is over all n with just 1),, p2, . . . , pN as factors. We have
glossed over an important point. Let’s look again at Eq. (1), for example.
How do we know that every integer n with only 2’s, 3’s, and 5’s as factors
occurs once and only once. That n = 2‘355‘ occurs is evident; the only way
such an It could occur two or more times would be for n to have another
expression of the form 2"3"’5", which we know cannot happen because of

*We assume that the reader is familiar with the following result about infinite series:
If 2,. a.I and 2,. b,,‘ are convergent series of positive terms, then 2,“ a,b,,. converges and
equals (Zn anXZm bin)-
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unique factorization. The same considerations hold for Eq. (2). Indeed,
Theorem 1 may be viewed as an analytic statement of the unique factorization
theorem.

If there are only finitely many primes, say M of them, then Eq. (2) for
N = M would complete the proof of the theorem. Otherwise there are an
infinite number of primes and 1)” —> 00 as N —> 00. To complete the proof
we must show that

ELEV“) — m1: (1 — %)'1|= o. (3)
From (2),

«o—uo—a“ =2;
~ 1

_u=pN+1 F,

where the first sum is over all n with at least one prime factor p > p". It
is a standard fact from calculus that the “tail end” of a convergent infinite
series must tend toward zero, and so

. °° 111m — = 0.
N—vw uI§y+l n'

This implies (3), and so Theorem 1 is proved. I

Theorem 1 suflices to show there are an infinite number of primes.

Corollary 2: (Euclid). There are an infinite number of primes.
Proof (Euler): If not, let p1, . . . , pM be all the primes. Then by Theorem 1,

as) = fi (1— i)":m=1 Pin
a finite product. Therefore, clearly the expression on the right makes sense
for every real 5 > 0 and defines a continuous function. However, we observed
before that

111111 ((3) = 00,

which contradicts the statement
_ M 1 -1_ M _i -1

P111. (1 17;.) 321.0 ,) <°°- I
Our goal is to prove a more precise version of Corollary 2, namely

1 _E3 7 °°'
Note that this equation asserts more than just the infinjtude of primes.
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For example, there are an infinite number of squares nz. also, but
1

2n—2<°°.
n=l

Thus, in some sense “there are more primes than squares.” More precisely,
the primes are denser than the squares in the set of all integers.

Theorem 3: (Euler). 2 % = 00.
.P

Proof: We look at log C(s) for s > 1. Since ((5‘) > 0 for s > 1, log C(s) is
defined; and since lim ((5‘) = 00, we must have

1—41;

111:]: log ((3) = oo. (4)
By Theorem 1,

log C(S) = 108 (32}, ,fi (1 _ i')_1)

=.;..(I°s;.fi (- pi.) )
(Since log x is a continuous function, the fact that aN ——+ a as N ——+ 00 implies
that log aN ——> 103 a as N ——> oo .) Thus,

1_ 1 -log C(s)— 1m g: (—log(l —Pk))

Recall the infinite series for 1030 — x): For |x| < 1,
2 3 a m

_log(1_x)=x+x7_+x?.+ n-o =m§1_xfiu

Since, for s >1, 0 < 1/1)}, < 1,
1 °° l l °° 1—1 1 — — = = ——°g( pt) 2 + 2

'1 °° l<_ _
Pi+n§2fl

_1 i "° L‘pfiptgopz'
= i + 1 1 (by the formula for a geometric

p7. Eil_i series, 2;-orm=l/(l—r) for
Pk lrl<1)

= 1 1
P—I't + pk(Pk — 1).

Thus,

log ((5') < lima; (fi+IWk1—T))
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We note that

°° 1 °° 1
E1Pk(pk_1)s .= W < ’l H V

and for s > 1,

Thus,
°° 1 °° 1— d _

E1 PkU’k — 1) an kg! Pi:
converge, by the comparison test. Set

°° la = —:2; “(pk — 1)
a constant independent of s. Then

°° 1log C(s) _<_ E1 177: + at.

We immediately deduce from Eq. (4) that

lim f;_=oo. ' (5)

as desired. I



3
Congruences

3.1 Introduction

In this chapter, we shall introduce yet another fundamental notion in
number theory, the idea of a congruence. To motivate the concept of con-
gruence, let us consider the process of measuring time using a clock. For the
sake of simplicity, let us assume that we are interested in telling the correct
hour (and not the number of minutes past the hour). Then the process of
measuring time which we use in our daily lives amounts to the following: To
each hour, we assign a number which indicates the number of hours which
have elapsed since the last noon or midnight. After 12 hours pass, we begin
counting all over again. Thus, the only times considered are those given by
numbers from 1 to 12, and two times are assigned the same number if they
difi'er by a multiple of 12 hours. Thus, we measure time by “disregarding
multiples of 12 hours.” We observe a similar phenomenon on the odometer of
a car. Most odometers will record elapsed mileage up to 99,999 miles. At
100,000 miles, the odometer resets to 0 and begins to run through the numbers
0 through 99,999 again. Thus, the odometer reads the same at two points if
the mileage between those points is a multiple of 100,000.

We can generalize the examples of a clock and an odometer as follows:
Suppose that we have a dial on which are inscribed the numbers 0, l, . . . ,
n — 1, and imagine that the dial is attached to a device designed to count
something (hours, miles, people, etc.). For every instance of the observed
phenomenon the counter advances by 1. Then it is easy to see that the counter

39
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counts by disregarding multiples of n. Thus, when the actual count is l,
n + 1, 2n +1, 3n + l, . . . , the dial will read 1; when the actual count is 2,
n + 2, 2n + 2, 3n + 2, . . . , the dial will read 2, and so forth. Or, in general,
the dial will read the same for counts x and y, provided x — y is divisible by
n. This idealized “odometer” illustrates perfectly the abstract notion of a
congruence. '

Definition 1: Let n be a positive integer. We say that x and y are congruent
modulo n, denoted x E y(mod 71), provided that x — y is divisible by n. If x is
not congruent to y modulo n, we write x i y(mod n).

Thus, for example, 8 E 3(mod 5), 4 E 2(mod 2), 57 E 43(mod 7). In our
clock example above, the clock reads the same at two times precisely when the
times are congruent modulo 12. Our odometer reads the same at mileages
which are congruent to each other modulo 100,000. And our idealized
odometer reads the same for numbers which are congruent modulo n. If we
think in terms of our idealized odometer and group together all integers for
which the odometer has a given reading, we see that the integers fall into
classes as follows*:

Odometer
reading

. . . , —2n, —n, 0, n, 2n, 3n, 4n, . .. 0

...,—2n+l,—n+l,l,n+l,2n+l,3n+l,4n+l,... l

...,—2n+2,—n+2,2,n+2,2n+2,3n+2,4n+2,... 2

...,—n—-1,——1,n—1,2n—1,3n—l,4n—1,5n—l,... n—l

For example, if n = 2, then there are two groups,

. . . , —4, —2, 0, 2, 4, . . . are congruent to 0(mod 2), and

. . . , —3, —l, l, 3, 5, . . . are congruent to 1(mod 2),

so that congruence modulo 2 allows us to distinguish between the even and
odd integers. If n = 3, then there are three groups, namely

. . , —6, —3, 0, 3, 6, . . . are congruent to 0(mod 3),

. . , —5, —2, l, 4, 7, . . . are congruent to 1(mod 3), and

. . , —4, —l, 2, 5, 8, . . . are congruent to 2(mod 3).

Now that we have explained the notion of congruence, let us account for
the importance of this notion in number theory. Let us first observe that n | a

*Negative integers can be read by our odometer dial turning backwards.
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if and only if a E 0(mod 71). (Indeed, n | a if and only if a — 0 = kn for some
k.) Thus, the notion of divisibility can be phrased in the language of con-
gruences. Actually, congruences modulo n do much more than determine
divisibility by n. Congruences modulo n keep track of the remainders which
occur on divisibility by n. Thus, the theory of congruences can be looked at as
a refinement of the theory of divisibility. But why the necessity of this refine-
ment? One reason is that congruences can be treated in much the same
manner as equations. Thus, for example, it makes sense to ask for all solu-
tions x of the congruences

3x E 2(mod 5)
5x2 + 3x + 8 E 0(mod 17).

We shall see in the next section that one can perform almost all the algebraic
manipulations used in high school algebra on congruences. Therefore, we may
view congruences as giving us an algebraic machine with which to study
divisibility.

The theory of congruences developed in this chapter has applications to
Diophantine equations. To understand the general principle behind such
applications, let us consider, for simplicity, the case of a Diophantine
equation,

f(x, y) = 0 (1)
in unknowns x and y, where f(x, y) is a polynomial in two variables with
integer coeflicients. If (x, y) is a solution ofthe Diophantine equation (1) then
since n | 0 for every integer n, we see that n If(x, y) for every n, so that

f(x, y) E 0(mod n).
Thus, if (x, y) is a solution of Eq. (1), then (x, y) is also a solution of the
congruence

f(x, y) E 0(mod n) (2)
for all n. In particular, we have the following result:

Theorem 2: If the Diophantine equation

f(x, y) = 0

has a solution, then the congruences
f(x, y) E 0(mod n)

have solutions for all n.

We may use Theorem 2 to prove that certain Diophantine equations have
no solutions by restating it in the following form:

Theorem 2’: Suppose that for some integer n the congruence
f(x, y) E 0(mod n)
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has no solutions. Then the Diophantine equation

f(x, y) = 0
has no solutions.

This seemingly innocent principle is very powerful. As an example, let us
consider the Diophantine equation

x2 — 4y2 = 2. (3)
In this case, we may set f(x, y) = x2 — 4yz —— 2. Let us show that this
Diophantine equation has no solutions by taking n = 4 and showing that the
congruence

xz — 4y“ — 2 E 0(mod 4) (4)

has no solutions. Indeed, ifwe have integers x and y satisfying Eq. (4), then we
have the equivalent statement that 4| x2 — 4y2 — 2. However, since 4| 4y2, we
have 41 x2 — 4y2 — 2 + 4y2 (Proposition 2.2.2) and thus 4|x2 — 2. But
could x2 — 2 be divisible by 4? We shall now show that it cannot, and we
shall do this by considering the cases where x is even or odd separately. If x
is even, say x = 2t, then x2 —— 2 = 4t2 — 2, so that 4| x2 — 2 implies that
4|(4t2 — 2) — 4t2, and thus 4] —2, which is ridiculous. If x is odd, say
x =2t+1, then x2 — 2 = 4t” + 4t — 1, so that 4|xz — 2 implies that
4] (4t2 + 4t — 1) — (4tz + 4t), and thus 4! —1, which is again ridiculous.
Thus, the congruence (4) has no solutions and consequently neither does the
corresponding Diophantine equation (3).

Thus, we see that if we could prove that congruences have no solutions,
we could make corresponding negative statements about Diophantine
equations. Even if a congruence has solutions, it can often give important
information about the nature of the solutions (if any) of the corresponding
Diophantine equations. We shall take up this topic later in the chapter. We
shall also learn how to work with congruences, so that the argument con-
cerning the congruence (4) can be given in one line.

3.1 Exercises

1. Decide whether the following statements are true or false.
(a) 2 E 4(mod 2).
(b) 11 E 6(mod 5).
(c) 33 E 18(mod 11).
(d) 57 E 21(mod 6).
(e) k2 E k(mod k), k > 0.
(f) 11 E —l4(mod l7).
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2. (a) Show that every integer can be written in precisely one of the
following forms: 4k, 4k + 1, 4k + 2, 4k + 3, where k is an
integer.

(b) Show that every integer is congruent to exactly one of the integers
0, l, 2, or 3(mod 4).

(0) Show that the congruence y2 — xz — 2 E 0(mod 4) has no solu-
tions and hence that the Diophantine equation y2 = x2 + 2 has no
solutions. (Hint: Use part (a).)

3. Show that if the Diophantine equation y7- = x3 + 2 has a solution, then
x and y must both be odd. (Hint: Consider congruences modulo 4 and
use Exercise 2, part (a).)

4. Let x, y, z be integers. Prove the following:
(a) x E x(mod n).
(b) If x E y(mod n), then y E x(mod n).
(c) If x E y(mod n) and y E z(mod n), then x E z(mod n).

3.2 Basic Properties of Congruences

In this section, we shall develop some of the fundamental facts concerning
congruences. Our fundamental theme will be that a congruence is a form of
‘equality’ and that the congruence a E b(mod n) can, for most purposes, be
viewed as an analogue of the equation a = b. Our main purpose in this section -
is to determine how far this analogy can be pushed. More specifically, we wish
to determine which manipulations—for example, addition, subtraction,
multiplication—admissible in dealing with equations are still admissible in
dealing with congruences. Throughout this chapter, n will denote a.positive
integer. The only fact which we shall assume from the preceding section is the
definition of congruence modulo n.

Before we go any further, let us prove two trivial results concerning
congruences modulo n.

Proposition 1: Let a, b, c be integers. Then
(i) a E a(mod n).
(ii) If a E b(mod n), then b E a(mod n).
(iii) If a E b(mod n) and b E c(mod n), then a E C(mod n).

Proof:
(i) n| a — a.
(ii) Ifnla—b,thenn|b—a.
(iii) Ifnla—bandnlb—c, then nl(a—b)+(b—c), so that
n| a — c. I
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The practical impact of Proposition 1 is to allow us to reverse the order of
congruences and to string together congruences modulo n. From now on, we
shall carry out these operations without comment.*

Proposition 2: Assume that a E b(mod n) and c E d(mod n). Then

(i) a + c E b + d(mod n).
(ii) a — c E b — d(mod n).
(iii) ac E bd(mod n).

Proof: By assumption, nl a — b and nlc — d. Therefore, n|(a — b) +
(c — d) implies that n| (a + c) — (b + d), which implies that a + c E
b + d(mod n), which proves part (i). Part (ii) is left as an exercise. To prove
part (iii), observe that since n] a — b, we have n| c(a — b), so that n I ac — bc,
and thus do E bc(mod n). Similarly, since n l c — d, we have be E bd(mod n).
Thus, ac E be E bd(mod n), and part (iii) is proved. I

An elementary induction argument allows us to extend Proposition 2 as
follows:

Corollary 3: Assume that a1 E b,(mod n), a2 E b2(mod n), . . . , a", E
b,,,(mod n). Then

a1+--- +a,,,Eb,+ +b,,,(modn)
and

a1--~a,,,Eb,-~b,,,(modn).

From Proposition 2 and Corollary 3, we see that we may add, subtract,
and multiply corresponding terms in congruences modulo n, and thus we can
manipulate congruences very much as if they were equations.

Proposition 2 (or rather Corollary 3) has the following practical impact.
Assume that f(x) is a polynomial with integer coeflicients and that
a E b(mod n). Then

f(a) E f(b)(mod n)- (1)
Indeed, if f(x) = a0 + aIx + - - - + a,,,x'", then Eq. (1) merely asserts that

a0 + ala + - - - + a,,,a"' E'ao + alb + - .. + amb’"(mod n),

which easily follows by repeated application of Corollary 3.
To see the practical value of Eq. (1), let f(x) = x3 + 4x2 + 5x — l,

n = 3. Then, since 13 E 1(mod 3), the congruence (1) asserts that

*We shall abbreviate a E b(mod n), b E c(mod n) by writing a E b E c(rnod n) and
shall similarly abbreviate longer strings of congruences.



Sec. 3.2 Basic Properties of Congruencer 45

133 + 4-132 + 5-13 —— l E 13 + 4-12 + 5-1 —1(mod 3)
El+4+5—1(mod3)
E 9(mod 3)
E 0(mod 3).

Note how much easier the right-hand side of Eq. (2) was to compute than the
left-hand side.

We have already mentioned in Section 1 that one of the main goals of
the theory of congruences is the determination of the solutions (if any) of the
congruence

(2)

f(x) E 0(mod n), (3)
where f(x) is a polynomial with integer coefficients. By Eq. (1), we see that in
order to determine if x is a solution it sufl‘ices to check whether some x’ which
is congruent to x modulo n is a solution. Is it always possible to choose an x’
which does not involve too much computation to check? Indeed, it is always
possible, as the following proposition shows:

Proposition 4: An integer x is congruent to one and only one of the integers
0, 1, 2,. ..,n—1(modn).

Proof: The assertion is simply a restatement of the division algorithm
(Theorem 2.2.3). For by the division algorithm, we may write x in the form
x = qn + r with 0 g r g n — 1. And by the definition of a congruence, we
have x E r(mod n). If we also have x E r’(mod n) with 0 g r’ g n — 1, then
x — r’ = q’n for some q’, so that x = q’n + r’ = qn + r. Then by the
uniqueness assertion of the division algorithm, we have r = r’. I

If n = 2, then Proposition 4 asserts that every integer is congruent to
exactly one of 0 or 1(mod 2). This corresponds to the trivial fact that every
integer is either even or odd, but not both. Ifn = 3, then Proposition 4 asserts
that every integer is congruent to exactly one of 0, 1, or 2(mod 3).

We shall have much to say about how we go about solving the congruence
(3), but for now let us drop our discussion of (3) and proceed with some
further developments suggested by Proposition 4.

Proposition 4 asserts that the set of integers 0, 1, 2, . . . , n — 1 has the
property that every integer is congruent modulo n to one and only one
element of the set. This property is the one which makes the set useful in
connection with congruence (3). However, the set 0, 1, 2, , . . , n — 1 is not
the only set with this property, and this fact suggests the following definition:

Definition 5: A complete residue System modulo n is a set of n integers
r,, . . . , r,I such that every integer x is congruent to one and only one of
r,, . . . , r,,.



46 Chap. 3 Congruences

Example 6:
(i) Proposition 4 asserts that 0, 1, 2, . . . , n — 1 is a complete residue

system modulo n.
(ii) The following are complete residue systems modulo 5:

0, 1, 2, 3, 4;
—2, —-1, 0, 1, 2;

25, 26, 27, 28, 29;
—30, ——29, —28, —27, —26;
4355, 2311, 117, 13, —196.

Let us give a proof for the second set. Note that

—2 E 3(mod 5), —1 E 4(mod 5), 0 E 0(mod 5),
1 E 1(mod 5), 2 E 2(mod 5).

If x is any integer, then x is congruent to one and only one of the integers
0, 1, 2, 3, 4 by Proposition 4. And by our above computation, if x E r(mod 5)
with 0 g r g 4, then r is congruent to one and only one of the integers —2,
—1, 0, 1, 2, so that x is congruent to one and only one of the integers —2, —1,
0, 1, 2. The proof that all the other sets are complete residue systems modulo 5
is similar. The only point is that in each set there is one and only one integer
congruent to each of 0, 1, 2, 3, 4.

Complete residue systems modulo n will allow us to carry out explicit
calculations with congruences modulo n. We shall need the general concept in
order to prove Fermat’s, Euler’s, and Wilson’s congruences in Section 3.
However, for general calculation, we shall stick to the complete residue
system 0, 1, . . . , n — 1, since this is the easiest to remember. Or we shall use
one such as the complete residue system —2, — 1, 0, 1, 2 modulo 5, which has
the advantage that the numbers are smaller than the ones in the usual
complete residue system 0, 1, 2, 3, 4 and thus make calculations easier. The
reader may not appreciate the saving afforded by such a slight change. But
consider the following example:
Example 6’: Let us compute the remainder when we divide 6“ by 13. Of
course, we might consider calculating 6“ explicitly, dividing by 13 and seeing
what the remainder is. However, the amount of calculation required should

' restrain all but the most zealous readers. Fortunately, the computation of the
remainder is easy using congruences modulo 13. Let us use the following
complete residue system modulo 13: —6, —5, —4, —3, —2, —1, 0, 1, 2, 3,
4, 5, 6. We may organize our calculation as follows:

62 = 36 E —3(mod 13)
6‘ = (62)z E (—3)2 = 9 E —4(mod 13)
6s = (6‘)2 E (—4)2 = 16 E 3(mod 13)
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616 = (6°)2 E 32 = 9 E —4(mod 13)
6” =(61‘)2 E (._4)2 = 16 E 3(mod 13)
6“ = 632.615 E 3-(—4) = —12 "=“ 1(mod 13).

That is, 6“ E 1(mod 13), or 6“ leaves the remainder 1 when divided by 13.
The reader should try to carry out this example by using the complete
residue system 0, l, 2, . . . , 12 instead. The calculations are more tedious.

In Proposition 2, we saw that we could add, subtract, and multiply
corresponding sides ofcongruences in the same way that we can add, subtract,
and multiply corresponding sides of equations in algebra. Let us now turn to
the problem of dividing both sides of a congruence by the same number.

The problem with dividing both sides of a congruence by a number is that
we require that all numbers in a congruence be integers. To get some idea of
the difficulties involved, consider the congruence

2x E 3(mod 4).

If this were an equation, we would multiply both sides by a} to get x = a}. Is
there an integer which we could use to play the role of % in order to solve the
congruence ? Unfortunately not, for the congruence has no solutions. Indeed,
let us use the complete residue system 0, 1, 2, 3 modulo 4. If x E 0(mod 4),
then 2x E 0(mod 4); if x E 1(mod 4), then 2x E 2(mod 4); if x E 2(mod 4),
then 2x E 2-2 E 0(mod 4); if x E 3(mod 4), then 2x E 2-3 E 2(mod 4). In
any case, 2x E 0 or 2(mod 4), so 2x E 3(mod 4), and our congruence cannot
be solved.

Thus, in general, we cannot divide both sides of a congruence by an
integer. Or, to put it differently, we cannot always find an integer that “plays
the role” of the reciprocal of an integer. Let us define what we mean by this
somewhat more closely.

Definition 7: Let a be an integer. By an arithmetic inverse ofa modulo n, we
mean an integer a* such that aa* E 1(mod n).

The arithmetic inverse is precisely the number-theoretic analogue of l/a.
Indeed, the congruence aa* E 1(mod n) is the congruence analogue of the
equation a-(l/a) = 1. Not every integer has an arithmetic inverse modulo n.
For example, 2 does not have an arithmetic inverse modulo 4 (exercise). On
the other hand, we have the following result:

Proposition 8: Suppose that gcd(a, n) = 1. Then a has an arithmetic inverse
a* modulo n.

Proof: Since gcd(a, n) = 1, there exist x and y such that ax + ny = 1. Then
ax E 1(mod n), and we may take a* = x. I
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Note that the proof of Proposition 8 shows that we may use the Euclidean
algorithm for computing an arithmetic inverse of a.

We shall show in the exercises that all arithmetic inverses of a modulo n
are congruent to one another modulo n; that is, they are all “the same”
modulo n.

Example 9:
(i) Let n = 3, a = 2. Then we may take (1* = 2 since 2-2 E 1(mod 3).
(ii) Let n = 5, a = 3. Then we may take a* = 2 since 3-2 E 1(mod 5).
As we have said, the arithmetic inverse a* of a, when it exists, plays the

role of the reciprocal of a. For example, by using the notion of an arithmetic
inverse, we can prove the following cancellation law for congruences:

Proposition 10: Suppose that gcd(a, n) = 1 and that
ax E ay(mod n).

Then
x E y(mod n).

Proof: Let a* be an arithmetic inverse of a modulo n, which exists by
Proposition 8 since we have assumed that gcd(a, n) = 1. Then we have that

x E l-x E (a*a)x E a*(ax) E a*(ay) E (a*a)y E 1- y E y(mod n),
since a*a E 1(mod n). I

In the situation of Proposition 10, if gcd(a, n) is greater than 1, it is not
always possible to cancel the a. For example, 2-1 E 2-3(mod 4), but 1 E
3(mod 4). However, we can improve Proposition 10 as follows:

Proposition 11: Assume that gcd(a, n) = d and that
ax E ay(mod n).

Then

x E y(mod%) -

Proof: Note that since axE ay(mod n), we have nlax — ay, so that
(n/d)| (a/d)(x - y), and thus

%x E %y(mod%).

Moreover, gcd(a/d, n/d) = 1 (Theorem 2.3.6, (ii)), so that by Proposition 10
we have

x E y(mod%) - I
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Note that Proposition 10 is just the special case d = l of Proposition 11.
Also note that Proposition 11 is simply a restatement of part (iv) of Theorem
2.3.6 in the language of congruences.

Example 12:
(i) Since 3-2 E 3-16(mod 14) and gcd(3, 14) = 1, we have 2 E
16(mod 14).
(ii) Since 6-5 E 6-18(mod 26) and gcd(6, 26) = 2, we have 5 E
18(mod 13). Note that it is not true that 5 _=_ 18(mod 26).
We now have enough machinery to begin consideration of one of the

fundamental problems treated in this book, namely the problem of solving
polynomial congruences. Let f(x) be a polynomial with integer coefficients.
The question we seek to answer is, for what x does the congruence

f(x) E 0(mod n) (4)
hold? In the preceding section, we have seen the connection between the
anSWer to this question and the problem of determining the solutions to the
Diophantine equation f(x) = 0. In general, congruence (4) may have no
solutions, as is seen in the following example:

Example 13: The congruence x2 + l E 0(mod 8) has no solutions. Indeed,
if x is a solution, then x2 E —1 E 7(mod 8). However, by using the complete
residue system 0, :l: l, ;|:2, i3, i4 modulo 8, we see that in the five cases, x2
is congruent modulo 8 to 0, l, 4, l, 0, respectively. (Check the calculations.)
In particular, in every case, x2 .=,é 7(mod 8), so the congruence x2 + l E
0(mod 8) has no solutions. As a by-product of our calculation, we make the
following interesting observation:

A perfect square is congruent to 0, 1, or 4 modulo 8. In particular, an odd
perfect square is congruent to 1(mod 8).

It is possible to make a few general- comments about congruence (4). If x
is one solution and x E x’(mod n), then we have already observed in Eq. (1)
that x’ is a solution. Therefore, we may use the notion of a complete residue
system modulo n to give the following simple scheme for finding all solutions
of (4). Choose some complete residue system modulo n, say r,, . . . , r,,. Test
each of r,, . . . , r,, to determine which are solutions of (4). Suppose that the
solutions are al, . . . , a,. If x is any solution of (4), then f(x) _——= 0(mod n).
But by the definition of a complete residue system, x E- r, for some 1‘. But then
f(x) E f(r,)(mod n) by (1), so that f(r,) E- 0(mod n) and r, is a solution of
(4). In other words, r, is one of a,, . . . , a,. Thus, we see that if x is any
solution of (4), then x E a,(mod n) for somej, 1 gj g t. Thus, it suflices to
check (4) for solutions in any fixed complete residue system modulo n. This
was essentially the procedure we used in Example 13. This procedure is
really just trial and error. We seek, however, a better method than this.
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Now, from our present discussion, we know that the x satisfying Eq. (4)
are those satisfying one of a set of congruences of the form

x E a1(mod n), or x E a2(mod n), . . . , or x E a,(mod n).
Since the aj are taken from our complete residue system modulo n, we see
that no two aj are congruent to one another modulo n, and the x described by
each of the above congruences are all different from one another. In this
situation, let us say that the congruence (4) has t dlflerent solutions. (Strictly
speaking, of course, (4) would have an infinite number of solutions, but we
count as different solutions only those which are incongruent to one another
modulo n.)

Although (4) is in general quite complicated, in case f(x) is a linear
polynomial, the notion of an arithmetic inverse will allow us to get things
under control. Thus, let us now study the linear congruence

ax E b(mod n). (5)
Even such a simple congruence may have no solutions, as we saw when we
considered the example 2x E 3(mod 4) above.

Let Eq. (5) have a solution x, and let s be any common factor of a and n.
Since n| (ax — b), we would have b = ax — kn for some k, and thus sis a
factor of b. If, in particular, we take s = gcd(a, n), we see that in order for
(5) to have a solution, we must have gcd(a, n) | b. Let us record this in a lemma.

Lemma 14: If the congruence axE b(mod n) has a solution, then
gcd(a,n)[b.

Proposition 15: Suppose that gcd(a, n) = 1. Let a* be an arithmetic inverse
of a modulo n. Then x satisfies ax E b(mod n) if and only if x E a*b(mod n).
Proof: If ax E b(mod n), then aa*x E a*b(mod n), so that x E a*b(mod n),
since aa* E 1(mod n). If x E a*b(mod n), then ax E aa*b E l-b E
b(mod n). I

Example 16:

(i) Let us solve 2x E 5(mod 3). Since 2* = 2, the solutions are xE
2- 5 E 1(mod 3). Thus, the solutions are all integers of the form 3t + 1.
(ii) Let us solve 3x E 7(mod 5). In this case, 3* = 2, and so x E 2-7 E
4(mod 5). Thus, the solutions are all integers of the form 5t + 4.
In the above examples, we determined the arithmetic inverse a* by

inspection. But this method is practical only for small a. In general, a* can be
determined using the methods of Chapter 2, for a* is an arithmetic inverse of
a modulo n if and only if aa* — 1 = kn for some k; that is, a* can be
obtained as the first component of a solution (x, y) of the Diophantine equa-
tion ax + ny = 1, an equation which we treated exhaustively in Chapter 2.
Thus, a! can be determined with comparative ease.
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Let us now return to the study of the general linear congruence ax E
b(mod n). Let d = gcd(a, n). By Lemma 14, we may as well assume that d | b,
for otherwise there are no solutions. Then b = dbl. Moreover, since dl a and
d In, we may write a = dal, n = dnn and our congruence may be written

aldx E b1d(mod nld).
Since d = gcd(a, n), we know from Proposition 11 that x is a solution of the
last congruence if and only if

alx E b,(mod n1).
Moreover, since d = gcd(a, n), we know by Theorem 2.3.6 (ii) that
gcd(a,, n1) = 1. Therefore, the solutions ofax E b(mod n) are the same as the
solutions of alx E b1(mod n1). And by Proposition 15, the solutions of the
latter are of the form

x E aTbl(mod n1),

where a? is an arithmetic inverse of a1 modulo n1. Thus, finally, we may state

Theorem 17: Let d = gcd(a, n). The congruence ax E b(mod n) is solvable
if and only if d l b. If d | b, then the solutions consist of all those x for which

_ b n
x = air? (mod?) 9

where a? is an arithmetic inverse of a/d modulo n/d. Thus, the distinct
solutions modulo n are given by x = aflb/d) + k(n/d), 0 g k g d — 1.

Example 18: Consider the congruence 27x E 3(mod 15). Here d =
gcd(27, 15) = 3 and 3| 3, so there are solutions. Here a/d = 9, b/d = 1, and
n/d = 5, and an arithmetic inverse of a/d modulo n/d is 4. Thus, the solutions
of the congruence are x E 4-1 E 4(mod 5). In terms of congruences modulo
15, the solutions can be written x E 4, 9 or 14(mod 15). Thus, we see that in
terms of our general discussion, the present congruence has three different
solutions. Note, however, that if gcd(a, n) = 1, then by Proposition 15 there
is only one solution.

It is useful to note that the above discussion is relevant in solving the
linear Diophantine equation in two variables y

ax + by = c, (6)
where a and b are nonzero integers. If b < 0, we could solve the equation
—ax — by = —c and obtain the same solutions as those of Eq. (6), so we
assume b > 0. Then (6) is equivalent to

ax E c(mod b). (7)
This problem was completely dealt with above.

For example, let us solve

7x + 5y = 3. (8)
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This is equivalent to 7x E 3(mod 5) or 2x E 3(mod 5). Here 2* E 3(mod 5),
and so x2 3-3 _=_ E —1(mod 5). Thus, x = —1 + 5k. Plugging this
result into Eq. (8) immediately gives y = 2 — 7k, and the equation is solved.

In all fairness, it must be pointed out that the above discussion is circular.
Namely, solving Eq. (7) involves determining a*, and the only general method
we have for doing this is to solve ax + by = 1. Nevertheless, this congruence
method is often the most convenient method for solving (6), especially when
a* can‘be determined by inspection. Also, a formula for a* will be given in
Section 3.

We saw in Proposition 8 that a has an arithmetic inverse modulo It
provided that gcd(a, n) = 1. Let us now ask the converse question. Which
integers a have an arithmetic inverse a*? This is equivalent to asking the
question, for which a is the congruence

aa* E 1(mod n)

solvable for a*? Let d = gcd(a, n). By Theorem 17, a* exists if and only if
all 1, that is, if and only if d = 1. Thus, we see that the a which have an
arithmetic inverse modulo n are precisely those for which gcd(a, n) = 1. Let
us try to get a better description of these integers. To do this, we need a
lemma.

Lemma 19: Suppose that gcd(a, n) = l and that as a’(mod n). Then
gcd(a’, n) = 1.
Proof: Since a E a’(mod 71), there exists a k such that a = a’ +- kn. Suppose
that gcd(a’, n) > 1. Then there is a prime p such that plgcd(a’, n). Then
pl a’ and pl n by the definition of god. But then pl a’ + kn, and so p | a. This
implies thatp | gcd(a, n), so that gcd(a, n) > 1, a contradiction. I

From the preceding lemma, we can easily describe the integers with
arithmetic inverses. Let us consider the complete residue system modulo n
given by 0, 1, . . . , n — 1. Every integer x is congruent to precisely one of
0, l, . . . , n — 1. Suppose that x has an arithmetic inverse modulo n and that
x E a(mod n), 0 g a g n -— 1. Then by our discussion above, gcd(x, n) = l,
and thus from Lemma 19 we see that gcd(a, n) = 1. Conversely, if x is any
integer such that x E a(mod n) (0 g a g n — 1) with gcd(a, n), = 1, then x
has an arithmetic inverse modulo n. Indeed, since gcd(a, n) = l, a has an
arithmetic inverse a*, and a* is an arithmetic inverse for x since

xa* E aa* E 1(mod n).

Thus, we have completely proved the following result:

Proposition 20: Suppose that the integers a in the complete residue system
0,1, . . . , n — 1 such that gcd(a, n) = 1 are given by a1, a2,. . . , a,. Thenan
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integer x has an arithmetic inverse modulo n if and only if
x E a,(mod n)

for some i.

Example 21:
(i) n = 3. Then the integers a among 0, 1, 2 such that gcd(a, 3) = 1 are

l and 2, so that t = 2 and x has an arithmetic inverse modulo 3 if and only
if x E l or 2(mod 3). '
(ii) n = 12. The integers a among 0, 1, 2, . . . , 11 such that gcd(a, 12)
= 1 are 1, 5, 7, 11, so that t = 4 and x has an arithmetic inverse modulo 12
if and only ifx E 1, 5, 7, or 11(mod 12).
(iii) n '= p, a prime. The integers a among 0, 1, . . . , p — 1 such that
gcd(a, p) = l are l, 2, . . . , pl— 1, since p is a prime. Thus, x has an
arithmetic inverse modulo the prime p if and only if x E 1, 2, 3, . . . , or
p — 1(mod p).
Proposition 20 utilized the complete residue system modulo n given by

0, l, . . . , n — 1. However, we leave it to the reader to verify that: any
complete residue system modulo n could be used instead and the proposition
would still hold. Modulo this bit of checking, the reader should notice that
the members a of 'a complete residue system modulo n which are relatively
prime to n are very special. This motivates the following definition:

Definition 22: A reduced residue system modulo n is a set of integers a1, . . . ,
a, relatively prime to n with the following property: Every integer x such that
gcd(x, n) = 1 is congruent to one and only one of a1, . . . , a,.

The simplest way of obtaining a reduced residue system modulo n is to
determine which integers a of a given complete residue system modulo n are
relatively prime to n. The set of such integers is a reduced residue system
modulo n. For suppose that r1, . . . , r,I is a complete residue system modulo n
and that the integers relatively prime to n from among r1, . . . , r,I are al, . . . ,
a,. Then if x is an integer such that gcd(x, n) = 1, we certainly have x E
r,(mod n) for some i (since r1, . . . , r, forms a complete residue system
modulo n). Moreover, since gcd(x, n) = l, we have gcd(r,, n) = 1 by Lemma
19. Thus, rIr is one of a1, . . . , a,, and so x E a,(mod n) for somej. Finally, x
is congruent to only one of a1, . . . , (1,, since the a, are part of a complete
residue system modulo n. Thus, at, . . . , a, is a reduced residue system
modulo n.
Example 23:

(i) n = 3. A reduced residue system modulo 3 is 1, 2.
(ii) n = 12. A reduced residue system modulo 12 is 1, 5, 7, 11. Another

is :l:1, i5.
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(iii) A reduced residue system modulo n = p, where p is a prime, is
l,2,...,p—l.
(iv) The reduced residue system derived from the complete residue
system 25, 26, 27, 28, 29 modulo 5 is just 26, 27, 28, 29.

If a,, . . . , a, and b,, . . . , b, are two reduced residue systems modulo n,
then each a, is congruent to precisely one b, modulo n and no two a, are
congruent to the same bj. Moveover, each bj is congruent to precisely one a,
and no two b, are congruent to the same (1,. Therefore, s = t, and any two
reduced residue systems modulo n contain the same number of elements. By
using the reduced residue system derived from the complete residue system
0, 1, . . . , n — l, we see that the number of integers in a reduced residue
system modulo n equals the number of integers between 0 and n — 1 which
are relatively prime to n.

Definition 24: Let ¢(n) denote the number of integers between 0 and n —— 1
which are relatively prime to n. Then ¢(n) is called Euler’s phifunction, after
the Swiss mathematician Leonhard Euler, who first studied its properties.*

You will find a table (Table l) of the values of ¢(n) for n g 200 at the end
of the book.

From our above discussion, we have the following result:

Proposition 25: Every reduced residue system modulo n contains the same
number of integers, and this number is precisely ¢(n).
Example 26: From Example 23, we see that (15(3) = 2, ¢(12) = 4, ¢(p) =
p — 1 for p a prime, ¢(5) = 4. Note that it is not generally true that ¢(n)
= n — l; for example, ¢(12) = 4 :;£= 12 — 1.

We shall meet both the notion of a reduced residue system modulo n and
Euler’s phi function later in this chapter as well as later in the book, so let us
refrain from further discussion at this point.

To close this section, let us apply our congruence machinery to study a
particular Diophantine equation. Let us consider the equation

x3 '+ ,v3 = 23,
which is a special case of the famous Fermat equation. We shall show that

If (x, y, z) is a solution of x3 + y3 = 23, then at least one of x, y,z is
divisible by 3.

Proof: We shall in fact show that the congruence
x3 + y3 E 23(mod 9) (9)

allows us to draw our conclusion.

*Note that by our definition we have 95(1) = l.
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We first observe that if w is any integer, then
w3 E w(mod 3)

since —1, 0, l is a complete residue system mod 3, and these three cases are
easily checked one by one. Since any congruence mod 9 is also a congruence
mod 3, congruence (9) tells us that

x + y E z(mod 3), (10)
so

z=x+y+3a forsomea.
Plugging this back into Eq. (9) yields

x3+y3Ez3 =(x'—I—y+3a)3
= x3 + y3 + 3x2y + 3y2x + 9x2a + 9yza

+ 27azx + 27a2y + 27a3 + 18xya
E x3 + y3 + 3x2y + 3y2x(mod 9).

Subtracting x3 + y3 from both sides yields
3xy(x + y) E 0(mod 9),

or from Proposition 11
xy(x + y) E 0(mod 3).

Applying (10) again shows that
xyz E 0(mod 3).

That is, 3| xyz, so x, y, or z is divisible by 3. I

3.2 Exercises

.1. Let f(x)=11x3 +153:z + 9x — 2.
(a) Find the remainder when f(2) is divided by 7.
(b) Find the remainder when f(6) is divided by 7.
(c) Find the remainder when f(97) is divided by 11.

2. Show that the following are complete residue systems modulo 11:
(a) ——S, —4, —3, —2, —l, 0, 1, 2, 3, 4, 5.
(b) 0, 12, 24, 36, . . . , 120.
(c) 20, 21, 22, 23, . . . , 30.
(d) Any 11 consecutive numbers.

3. If n is a positive integer, define n! (n factorial) by n! = n(n — 1) - - - l
(a) Which integer amOng the complete residue System 0, l, . . . , n — .'

is (n — 1)! congruent to modulo n for n g 24?
(b) Can you make a general conjecture on the basis of part (a)?
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10.

11.
12.

13.
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Find the reduced residue system associated with the complete residue
system0,l,.. .,n— 1 for
(a) n = 9.
(b) n = 15.
(c) n = 24.
On the basis of Exercise 4, compute (25(9), ¢(15), ¢(24).

Prove that ¢(p’) = p’ — pH, where p is a prime.

Find all solutions of the following congruences:
(a) 3x E 1(mod 5).
(b) x2 + l E 0(mod 4).
(c) x3 + 2x + 1 E 0(mod 7).
(d) x5+x4+x3+x+lE0(mod5).
Find the remainder when 11’"1 is divided by p, where

(a) p=2-
(b) p=3-
(C) p=5-
(d) p=7-
(e) p=11.
(f) p=l3.
(g) Solve parts (a)—(f) with 11 replaced by 5.
Compute the remainder when 3“" is divided by n, where
(a) n = 1. (f) n = 6.
(b) n = 2. (g) n = 7.
(c) n = 3. (h) Solve parts (a)—(g) with 3
(d) n = 4. replaced by 5.
(e) n = 5. (i) Can you make a conjecture

based on parts (a)—(h)?

Solve the following congruences:
(a) 3x E 9(mod 5).
(b) 3x E 9(mod 24).
(0) 5x E 15(mod 12).

Find the arithmetic inverses modulo 11 of l, 2, 3, 7, 9, 10.

(a) Which integers have arithmetic inverses modulo l8 7
(b) Find arithmetic inverses for all integers which have them modulo

18.
Suppose that (1* and b* are two arithmetic inverses of a modulo n.
Prove that a* E b*(mod n).



Sec. 3.2 Exercises 57

14.

15.

l6.
17.
18.

19.

20.

21.

22.

23.

*25.

26-.

Solve the following linear congruences:
(a) 2x E 5(mod 7).
(b) 19x 5 15(mod 8).
(c) 6x E 12(mod 14).
(d) 13x E 27(mod 52).
(a) Show that 1143 has an arithmetic inverse modulo 1957.
(b) Find the arithmetic inverse in part (a).
Show that a perfect cube is congruent to 0, l, or —1(mod 9).

Show that a fourth power is congruent to 0 or 1(mod 5).
Let r1, . . . , r,I be a complete residue system modulo n.
(a) Show that if a is any integer, then r1 + a, . . . , r,, + a is a complete

residue system modulo n.
(b) Show that if gcd(a, n) = 1, then arl, . . . , ar,I is a complete residue

system modulo n.
Let s1, . . . , SW, be a reduced residue system modulo n.
(a) Show that if gcd(a, n) =1, then asl, . . . , asm is a reduced

residue system modulo n.
(b) Is it true that s, + a, . . . , Sm, + a is a reduced residue system

modulo n for all integers a?
Letp be a prime and r be a positive integer. Suppose that a does not have
an arithmetic inverse modulo p'. Then show that some power of a is
congruent to 0 mod p'.

Let a be a given integer. Write a computer program to determine which
integer among 0, 1, . . . , n — 1 is congruent to a modulo n.
Let f(x) be a polynomial with integer coefficients. Write a computer
program to compute which integer among 0, 1, . . . , n — 1 is congruent
to f(x) modulo 11. Try to carry out your calculation as efficiently as you
can, remembering that what is an easy calculation, in principle, may
yield numbers too large for a computer to handle.
Find all solutions of the congruence 2x + 3y E 5(mod 7).
Find all solutions of the congruence x2 + y2 — 5y — 2 E 0(mod 9).
When can the congruence a,x1 + - - - + amx," E b(mod n) be solved
for x1, . . . , x,,,? If it can be solved, what will the solutions be?

(Casting out nines) Suppose that we are given an integer
x = a,,10’I + a,,_110"‘l + - - - + do,

where the a, are chosen from among 0, 1, . . . , 9. Then a,I - - - a0 is the
decimal representation of the integer x.
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27.
28.

29.
30.

31.

32.

33.

34.

35.

*36.

37.

38.

39.
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(a) Show that

xE a, + a,_1+ -- - + ao(mod 9).

(b) Is 5,785,684 divisible by 9?

Prove Proposition 2, part (ii).

(a) Show that 2 does not have an arithmetic inverse modulo 4.
(b) Modulo what integers does 2 have an arithmetic inverse? What is

the inverse ?

Give a direct proof of Proposition 10 without using Proposition 8.

Let r1, . . . , r,I be any complete residue system modulo n and suppose
that the integers a among r1, . . . , r,' such that gcd(a, n) = 1 are al, . . . ,
a,. Then x has an arithmetic inverse modulo n if and only if xE
a,(mod n) for some i.
Prove that the linear congruence ax E b(mod n), where gcd(a, n) = 1,
has a solution using the fact that there exist x and y such that ax + ny
= l.

Prove that if aE a'(mod n), then gcd(a’, n) = gcd(a, n). (This is a
generalization of Lemma 19.)

Let n be a given integer.
(a) Show that x2 — y2 = n is solvable in integers if and only ifn is odd

or 4| n.
(b) If x2 — y2 = n is solvable in integers, determine all the solutions.
Show that the number of reduced fractions a/b, O < a/b g 1, l g b g n,
is just 45(1) + «15(2) + - - - + ¢(n).

Let m be odd and let r1, . . . , r,, be any reduced residue system modulo
m. Show that rl + r2 + - - - + rk E 0(mod m).

(Euler) Show that 22‘ + 1 is divisible by 641. (Hint: 232 = 2‘-2" =
(641 — 50-228.)
Prove that 1P" + 192" is divisible by 241 when k is odd.
(a) For n = 2, 3, 4, 6, 8, 12, 18, 24, 30, show that the integers between

1 and n and relatively prime to n (i.e., the standard reduced residue
system mod n) consist of l and primes.

"' I"(b) Show that for n > 30, the standard reduced residue system mod u
always contains a composite.

Solve the system of congruences

2x + 7y E 2(mod 5)
3x — y E 11(mod 5).
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3.3 Some Special Congruences

In this section, we shall prove two special congruences which are of both
historical and technical importance in the theory of numbers. The first of
these is due to Euler and was a generalization of a theorem of Fermat. The
latter is called Fermat’s Little Theorem (to distinguish it from Fermat’s Last
Theorem). The second result is called Wilson’s theorem. We shall prove both
these results and present some applications of them.

In principle, it is always possible to test whether two integers x and y are
congruent modulo n. We need only calculate x — y and divide by n. However,
if x — y is large, it is extremely tedious to carry out the division. Both the
theorems of Euler and Wilson allow one to deal with certain congruences
where x and y are huge. Moreover, they have the advantage that they are
“general” congruences.

We first state Fermat’s theorem.

Theorem 1 (Fermat’s Little Theorem): Let p be a prime and assume that
p I a. Then

a"'1 E 1(mod p).

Before proving Fermat’s theorem we shall give some examples. We have
2” E 1(mod 11) and 99820 E 1(mod 821). (821 is a prime.) Moreover, the
calculation in Example 2.6’ is trivial from Fermat’s theorem. We shall give
another application which is typical. Let us determine the remainder when we
divide 2“" by 17. Since 17 is a prime and 17 If 2, Fermat’s theorem implies
that

21‘ E 1(mod 17).
We have

1137 = 16-71 + 1.
Therefore,

21”7 = (21“)71-21 E 17‘-2 = 2(mod 17).
Thus, the remainder on dividing 21 13" by 17 is 2. Note that 21 13" is a number
so large that actually carrying out the division would be impractical.

From Example 2.26, if n = p is a prime, then ¢(n) = p — 1, and we see
that Fermat’s theorem is a special case of the following theorem due to Euler:

Theorem 2 (Euler): If gcd(a, n) = 1, then
I a“"’ E 1(mod n),

where 450;) denotes Euler’s phi function.
Proof: Let r1, . . . , rm, be a reduced residue system modulo n. (See Defini-
tion 2.22 and the subsequent discussion.) Since gcd(a, n) = l and gcd(r,, n)
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= l, we see that gcd(ar,, n) = l for all i. Therefore, by the definition of a
reduced residue system, each ar, is congruent to one of the integers r1, . . . ,
rm). Moreover, no two ar, are congruent to the same rJ, for if ar, E rJ,(mod n)
and an, E r,(mod n), then

or, E ar,,(mod n),
so that r, E r,,(mod 11) (Proposition 2.10), which implies that r, = n, since
no two of r1, . . . , Mn) are congruent modulo n. Thus, we see that arl, . . . ,
arm, are congruent to ¢(n) different integers from among r1, . . . , rm). That
is, an, . . ., arm, are congruent to r], . . . , rm, modulo n, in some order.

Thus,

(ar1)(arz) ' ' ' (draw) 5 r1"2 ' ' ' r¢(n)(m°d n):
so that

rlr2 - - - ”0011“” E rlrz - - - r,(,,,(mod n).

Since gcd(rl - - - r¢(,,,, n) = 1, Proposition 2.10 again implies that
a“"’ E 1(mod n).

This completes the proof of Euler’s theorem. I

One interesting application of Euler’s theorem is that it allows one to
exhibit explicitly arithmetic inverses of integers modulo n. Suppose that
gcd(a, n) = 1. Then we see that a* = a“""1 is an arithmetic inverse of a
modulo n, for by Euler’s theorem we see that

aa* = a-a’“""1 = a“"’ E 1(mod n).
Thus, a“""1 is an arithmetic inverse of a modulo 71.

Let us now turn to Wilson’s theorem.

Theorem 3 (Wilson): Let p be a prime. Then
(p — 1)! E —1(modp).

Proof: Ifp = 2 or 3, the theorem may be checked directly since

1 E —1(mod 2)
1-2 E —1(mod 3).

Thus, we may assume that p > 3.
The idea of the proof is to break up the integers 2, 3, . . . , p — 2 into

pairs of integers, each pair having product congruent to 1. Then only 1 and
p — 1 remain in the product (p — 1)! from which the result is clear.

For each integer r with l g r g p — 1, let r* be its arithmetic inverse
mod p lying in the interval 1 g r* g p — 1. (An arithmetic inverse of r exists
since p 1’ r; we surely can choose r* so that 0 g r* g p — 1 since 0, l, . . . ,
p — 1 is a complete residue system mod p; finally r* = 0 implies that 1 E
rr* = 0(mod p), which is absurd.) We assign to each integer r its arithmetic
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inverse r*. In particular r* is assigned its arithmetic inverse, which we denote
by r**. But

r*r" E 1(mod p)
and

r*r E 1(mod p)
imply that r*r E r*r**(modp) and thus by Proposition 2.10 we have r** E
r(mod p). Since both integers r and r** lie between 1 and p — l, we see that
r" = r. So we have assigned to the integer r* the integer r. We have broken
up the integers 1, 2, . . . , p — 1 into pairs of integers (r, r*) except that there
is the possibility that r = r*. Now r = r* implies that r E r*(modp), and so
r1 E rr* E l(mod p); we have then thatpl rz — 1 = (r — l)(r +1) and so
p|r — l orp|r + 1. Thus, rE l(modp) orrE —1Ep — 1(modp). Thus,
if we exclude 1 and p — 1 from the list 1, 2, . . . , p — l we have divided up
the p — 3 integers 2, 3, . . . , p — 2 into s = (p — 3)/2 pairs which have no
elements in common. Let us list these pairs:

(’15,?)9---9(rurf)'

Then
2-3 - - - (p — 2) = rlr‘frzrt - - ~r,r’}‘

E 1-1 - - - 1(mod p) (since r,r;" E 1(mod p))'
E 1(mod p).

Thus,
1-2-3---(p — 1) (p —1)(m0dp)

- 1(1110d P),
whence Wilson’s theorem. I

Example 4: If p = 7, (p —1)!= 720 = 7-102 + 6 E —1(mod 7). Note
that the pairing described in the proof of Wilson’s theorem in case p = 7 is
(2, 4), (3, 5)-

Let us give a few quite surprising applications of Wilson’s theorem and
Fermat’s theorem.

Theorem 5: Let p be an odd prime. The congruence
x2 E —1(mod p)

has a solution if and only ifp E l(mod 4). When p E 1(mod 4), then x =
((p — 1)/2)! is a solution.

Thus, we have a complete characterization of all primes p for which there
is a square root of —1 modp. For example, x2 E —1(mod 7) has no solutions,
while x2 E —1(mod 5) does. (Check complete residue systems modulo 7 and
5, respectively.)
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ProofofTheorem 5: First assume that x2 E — 1(mod p) for some x. Then
xP-l = (x2)(p-l)/2 E (_ l)(p-l)/2(mod p).

On the other hand, by Fermat’s theorem,
x1H E 1(mod p).

Therefore, 1 E (—l)"‘“/2(mod p), 50' that pl 1 — (—1)‘P‘“/’. If
1 — (—l)‘P'“/z 7L- 0, then 1 — (—1)‘P‘“/2 = 2, which contradicts the fact
that p is odd. Thus, 1 = (—1)‘P‘“/z so that (p — 1)/2 is even; i.e.,
p E 1 (mod 4).

Conversely, assume that p E 1(mod 4). Then

(12— 1)!= 1-2----”T‘1(p—1)(p—2)---(p——P;1)
E 1.2...P_;_1(_1)(_2)...(_P E 1)(modp)

= (—1)‘r-"/2-1z.22-~(1’T‘1)z a (1-2- - -p—;1)z(modp)
(since p E 1(rnod 4)).

0n the other hand, by Wilson’s theorem,

([7 -1)!E -1(m0dp),
so that if we set x = 1-2 - - - [(p — 1)/2], we have

x2 E —l(mod p). I

The preceding theorem is concerned with the solution of a special quad-
ratic congruence. We shall study quadratic congruences in detail in the next
chapter, and thus we shall refrain from putting Theorem 5 in its proper
context now. However, let us draw a few elementary but startling conclusions
from Theorem 5. -

Corollary 6: Let x be an integer and let p be an odd prime dividing x2 + 1.
Then p E 1(mod 4).

Proof: Ifpl x2 + 1, then x2 E —1(mod p). Thus, we are done by Theorem
5. I

Example 7: If x =. 6, then x2 + l = 37 E 1(mod 4). If x = 8, then
x2 + l = 65 = 5-13, and both 5 and 13 are E 1(mod 4).
Example 8: Let us apply Theorem 5 to study the special Diophantine
equation

fl=fi+%. m
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We shall show that there are no solutions. This equation is a special case of
the Bachet equation y’- = x3 + k, which was discussed by Bachet* in 1621.
The reader should note that our study of Eq. (1) uses only Theorem 5 and
elementary facts concerning congruences. However, one cannot do this for
general k. The argument for (1) makes use of special properties of the number
23.

We shall now show that (1) has no solutions. We shall do this by elimi-
nating the four possible cases modulo 4; namely x must be congruent to one of
0, 1, 2, 3(mod 4). First we see that if x E 0 or 2(mod 4), then x3 E 0(mod 4),
and so

y2 = x3 + 23 E 23 E 3(mod 4).

But the squares are congruent to 0 or l(mod 4), so that x cannot be congruent
to 0 or 2(mod 4). Next, suppose that x E 3 E —1(mod 4). Then

y2 = x3 + 23 E (—1)3 + 23 = 22 E 2(mod 4).
Again the squares are congruent to 0 or 1(mod 4), and so x cannot be
congruent to 3(mod 4).

We now have only the possibility x E 1(mod 4). This case is more
diflicult and requires an ingenious idea. We write (1) in the form

yz + 4 = x3 + 33

= (x + 3)(x2 —— 3x + 9).
Then x E 1(mod‘4) implies that

x2—3x+9El—3+9=7E—l(mod4). (3)
Then there is a prime p such that p E -—l(mod 4) and pl xz — 3x + 9. This
is true since it is easily seen that for all integers x, x2 — 3x + 9 2 2, and so
we may write

(2)

x2 - 396+ 9 =P1Pz"'Pz
as a product of primes. If each p, E 1(mod 4) (1 g is t), then

x2 —3x+9 =p1p2 ---p,E 1-1 1E 1(mod4),

violating Eq. (3). So we have somep,, call itp, dividing x2 — 3x + 9 such that

*There is an incredibly rich literature concerning the Bachet equation. Special cases
were discussed by many mathematicians during the eighteenth and nineteenth centuries.
It was proved by L. J. Mordell in the early part of this century that the Diophantine equa-
tion y2 = x3 + k (k given) has only a finite number of solutions. In 1966, A. Baker of
Cambridge provided the first finite procedure for determining the solutions, although as of .
this writing the theory is not quite at the stage where it can be put on a computer.
The Bachet equation is a historically important Diophantine equation, and we shall return
to special cases of it throughout this book to illustrate the power of various theorems we
shall prove.
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p E —l(mod 4). Then, in particular, Eq. (2) implies that
y2 E —4 = (—1)22(mod p). (4)

Since p E —l(mod 4), p is an odd prime, and thus 2 has an arithmetic
inverse 2* mod p. Thus, (4) implies that

(2*y)‘ E —1(mod p).
Thus, 2*y is a solution of the congruence z2 E —1(mod P), Which contra-
dicts Theorem 5 since p E —1(mod 4).

This completes the proof that Eq. (1) has no solutions.

3.3 Exercises

1. Find a"(mod 7) for k = 0, 1, 2, 3, 4, 5, 6 and
(a) a = 1. (d) a = 4.
(b) a = 2. (e) a = 5.
(c) a = 3- (f) a = 6.
In each case you should use the complete residue system 0, 1, 2, . . . , 6.

2. Continue Exercise 1.
(a) Compute a"(mod 7) for any k and for a = 1, 2, 3, 4, 5, 6.
(b) Can you make any conjectures about the powers of a"(mod 7)?
(c) Can you make any conjecture about the smallest value of k > 0

for which a" E 1(mod 7)?
(d) Test any conjectures you make in parts (b) and (c) by carrying out

Exercises 1 and 2 for powers of integers modulo 11 and 13.
Show that ifp is a prime, then a” E a(mod p).

4. Carry out the proof of Wilson’s theorem numerically in the cases
p = 5, 7, and 11.

5. (a) Does the congruence x2 E —1(mod 17) have a solution? If it has
a solution, find it.

(b) Repeat part (a) for the congruence x2 E —1(mod 43).

Does the congruence x2 E —1(mod 91) have a solution?
Does x2 E —l(mod 65) have a solution?
Prove that if a”"1 E 1 (mod m) and a' E 1(mod m) for any r < m —
1, then m is a prime.

9. Prove the converse of Wilson’s theorem: Show that if m is an integer
such that (m — 1)! E —1(mod m), then m is prime. In fact, show that if
mis notprime andm > 4, then (m— 1)! E0(modm).
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10.
ll.

12.
l3.

14.

15.

‘16.

17.

18.

”19.

20.

Show that the Diophantine equation x2 + l = 23y has no solutions.
Let a be an odd integer. Show that if k E 3,

a2“ 5 1(mod 2").
(Hint: Use induction on k. For k = 3, we considered this in Section 3.2.)
Show that y2 = x3 — 73 has no solutions in integers.
Let m be an integer having no prime factor E 3(mod 4), n an arbitrary
integer. Show that the Diophantine equation

y2 + 4mz = x3 + (4n — 1)3
has no solutions.

Write an efficient computer program to compute the arithmetic inverse
a* of a modulo n. (Your program should include a test to determine if a
has such an inverse.)
Letpbeaprime > 2,0<a<p—— 1. Showthat

(P — 1) E (—l)'(mod p).a
We showed that for p E 1(mod 4), we have

(%1) 1’ E —1(mod p).
Show that this is false mod 532 and we have

(33—1) :2 $ —1(modp2)(pE 1 (mod 4),p < 53).
Let p be a prime such that n < p < 2n. Then prove

(a) (2:) E 0(mod p).
(b) (2:) 35 «mod p2).
Let p be a prime, a, b integers. Show that al’ 2 a(mod p). Conclude
that (a + b)!’ 5 ap + bP(mod p).

(Wohlstenholme’s theorem) Let p > 3 be a prime. Show the numerator
of l + % + 1, + - . - + 1/(p — l) is divisible by p2. (Hint: Note that the
polynomial (x — l) - - - (x — (p — 1)) has (p — l)! as its constant term.
Put x = p and study the divisibility of the coeflicients byp, and look at
the coeflicient of x.)
By Wilson’s theorem (p — l)! + 1 = kp for some k.
(a) When can k = 1?
(b) When can k = p?
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21. Let p be an odd prime.
(a) Show that

23-42-62 - - - (p — 1)2 E (—1)‘I’+“/Z(modp).
(b) Show that 12,32 - - - (p — 2)2 E 22‘42-62 - - - (p —1)z(modp).

3.4 Solving Polynomial Congruences, I

Let f(x) be a nonzero polynomial with integer coeflicients and let n be a
positive integer. In this section, we shall take up the problem of determining
the solutions to the congruence

f(x) E 0(mod n). (1)

We have previously considered a number of special cases of this problem. For
example, we considered the linear congruence ax E b(mod n), which corre-
sponds to f(x) = ax — b. Furthermore, we considered the congruence
x2 E —1(mod n), which corresponds to the polynomial f(x) = x2 + 1.
From these two special cases, we see that finding the solutions of polynomial
congruences can be a tough business. In fact, mathematicians by no means
have the complete story on solving polynomial congruences, and whatwehave
to say on the subject will barely scratch the surface.

We have already seen that if x is a solution to congruence (1), then any y
such that x E y(mod n) is also a solution. Thus, in order to keep track of the
solutions to (1), we regard two solutions x and y to be “different” if x E
y(mod n). Thus, (1) can have at most n different solutions because there are
precisely n possible incongruent integers mod n. To find the solutions to (1) it
would sufiice to test the n integers in a fixed complete residue system (e.g.,
test 0, 1, 2, . . . , n — 1). Suppose that the elements of the complete residue
system which provide solutions to (1) are a1, . . . , a,. Then x is a solution of
(1) if and only if

x E a,(mod n), or x E a2(mod n), . . . , or x E a,(mod n).

Let us emphasize again that 0,1, . . . , n — l is often not the most
convenient complete residue system for computations. If n is odd, then the
complete residue system

p—
An—1 n—1 _ n—_ 2 ,_ 2 +1,..., 1,0,1,2,..., 2

consists ofnumbers smaller in absolute value and so is easier to compute with.
For example, if we were interested in the congruence

x5 E 2(mod 24)
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and if we wished to determine whether x -=— 23(mod 24) was a solution, it
would be senseless to use the number 23, for then we would have to raise 23 to
the fifth power and decide whether 24 divides 235 — 2. Since 23 E ——1(mod
24), it is much simpler to compute (— l)5 = —1 from which it is immediately
seen that 235 $ 2(mod 24).

Let us now take up the problem of solving congruence (1). Suppose that
n=pgluun ’I,

where p,, . . . , p, are distinct primes. Then if x is a solution of f(x) E
0(mod n), x is also a solution of all the congruences

f(X) E 0(m0dpl‘)

(2)

f(X) E 0(mod pi")-
Conversely, suppose that x is a simultaneous solution of all congruences (2).
Then f(x) is divisible by p‘i‘, by 112‘, . . . , by p:‘. Since all the pf“. have no
common factors, f(x) is divisible by p‘i‘ - - - pg" = n, and therefore x is a
solution of the congruence f(x) E 0(mod n). Thus, we have seen that the
solutions of congruence (l) are the same as the simultaneous solutions of all
congruences (2).

Hence, in order to arrive at a complete solution of the congruence
f(x) E 0(mod n), we may proceed in two steps:

1. Solve each of the congruences

f(x); 0(modp7') (i=1,...,t)

separately.

2. Determine which solutions are common solutions ofall congruences (2).

To better understand what is involved in step 2, let us assume that part 1
is completely settled and that the solutions of the congruences

f(x) E 0(mod p?) (i = 1, . . . , t) (3)

are determined (somehow) to be

x E b,1(modp',"), x :— b,z(modp:') , . . . . (4)

For a given x to be a solution of f(x) E 0(mod n), we have seen that it is
necessary and sufl‘icient for x to satisfy each of congruences (3). Therefore,
since the solutions of (3) are given by (4), x is a solution of f(x) :— 0(mod n)
if and only if x is congruent to one of b“, bu, . . .(mod p‘i‘), to one of b“,
b“, . . .(mod p;'), and so forth. Thus, we arrive at the following result:
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Theorem 1: The integer x is a solution of the congruence f(x) E 0(mod n)
if and only if x satisfies a system of congruences

x E b,(mod p?)

x E b,(mod pf‘),
where b, is a solution of the congruence

f(x) E 0(mod pg") (i = 1, . . . , t).

From Theorem 1, we see that, provided part 1 is solved, then part 2 can
be solved provided that we can solve systems of simultaneous congruences of
the form

x E b1(mod p?)

x E b,(mod 12?),

that is, to find x which satisfies all the congruences simultaneously. Let us
now take up this problem, which we shall completely settle. Namely, we shall
prove the following result:

Theorem 2 (Chinese Remainder Theorem): Suppose that the positive inte-
gers m1, m2, . . . , m, are relatively prime in pairs; that is, gcd(m,, mJ) = 1 if
13¢]; l S i, j g t. Further, let b,, b2, . . . , b, be arbitrary integers. Then the
congruences

x E b,(mod m,)

x E b,(mod m,)
have a simultaneous solution. Moreover, the simultaneous solution is
unique modulo mlm2 - - - m,. That is, if y is another solution, then x5
y(mod mlmz - - - m,).

Before we prove Theorem 2, some remarks are in order.

Remark 1: Since, in the preceding discussion, the integers p1“, . . . , p? are
relatively prime in pairs (the primes 171, p2, . . . , p, are all distinct), the system
of congruences of Theorem 1 always has solutions, and the solution is unique
modulopq'p? - - - p:‘ = n. We shall apply this remark to our original problem
of solving polynomial congruences later in this section.
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Remark 2: Our proof of Theorem 2 will be constructive, in the sense that
the proof will provide a computational technique whereby the solutions of
the system of congruences can be calculated in a finite number of steps.

Remark 3: The reason that Theorem 2 is called the Chinese Remainder
Theorem is that rudimentary forms of it go back to the ancient Chinese.

ProofofTheorem 2: The idea of the proof is to write x in the form
x =y1b1 + "' +yrbn

where yl E 1(modm1) and y1 E 0(mod m,) (2 g i g t), y2 E 1(mod m2) and
y2 E 0(mod m,) (i = l, 3, 4, . . . , t), and similarly for ya, . . . , y,. To have -
y, E 0(mod m,) (2 g i g t) we must have mz - - - m,|y1, since the m, are
relatively prime in pairs. Thus, in general, set -

ml=mlm2...m‘.
1 mi

Then gcd(m,, m’-)—— 1 since m1, . . . , m, are relatively prime in pairs.
(Exercise.) Thus, m, has an arithmetic 1nverse m?“ mod m,:

m.*m,== 1(mod m,)
Set y, = m£*m§, and correspondingly set

x = m’1*m’1b1 +- + m£*m1b
Let us show that x E b1(mod m1). Indeed, for 2 g i g t, we have

ml I ”ll,

so that m,*m§b_= 0(mod ml) for 2 g i < t; also m’1*m’,_= 1(mod m1), so
that m’*m’lb1 = b1(mod m,). Thus,

b1 +0+ +0Eb1(modm1).
It follows similarly that x E b,(mod tn.) for all i, l g i g t.

As to the uniqueness of the solution, let x' be any other simultaneous
solution. Then x E x’(mod m,) for i = l, 2, . . . , t. Therefore, since m1,
m2, . . . , m, are relatively prime in pairs and since x — x’ is divisible
by m,, m2, . . . , m,, we have that mlmz - - - m,|x — x’. Thus, x E
x’(mod mlmz - - - m,). I

The above method ofproof is completely constructive, in that it gives us a
specific method for computing the solution x. Let us first do a simple example.
Find x satisfying the congruences

x E 1(mod 3)
x E 4(mod 5).

Here m1 = 3, m2 = 5, b1 =1, b2 = 4. Thus, m’I = (5-3)/3 = 5 and m’, = 3.
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Then since m’,* is an arithmetic inverse of m’1 (mod m,), m’,* must satisfy
5m’,* E 1(mod 3),

so that m’,* E 2(mod 3). Also 3m? E 1(mod 5) implies that m’,* E 2(mod 5).
Thus,

x = 2.5.1 + 2-3-4 = 34 E 4(mod15).
As a more complicated example we find the simultaneous solutions of the

congruences
x E 7(mod 8)
x E 2(mod 9)
x E —l(mod 5).

Here
bl = 7, b2 = 2, b3 = —1,

and
"11:8, "12:9, m3—5,

and thus

m’1 =9-5=45, m’z=8-5=40, m3=8-9=72.
Therefore,

45m’,* E 1(mod 8), 40m’2* E 1(mod 9), 72m’,* E 1(mod 5),
so that

m’,* E 5(mod 8), m’,* E —2(mod 9), m’,* E 3(mod 5).
We therefore set '

x = 5-45-7 + (—2)-40-2 + 3-72-(—1) = 1199 E 119(mod 360)
(360 = 8-9-5). It is easily checked that x = 119 satisfies the original con-
gruences.

By combining Theorems 1 and 2, we see that the problem of solving
polynomial congruences is reduced completely to the problem of solving
polynomial congruences of the form

f(x) E 0(m0d P“).
where p is a prime. This may seem like a small simplification, but it is signifi-
cant for at least two reasons. If n is divisible by small powers of many primes,
the congruences modulo the .prime powers can be solved by testing all
possible cases. This should involve considerably less work than testing all
cases modulo n. For example, if n = 48 = 3 -2‘, then the number of residue
classes modulo n is 48, whereas the numbers modulo 3 and 2‘ total‘3 + 16
= 19. However, an even more compelling reason for reducing the problem
of solving polynomial congruences to the case of congruences modulo a
prime power is that many theoretical results can be established about prime
power congruences which cannot be proved in general.
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Before we go any further, however, let us illustrate the ideas we have
introduced thus far by means of the numerical example x2 E 1(mod 56).
Since this congruence is equivalent to x?- — l E 0(mod 56), we may set
f(x) =xz — 1. Moreover, since 56 = 23-7, the original congruence is
equivalent to the pair of congruences

x2 — 1 E 0(mod 23)
x2 -— 1 E 0(mod 7).

The first congruence has the solutions x E 1, 3, 5, 7(mod 23). (For now, we
obtain solutions by just testing all elements of a complete residue system, in
this case modulo 8.) Similarly, the second congruence has the solutions
x E l, 6(mod 7). Therefore, the congruence x2 E 1(mod 56) has eight
solutions modulo 56, namely the solutions of the following eight pairs of
congruences:

{x E 1(mod 23) {x E 1(mod 23) {x E 3(mod 23) {x E 3(mod 23)
x E 1(mod 7), x E 6(mod 7), x E 1(mod 7), x E 6(mod 7),

{x E 5(mod 23) {x E 5(mod 23) {x E 7(mod 23) {x E 7(mod 23)
x E 1(mod 7), x E 6(mod 7), x E l(mod 7), x E 6(mod 7).

The solutions of the pairs of congruences give the solutions to the original
congruence. And the solutions of the pairs of congruences can be found using
the Chinese Remainder Theorem. They are
x E 1(mod 56), x E 41(mod 56), x E 43(mod 56), x E 27(mod 56),
x E 29(mod 56), x E 13(mod 56), x E 15(mod 56), x E 55(mod 56).

Let us now make a few comments about congruences of the form

f(x) E ()(mod p“).
wherep is a prime. Our first goal will be to show that in order to solve such a
congruence, it is actually suflicient to solve the simpler congruence

f(x) E 0(1110d P)-
Actually, what we shall do is prescribe a procedure for calculating the
solutions of the congruence

f(x) '=‘ 0(m0d 1"“)
from the solutions to the congruence

f(x) E 0(mod p“).
Thus, starting from the solutions of a congruence modulo p, our procedure
will allow us to calculate successively the solutions of the same congruence
modulo p”, p’, and so forth.
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Let us suppose that a 2 l and that the solutions to the congruence

f(x) E 0(m0d P“)
are given by

x E b1(mod p“), . . . , x E b,(mod 12‘).
Our problem is to determine the solutions of

f(x) E 0(mod r“).
First, however, we need a preliminary result about polynomials. If

f(x) = a0 + alx + - - - + a,,,x'", denote by f’ the formal derivative off,
given by the usual formula

f’(x) = a1 + 2a2x + - - - + mamxm“.
The usual rules for difi‘erentiating apply to our formal derivative, namely for
polynomialsfand g we have

(f'+g)’=f’+g’ (5)
(af)’ = af’ for an integer a. (6)

We shall denote the second derivative off(that is, the derivative of f’) by f".
More generally, we shall denote the ith derivative offbyfa). In what follows,
we shall require a particular case ofwhat is called Taylor’sformula in calculus.

Lemma 3: L“ f(x) be any polynomial of degree m. Then

f(x + y) =f(x) + @y + f1_(2x>yz +...+11.2‘fi’cf)my..
Moreover, if f has integer coeflicients, so do all the polynomials f’(x)/l,
f”(x)/l-2, . . . , f‘"”(x)/l-2 - - - m
Proof: By properties (5) and (6) of the derivative, it suflices to prove our
lemma for the polynomial f(x) = x'". In this case, f(x + y) = (x + y)"I is
given by the binomial theorem:

f(x+y)=xm++mrn-1y+m(l—m3 l)xrn——..2y2+ .1n+y,

where all the coeflicients (the so-called binomial coeflicients) are integers.
Now

f_’(x)_ 1311,,” f(x) = m<m — 1),.-.
1-2 1-2 ’-

and so forth. Thelrefore,1

f(x+y)=f(x)+L§x2y+%2fly‘+ +y’".
and the lemma is proved. I

Let us now return to the congruence f(x) E 0(mod 12"“). If x is a solu-
tion, then. x is also a solution of f(x) E 0(mod p“), and therefore x E
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b(mod p‘), where b is one of b1, b2, . . . , b,. Thus, we may write x = b + kp‘
for some k. Let us determine the condition which k must satisfy in order for
x to be a solution of f(x) E 0(modp‘“). By Lemma 3, with x = b, y = kp‘,

f(x) = f(b + kw
= f(b) + «@kr + %(kp‘)‘ + --- + l—%<kpe~.

By Lemma 3, the polynomials

f’ x) f"(X) f"'"(x)
1’ 1-2 ""’1-2---m

have integer coeflicients, so that

fEb) f"(1’) f"’"(b)
’ 1.2 ""’1.2...m

are all integers. Moreover, since a 2 1, we have a + 1 g 2a, so that p“,
p", . . . , p'" are all E 0(mod 17‘“). Thus,

f(x) 2 f(b) + @kprmodp-H).
Since f(b) E 0(mod p“), we may set f(b) = tp‘ for some t. Thus,

f(x) E P‘(t + f'(b)k)(m0d 1"“).
Thus, f(x) E 0(mod 11““) for x = b + kp‘ if and only if

' P'(t + f’(b)k) E 0(mod p‘“),
which is equivalent to

t + f'(b)k E 0(mod p) (Proposition 2.11).
We have thus derived the condition that k must satisfy in order that

x = b + kp‘ be a solution of f(x) E 0(mod p”1), namely

f’(b)k E — %£’)(mod p). (7)
(Recall that f(b) E 0(mod p“) by assumption, and so f(b)/p‘ is an integer.)
Thus, to determine the solutions of f(x) E 0(mod p‘“) knowing the solu-
tions of f(x) E 0(mod p“), it sufl‘ices to solve the linear ‘congruence (7) for k,
modulo just the prime p. We discussed this subject thoroughly in Section 2.
We shall nevertheless carry out the solution explicitly in the present situation.
There are two cases to consider.

Case 1: f'(b) E 0(mod p). In this case congruence (7) can only be satisfied
provided that

% a 0(mod p),
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which is equivalent to
f(b E 0(mod p‘“).

Thus, there are two possibilities. Either f(b) E 0(mod p‘“), in which case
x = b + kp‘ is a solution of the congruence f(x) E 0(mod r“) for arbi-
trary k. 0r f(b) E 0(mod 12““), in which case x = b + kp‘ is never a
solution of the congruence f(x) E 0(mod If“) for any k.

Case 2: f’(b) E 0(mod p). In this case congruence (7) will have exactly one
solution, namely

k E -f’(b)*%b)(modp),
where f’(b)* is an arithmetic inverse of f’(b)(mod p). Thus, in Case 2, there
is a unique solution of the congruence f(x) E 0(mod p'“) of the form
x E b + kp‘(mod p‘“), namely

x E b — f'(b)*%’)pa (mod11"”).

Thus, we have seen that in all cases we can determine the solutions modulo
p‘“ once we know the solutions modulo p“. We shall conclude this sectionby
giving some examples.

Example 4: Find all solutions of the congruence
f(x) = x3 — 2x + l E 0(mod 3‘).

We start by determining all the solutions of f(x) E 0(mod 3) by inspection.
There are only three possibilities, namely x E 0, ;|:l(mod 3).- We readily
check that x E 1(mod 3) is the only solution.

We now solve f(x) E 0(mod 32). There is one solution mod 3, so b = bl
= 1. Also, f(1) = 0 and f’(x) = 3x2 — 2, so that f’(l) = 1. Thus, by (7),
we must solve the congruence

l-k E 3(mod 3),
which has k E 0(mod 3) as the unique solution. Thus,

x E b + k-3 E 1(mod 9)
is the unique solution mod 9. (In this case it would not be too diflicult to
check this result directly by checking all the nine possible cases modulo 9.)

Example 5: We shall find all the solutions of the congruence
f(x) = x2 + x + 1 E 0(mod 49).

We must again start by solving the congruence f(x) E 0(mod 7). Checking
the seven possibilities directly we see that f(x) E 0(mod 7) if and only if

x E 2 or —3(mod 7).
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We now solve f(x) E 0(mod 72). Here bl = 2 and b2 = —3. We compute
f(2) = 7 and f(—3) = 7.

Also f’(x) =2x +1, and so
f’(2) = 5 and f’(—3) = —5.

To find the solutions of the form x = 2 + 7k we must solve (7), in this case
5k E ——;(mod 7),

so k E —3(mod 7) and x E —l9(mod 49). Similarly, if x = —3 + 7k, we
must solve

——5k E —;(mod 7)
so k E 3(mod 7) and x E 18(mod 49). Thus, the solutions of f(x) E
0(mod 49) are x E 30, 18(mod 49).

Both Examples 4 and 5 fall under Case 2 above. Let us give an example
where Case 1 occurs.
Exaniple 6: Find all the solutions of

f(x) = xz + x + 7 E 0(mod 27).
We see that x E 1(mod 3) is the only solution of f(x) E 0(mod 3). We

now solve f(x) E 0(mod 32). Here b1 = 1, f(l) = 9. Since f’(x) = 2x + 1,
we have f’(l) = 3. Thus, the solutions are of the form x = 1 + 3k, where k
satisfies

3k E —§(mod 3)
or

3k E —3(mod 3).
It is clear that any k satisfies this congruence, so that k E 0, l, 2(mod 3)
yield solutions x = l + 3k and so

x E 1, 4, or 7(mod 9)
are the solutions of f(x) E 0(mod 9).

We now, finally, solve f(x) E 0(mod 33). Here bl = 1, b; = 4, b3 = 7.
Thus, .

f(1)= 9, f(4) = 27, f0) = 63,
and

f’(1)= 3, f’(4) = 9, f’(7) =15~
The solutions are of the form x = b, + 9k for i = l, 2, 3. For i = l, k must
satisfy

3k E —3(mod 3)

and there are clearly no solutions. For i = 2, k must satisfy

9k E —39—"(mod 3),
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and so any k works mod 3 yielding solutions x E 4 + 9.0 E 4(mod 27),
x E4 + 9-1E13(mod27), and x E 4 + 9-2 E22(mod 27). For i = 3, k
must satisfy

15k E —§§'1 E —7(mod 3),
and so there are no solutions. Thus, f(x) E 0(mod 27) if and only if

x E 4, 13, or 22(mod 27).

3.4 Exercises

1. Find all simultaneous solutions of the congruences
(a) x=_ 3(mod 7), x=_ 2(mod 6).
(b) x=__ 5(mod 2), x=_ 1(mod 3), and x=_ 2(mod 5). Y 3 H 1”
(c) x=_ 1(mod 9), x:— 5(mod 7), and x=_ 3(mod 5).

2. Find all integers n which leave the remainder 4 when divided by 8, leave
the remainder 6 when divided by 7, and leave the remainder 1 when
divided by 5.

3. Show that for any integer k 2 1, there are k successive integers which
are divisible by squares larger than 1. (Hint: Use the Chinese Remainder
Theorem.)

4. Solve the following congruences using the Chinese Remainder Theorem:
(a) x2 + l E 0(mod 65).

->,v(b) 5x2 + 7x — 3 E 0(mod 35).
(c) 11x + 1 E 0(mod 210).

5. Determine whether the following sets of simultaneous congruences have
solutions. If they have solutions, find them all.
(a) x E 5(mod 6) and x E 7(mod 10).
(b) x E 1(mod 6) and x E 8(mod 15).

*6. Let m and n be positive integers. Let d = god(m, n). Prove that the
simultaneous congruences

x E a(mod m) and x E b(mod n)
are solvable if and only if a E b(mod d).

7. Find all simultaneous solutions of the congruences
(a) 3x E 1(mod 10) and 4x E 2(mod 7).
(b) 3x E 2(mod 4), 2x E 7(mod 15), and 4x E —l(mod 7).

8. Let m1, m2, . . . , mk be positive integers which are relatively prime in
pairs. Let b,,bz, . . . ,bk and a1, a2, . . . , ak be given integers such that
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10.

ll.

I"12.

13.

14.

ged(b,, m,) = l for i = l, 2, . . . , k. Prove that the simultaneous
congruences

blx E al(mod m1)
bzx E a2(mod m2)

bkx E ak(mod m.)
are always solvable. Give a formula like the one given in the Chinese
Remainder Theorem for x in this case.
Using the method developed in this section solve the following con-
gruences:
(a) x4 + 2x + 4 E 0(mod 27).
(b) x2 E —1(mod 125).
(c) x2 + 3x — 3 E 0(mod 49).
(d) x2 + 3x — 10 E 0(mod 49).
Find all solutions of the following congruence:

4x‘ + 9x3 — 5x2 — 21x + 61 E 0(mod 1125).
(Note: This problem has been set up to illustrate all the concepts and
cases discussed in this section. The answers are x E 323, —52,
—427(mod 1125).)
Let p be a prime larger than 2 and suppose that p ,f a. Assume that
x2 — a E 0(mod p) is solvable. Show that for all n 2 1

x2 — a E 0(mod p")
has precisely two solutions.
Let p > 2 be a prime. Analyze the solvability of x’- + a E 0(p') for all
n 2 1 when pl a. (There will be many cases depending on the highest
power m such that p’" l a and the resulting quotient a/p’").
Let m and n be positive integers such that gcd(m, n) = 1. Let r1, . . . ,
rm, be a reduced residue system modulo m and let s1, . . . , Sm, be a
reduced residue system modulo n.
(a) Show that if gcd(x, mn) = 1, then there is a unique pair (i, j) with

1 g i g ¢(m) and 1 gj g ¢(n) such that x E r,(mod m) and
x E s,(mod n).

(b) Conversely show that given any pair (i, j) there is a unique x
modulo mn such that x Er,(mod m) and x E s,(mod n) and
gcd(x, mn) = 1.

Use Exercise 13 to prove that if gcd(m, n) = 1, then ¢(mn) = ¢(m)¢(n).
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15. Prove that if n = p’,“12’," - - - pf' is the canonical factorization of n as a
product of primes, then

#501) =p’f"‘(p1 — 1)p’z‘"‘(p2 — 1) - - -p£‘"‘(p, - 1)-
(Use Exercise 14 above and Exercise 6 in Section 3.2.)

16. Prove directly from the definition of formal derivative of a polynomial
given in the text that for polynomialsfand g and integer a, we have

(a) W)’ = af’-
0?) (f+ g)’ = f’ + g’-
(o) (fg)’ = f’g +fg'-

3.5 Solving Polynomial Congruences, II

In this section we shall develop further the theory of polynomial con-
gruences f(x) E 0(mod n). Our primary goal is to study the congruence
f(x) E 0(modp) wherep is a prime. The main effort of the last section was in
showing that if we could solve polynomial congruences modulo primes, then
we could pass fairly routinely to the case of a general modulus n. Thus, all the
difliculties must already occur in the prime case. Unfortunately, all we shall
do in this section is prove some general facts about solving polynomial con-
gruences modulo primes. We shall not give a procedure for actually solving
them or even give a procedure for determining whether they have a solution.
Indeed, no~ such procedures are known. Moreover, all of Chapter 4 deals with
this problem just for quadratic polynomials.

Let us begin by making a few general observations. Sincewe are attempting
to solve

f(x) E 0(mod n) (l)

for a polynomial f(x) = a,,,x"' + - - - + alx + a0, with integer coeflicients,
it certainly does not matter if we change one (or more) of the a, to another
integer congruent to it modulo n. We would have precisely the same solutions.
Indeed, if we are working modulo n, it is very natural to consider two
polynomials, all of whose coeflicients differ by multiples of n, as the “same”
modulo n. We are thus motivated to give the following definition:

Definition 1: Suppose that f(x) = a0 + alx + - - - and g(x) =
bo + bx + - - - are polynomials with integer coeficients. We say that f(x)
is congruent to g(x) modulo n and write

f(x) Ex g(x)(m0d 71)
provided that a, E ,(mod n) for all i.



Sec. 3.5 Solving Polynomial Congruences, II 79

Example 2:
(i) x3 +x+ l Exxa +x—2(mod 3).
(ii) .7:3 + x + l 5,, 4x3 + x + 7(mod 3).
(iii) x3 + x + l E, 3x7 + x3 + x + 1(mod 3).
(iv) 58x7 + 89x5 + 18 E, 3):7 + 4x5 + 3(mod 5).
It is clear that, in general, we may replace congruence (1) by one in which

all the coeflicients of the polynomial are between 0 and n — l (or in any
complete residue system). This helps considerably in computations.

Now if f(x) =,,g(x)(mod n), there is a polynomial t(x) with integer
coefficients such that

f(X) - g(x) = nf(x)
(since the coeflicients of f(x) — g(x) are the a, — b, in Definition 1). Thus, if
f(a) E 0(mod n), we see that

g(a) = f(a) — nt(a) E 0(mod 71).
That is, congruence (1) has precisely the same solutions as the congruence
g(x) E 0(mod n). We have proved the following result:

Proposition 3: Suppose that f(x) _=_, g(x)(mod n). Then the congruence
f(x) E- 0(mod n) has precisely the same solutions as the congruence g(x) E
0(mod n). Moreover, it always suffices to consider polynomial congruences
where the polynomials have coeflicients between 0 and n —— 1.

Now let us return to the idea in part (iii) of Example 2. All the coeflicients
of f(x) in Eq. (1) which are divisible by n may be replaced by 0. In particular
we might be able to lower the degree of f(x). This motivates the following
definition:

Definition 4: Let f(x) = a0 + alx + - - - + amx'" be a polynomial with
integer coefl‘icients. Assume that not all the a, are divisible by n. Then, by the
degree offmodulo n, written deg,f(x), we mean the largest integer i such that
a, $ 0(mod n).

Thus, for example, if f(x) = 12x‘ + 3x2 + x + 1, then deg,f = 4,
degizf= 2: degsf= 2: and degsf=

Now let us begin our theory concerning the actual solutions to Eq. (1).
Let f(x) and g(x) be polynomials, g(x) 7s 0. Then the process of long
division ofpolynomials you learned in high school produces two polynomials
g(x), the quotient, and r(x), the remainder, such that

f( )_ r( )34:): q‘ )+ g—(fc)
or f(x) = g(x)q<x) + roe), (is)
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where the degree of r(x) is less than the degree ofg(x). It is not true in general
that q(x) and r(x) have integer coefficients even if bothf(x) and g(x) have
integer coefficients.

We shall not need this general situation. We shall only need long division
in the case where g(x) = x —— a. We shall prove the result (as) for this par-
ticular case completely. The proof will involve -a slick application of induc-
tion. However, if you just set up and do the long division of x — a into
f(x) = amx'” + - - - + a0, you will see that the induction is simply a way of
saying “and so forth” in the long division process:

amxm'l + . . .

x — afix’" + a,,,_1x'"‘1 + a,,,_2x""z + - - - + a0
amx’" — aa,,,x”"l
(am.l + aa,,,)x""1 + a,,,_2x""2 + - - - + a.J

Lemma 5: Let f(x) = amx’" + - - -- + a0 be a polynomial with integer
coeflicients and let a be an integer. Then there is a polynomial q(x) with
integer coefficients such that

f(X) = (x - a)q(x) + f(a)-
Proof: We shall prove the result by induction on the degree of f(x). If f(x)
is the constant polynomial f(x) = do, then we may take q(x) = 0, as we may
readily check. Thus, we have taken care of the case where the degree of f(x)
is zero.

Thus, we may assume the truth of Lemma 5 for all polynomials of degree
g m — 1. Set

f1(x) =f(x) — amxm‘1(x — a)

= (am—1 + all...)x""1 + a,,._zx"'-z + + do-
The degree off1 (x) g m —— 1, and we may apply the induction hypothesis.

Thus, there is a polynomial q1(x) with integer coefl‘icients such that

f1(x) = (x - a)ql(x) +f1(a)-

f(x) =f1(x) + amxm“(x - a)
= (x _' a)(91(x) + “pawn—1) +f1(a)-

Let q(x) = q1(x) + amxm". Then q(x) has integer coeflicients, and

f(x) = (x - a)q(x) +f1(a).
Finally, plugging x = a into this last result we see that f(a) =f,(a). Thus,
Lemma 5 is completely proved. .-

Thus,

We obtain immediately from Lemma 5 that if a is a solution to (1) then we
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may “factor out” x — a modulo n. Namely,

Proposition 6: Let f(x) be a polynomial with integer coefficients. Let a be
an integer. Then f(a) E 0(mod n) if and only if there is a polynomial q(x)
with integer coeflicients such that

f()6) Ex (x - a)<I(x)(m0d n)- (2)
(Equation (2) is a congruence of polynomials as in Definition 1).
Proof: If f(a) E 0(mod n), we obtain from Lemma 5 that f(x) =
(x — a)q(x) +f(a), where n |f(a). Thus, with q(x) as in Lemma 5 we indeed
have (2). Conversely, applying Proposition 3, we see that since a is a solution
of the congruence (x — a)q(x) E 0(mod n), it must be a solution of f(x) E
0(mod n) also. V I

Corollary 7: The polynomial q(x) in Proposition 6 can always be chosen
so that its degree is at most deg (f(x)) — 1.
Proof: The q(x) from Proposition 6 came directly from Lemma 5. Examining
the proof of Lemma 5, we see that

q(x) = din-x”.—1 + (am-1 + aam)xm_z + ' ' ':

and so the result is clear. I

We now must specialize to the case where we solve

f(x) E 0(mod .0),
that is, where n = p is a prime. In this case we can limit the number of
solutions by the degree of the equation. First we prove

Theorem 8: Let f(x) be a polynomial with integer coeflicients. Let b1,
b2, . . . , b, be t incongruent solutions of f(x) E 0(mod p). Then there is a
polynomial q(x) with integer coefiicients such that

f(x) E» (x - b1)(x — 17:) --- (x - b:)q(x)(m0d p)-
Moreover, deg, q(x) g deg,f(x) — t.
Proof: By replacing f(x) by a polynomial congruent to it modulo p we may
assume that f(x) = amx’” + - - - + do, where a," E 0(mod p). That is,
deg,f(x) = m. By Proposition 6 and Corollary 7 there is a polynomial q,(x)
such that

f(x) E, (x — b1)ql(x)(modp)
with deg, q1(x) g m — l = deg, f(x) — 1.

Plug x = b2 into this last result, and we obtain

f(bz) 5 (b2 — b,)ql(bz)(modp).
But f(b2) E 0(mod p) implies that pl (bz — b.)q1(bz), and so pl bz — b1 or
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p Iq,(b2) (by Lemma 2.4.3). By assumption, bz E b1(modp) and thus p |q1(b,),
so that q,(bz) E 0(mod p). Again applying Proposition 6 and Corollary 7 we
see there is a polynomial qz(x) such that

41005: x — bz)qz(x)(m0dp)
with deg, qz(x) g deg, q,(x) — 1. Therefore, a quick resort to definitions
implies that

f(x) E: (x — b1)(x — bz)qz(x)(m0dp)
with deg, qz(x) S deg, ql(x) — 1 s deg,f(x) — 1 - 1 = deg,f(x) — 2-

Now plug x = b, into this last result. Proceed similarly and obtain

f(x) Ex (x — bixx — bs _ b3)93(m°dP)

with deg, qrx) s degpf(x) — 3.
Continuing in this way we arrive at Theorem 8. I

Corollary 9: Let f(x) be a polynomial with integer coeflicients not all
divisible by p. Then the number of incongruent solutions off(x) E 0(modp)
is at most the degree off(x) modulo p.
Proof: Ifbl, . . . , b, are t incongruent solutions, then we have from Theorem
8 that

f()6) Ex (x — b1) - ~ (x — b:)q(x)(m0dp).
where deg, q(x) g deg,f(x) — 1‘. Now q(x) must have some coeflicient not
divisible by p or else all the coefl‘icients off(x) will be divisible by p. Thus,

0 g deg, q(x). g deg,f(x) — t
or t g deg,f(x), as asserted. I

Example 10: The assertion of Corollary 9 is false if we are not working
modulo a prime. For example, .

x2 — 1 E 0(mod 8)
has the four solutions x E 1, 3, 5, 7(mod 8), whereas deg,,(x2 — 1) = 2.

But of course, x2 — l E 0(mod p), p a prime, can only have the solutions
x E :I;I(mod p) because we know from Corollary 9 there are at most two
solutions, and x E :I;I(mod p) are obviously solutions.
Example 11: By Fermat’s theorem (Theorem 3.1) we have that ifp 4’ a, then
a"'1 E 1(mod p), and so aP E a(mod p). Thus, a is a solution of

xP — x E 0(mod p). (3)
It is clear that x = 0 also satisfies this congruence. Thus, every integer satisfies
congruence (3). Applying Theorem 8 to (3) and the solutions 0, l, . . . , p — l
we see that

x1: _ x Ex x(x — l) - - - (x — (P — l))q(x)(m0d P), (4)
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where deg, q(x) g p — p = 0. Thus, q(x) is a constant, say q(x) = b, where
b is an integer. Then the coeflicient of xl’ on the left-hand side of (4) is 1 and
on the right-hand side of (4) is b. Thus, b E l(mod p), and

x’ — x 5.. X(x — 1)(x — 2) m (x — (P - 1))(m0dp)-
For example, x3 —— x E, x(x — 1)(x — 2)(mod 3). (Multiply it out and check
it directly.)

It is possible to reduce further the degree of the polynomial in a con-
gruence modulo a prime by using the results in Example 11. Since x? E
x(mod p) is satisfied for any value of x, we may replace xP in a polynomial by
x without altering the set of solutions. For example,

x" + x2 + 5 E0(mod7)
has precisely the same solutions as

x+x2+5E0(mod7)
since x" E x(mod 7) for any value of x. However, x7 + x2 + 5 E,
x + x2 + 5(mod 7).

As a more elaborate example, consider
x35 — x10 + x — 3 E 0(mod 5). (5)

Since x35 = (x5)", we have
x“ E x7(mod 5)

for all values of x. Since x7 = xsxz, we have
x7 E x-x2 = x3(mod 5)

for all x or
x35 E x3(mod 5)

for every integer x. Similarly,
x1° E x2(mod 5)

for all x. Thus, congruence (5) has precisely the same solutions as the con-
gruence

x3 —x2+x—3E0(mod5).
We started with a polynomial of degree 35 and found it sufliced to solve one
of degree 3.

It should be observed that by replacing x’ by x in a congruence, possibly
repeating the operation many times, we can always end up with a polynomial
of degree g p —- 1. We record this in

Theorem 12: Let p be a prime. Then the congruence
f(x) —=— 0(m0d p)

can be transformed into a congruence
g(x) E 0(mod p)
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having precisely the same solutions and where the degree of g(x) is at most
p — l or g(x) is the zero polynomial.

Thus, modulo 5, we need never consider polynomials of degree larger
than 4.

3.5 Exercises

1. Test whether the following pairs ofpolynomials are congruent modulo 7:
(a) x3+2x+1and8x3—5x+1.
(b) x3+2x+land8x3—6x+l.
(c) 3x5 + 2x7- + x and 10x5 — 12x2 + x + 7.
(d) 7x2 + 2 and 7x + 2.

2. Let f(x) = 35x‘ + 7x2 + 2x + 1. What are den; deg3 f, deg5 f,
degvf; and deguf?

3. Let f be a polynomial. Show that for all primes p, degpf3 degfand
that there are only finitely many primes p such that deg,f< degf.

4. For the following polynomials f(x) and integers a notice that f(a) E
0(mod 11). In each of these cases find a polynomial g(x) such that

f(x) E, (x - a)g(x)(mod 11).
(a) f(x) = .x2 +10x+ 3, a = 6.
(b) f(x)=x3—xz+x+10,a=l.
(c) f(x) = x3 — 6x2 — 2x+ 20, a = —3.

5. The solutions of f(x) E 0(mod 13), where f(x) = x4 — 6x3 — 3x2
—7x + 2, are x E :I:I(mod 13). Find a polynomial g(x) such that

f(x) Ex (x — l)(x + 1)g(x)(m0d 13)-
6. Show that the polynomial f(x) = x3 + 3x2 + 2x + 2 cannot be

factored modulo 5. (That is, we cannot find polynomials g(x) and h(x)
such that deg, g(x) < 3 and deg, h(x) < 3 such that f(x) E,
h(x)g(x)(mod 5).)

7. Convert the following polynomial congruences into congruences with
the same solutions having degree less than 5:
(a) 2x‘7 + 3x2 + l E 0(mod 5).
(b) x10 + 2x5 + l E 0(mod 5).
(c) 3):23 + 2x20 + 4x17 — x‘ + x5 — 3x3 + 2x + 1 E 0 (mod 5).

8. Let p be a prime. Let f(x) = aux" + - - - + alx + a0 be a polynomial.
Show that one can find a polynomial g(x)of degree g p - 2 such that
the congruences f(x) E 0(mod p) and g(x) E 0(mod p) have the same
nonzero solutions.
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9. Find all solutions of the congruences in Exercise 7.
10. Let p be a prime. Let a and b be integers such that a 2 1. Find all

solutions of the congruence
x?“ E b(mod p).

11. Prove the following polynomial congruences for primes p:
(a) X“ — 15x06 - 1)(x - 2) (x- (p - 1))(m0dp)-
(b) x”"+x"’+ +x+IE,,(x——2)--- (x—(p—l))(modp).

12. By comparing coefficients of the two sides of the polynomial congruence
in Exercise 11(a), prove the following for primes p:
(a) Wilson’s theorem (look at the constant term).
(b) F0rp23,1+2+---+(p—1)Eo(m°dp)-
(e) F0rp25,l-2+l-3+---+1-(p—l)+2-3+---

+2-(p—l)+3°4+---+3-(p—l)+---+(p—2)(p—1)
EO(modp).

(d) F0rp25,1-2---(p-2)+1-2---(p—3)(p-1)
+1-2---(P—4)(P-2)(p-1)+---+1-3---(p-l)
+2-3---(p—l)EO(modp).

13. Let p be a prime and let a 2 1 be an integer. Let r1, . . . , rm.) be a
reduced residue system mod p“. Prove the following polynomial con-
gruence:

(xP‘l _ 1),... E): (x __ ’IX’.‘ _ ,2) . . . (x _ r¢(,.,)(modp‘).

. 3.6 Primitive Roots

In this section we shall give an extremely useful application of the theory
of polynomial congruences modulo a prime p. We shall explore the con-
gruence properties of the various powers of an integer a modulo p.

Let us begin with some experimentation. Suppose that p = 7. In Table
3-1, we have tabulated the powers a" modulo 7 for a = 0, 1, 2, . . . , 6 (a
complete residue system) and k = 0, 1, 2, . . . , 6, with respect to the complete
residue system 0, l, 2, . . . , 6 modulo 7. .

Why did we quit with k = 6? We quit because we know by Fermat’s
Little Theorem (Theorem 3.1) that if H’a, then a6 E 1(mod 7), and so
a7 = a‘a E a(mod 7), a“ = a‘az E a2(mod 7), a9 = a‘5a3 E a3(mod 7), and
so forth. Thus, the powers repeat themselves when the exponent changes
modulo 6.

What do we observe from the table about the powers of a given integer
a (read across the rows of the table)? There are two integers a in the list,
a = 3, 5, which have all the integers l, 2, 3, 4, 5, 6 (i.e., 1 through p — 1) as
powers of them. In other words, every integer b such that b $ 0(mod p) is



86 Chap. 3 Commence:

congruent to a power of 3 (or 5) modulo 7. Does this phenomenon persist for
all primes p? If it did, we would be able to reduce the study of arithmetic

TABLE 3-1

Powers ak of a(mod 7)
G

U
I
-
t
H

O

I—
li
-I

H
H

I—
Il
d

o

a
tI

I-
F

W
N

H
O

H
A

N
N

A
H

O

O
‘Q

H
Q

I—
IH

O

”N
A

-P
N

I-
‘O

m
w

N
U

I-
h

l-
‘O

H
i—

nH
i—

Ib
—

Ii—
Io

modulo p to the study of the powers of a single element (together with zero).
It is, in fact, true that for every prime p there are such integers, and they are
called primitive roots. The proof of their existence and their uses comprise the
subject of this section. Let us first formally define a primitive root.

Definition 1: Let p be a prime. By a primitive root modulo p we mean an
integer g such that

g°=1,g,g’,-.-,g"2 (l)
is a reduced residue system modulo p. That is, the integers (1) are a rearrange-
ment, modulop,ofl, 2, . . .,p — 1.

Although Definition 1 tells us what primitive roots are all about, it is not
convenient for determining them, and so let us go back to Table 3-1 and see
what else we can discover. We notice in the rows corresponding to integers
other than 3 and 5 (excluding a = 0, of course) that the entries repeat
themselves. For example, for a = 2 we have 1, 2, 4 repeated. This happens
since 23 E 1(mod 7), and so 2.4 = 23 .2 E 2(mod 7), 25 = 23 -22 E 4(mod 7),
and so forth. That is, if a" E 1(mod 7) then a"'H = aka E a(mod 7), and so
forth. Thus, we see that the important point is that there is a lowest power of
a that yields 1 modulo 7. Thereafter the powers of a repeat themselves. In
particular, a can be a primitive root modulo 7 if and only if the first power of
a that gives 1(mod 7) is 6. (This power can be no larger than 6 by Fermat's
Little Theorem.) We are thus led to the following definition:

Definition 2: Letp be a prime and a an integer such that a E 0(modp). Then
by the order ofa modp we mean the least integer k 2 1 such that
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a" E 1(modp).
We denote this integer by 0rd, a.

For example, ord7 2 = 3, 0rd, 3 = 6, ord7 4 = 3, ord7 5 = 6, and
0rd, 6 = 2.

By Fermat’s Little Theorem, we see that ord, a is an integer such that

Igordpagp— 1.

Also from our above discussion we are led to the following result.

Theorem 3: Let p be a prime and let g be an integer such that g aé 0(modp).
Then g is a primitive root mod p if and only if 0rd,, g = p — 1.

Proof: We first suppose that g is a primitive root modp. Then, by Definition
1, g”, g1, g2, . . . , g!"2 is a reduced residue system modulo p. In particular, no
two of these numbers are congruent. Since g° = 1, we have g" aé 1(mod p)
for l g k g p — 2. Since g1"1 E 1(mod p) (Fermat’s theorem again), we
have immediately from the definition of 0rd,, g that ordp g = p — 1.

Conversely, suppose that 0rd,, g = p — 1. Since there are p — 1 numbers
g°, g‘, . . . , g1"2 and for each k, p 4' g", it suflices to show that no two of these
numbers are congruent modulo p in order to show that g is a primitive root
modulo p.

Suppose then that this statement is false. Then we can find i, j such that
Ogi<jgp—2and

g' E g1(mod p).
Since g1 = g"gH and p X g’, we may cancel g’ (Proposition 2.10) and obtain

1 E g"'(mod p).
Since 1 gj — i < p — l we have now contradicted the hypothesis that
0rd, g = p — 1. I

It should now be clear from Theorem 3 that we must make a careful study
of 0rd,, a. We shall accumulate the results in

Proposition 4: Letp be a prime and let a be an integer such thatp ,l’ a. Then

(i) 0rd, a divides p — 1.
(ii) If a" E 1(mod p), then 0rd, a divides 2:.
(iii) ord,(a") = ord, a/gcd(u, 0rd, a).

Proof: Since, by Fermat’s Little Theorem, we have a!"1 E 1(mod p), we
see that part (i) follows immediately from part (ii).

Part (ii) is an immediate application of the general principle noted
following the proof of Theorem 2.2.3. Namely, writing k = 0rd, a (just
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shorthand) we can find q and r such that
v=kq+r, Ogr<k.

Then
1 E a” = a"'+' = (a")'a’ E l‘a' = a'(modp).

But k is the least integer t 2 1 such that a‘ —=‘ 1(m0d p), and thus a' E
1(mod p) and 0 g r < k imply that r = 0. Thus, kl v, as we asserted.

For part (iii), let us again write k = 0rd,, a; also write m = gcd(u, 0rd, a)
= gcd(u, k). Then by part (ii), we have

(a")‘ = a'“ E 1(mod p)
if and only if k| ut. But this is equivalent to saying

i I a.
m m

Since gcd(k/m, u/m) = 1 (Theorem 2.3.6) this last statement is equivalent to
the condition

I t
(Theorem 2.3.6).

Thus, we have shown that (a")’ E 1(mod p) if and only if (k/m)| t. Thus,
k/m is the least integer t such that (a")t E 1(mod p), and so 0rd, a") = k/m,
as we wished to prove. I

3|»

We need one more result before we can prove that primitive roots exist.

Proposition 5: Letp be a prime and let a1, a2 be such thatp ,f a1 and p ,I’ an.
Further, suppose that 0rd, a1 = k1, 0rd, a2 = k2 with gcd(kl, k2) = 1. Then
ordp(a1a2) = klkz‘

Proof: Since

(a1a2)’“’“ = a’f‘)"'(a’2")"l E l’"l"l = 1(mod p),

we have by Proposition 4, part (ii), that ord,(a,az) divides klkz.
Now suppose that

(a1a2)‘ E 1(mod p).
Then a’la; E 1(modp), and a; is an arithmetic inverse of a'l .

The following lemma is then relevant:

Lemma 6: If pJ'a and a* is an arithmetic inverse of a, then ord,a =
0rd, a*.
Proof: Let k = 0rd,, a. Since a" E 1(mod p), we see that

a*" = 1-a*" E a"a*" = (aa*)" E 1" = 1(mod p),
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and so by Proposition 4, part (i), 0rd, a* divides k. Now suppose that 0rd, a*
= 2). Then, exactly as above,

a” E a*"a’ E l” = l(mod p),
and so 0rd, a = k divides v = 0rd, a*. That is kl v and v] k, and so 2; = k.

Proof of Proposition 5 Continued: From what we had before, we deduce
immediately from Lemma 6 that

0rd, a’1 = 0rd, a'z.
Thus, we conclude from Proposition 4, part (iii), that

L=L.
god(t, k1) god(t, k2)

Since gcd(k,, k2) = 1, k1 and k2 have no common factors greater than 1; the
last relation implies that

god(t, k.) god(t, k2)
Then k1 = god(t, k1) implies that kl | t. Similarly, kz | t. Again, since
god(kl, k2) = 1, we may conclude that klk2 [ t.

This all shows, in particular, that klk2 | ord,(a,az). Since we also had that
ord,(a,az)[k1k2, we have klk2 = ord,(a,a2). I

:1.

Corollary 7: Let p be a prime and let a,, . . . , a, be integers such that
p 4’ a,az - - - a,. Assume that 0rd, a, = k, and that the k, are relatively prime
in pairs. Then

0rd,,(a1a2 - - - a,) = klk2 - - - k,.
Proof: Exercise (Ex. 6). I

Let us now prove the fundamental result of this section.

Theorem 8: Let p be a prime. Then there exists a primitive root modulo p.
Proof: Ifp = 2, then any odd number will do, so assume thatp is odd. Then
p — l > 1, and so we may write

p —1=p‘t'pt'---p:',
where 12,, p1, . . . , p, are distinct primes. It sufl‘ices to find integers g1, g2, . . . ,
g, such that

ordp g! = Pin, 1 S i S 7: (alt)

since then, by Corollary 7, setting g = glg2 - - - g,, we would have

01’n =p‘t‘p'i' ---p‘:' =p — 1.
and so g would be a primitive root modulo p by Theorem 3.



90 Chap. 3 Congruenou

The proof of the existence of the g, is based on

Lemma 9: Let klp — 1. Then the congruence x" —— l E0(mod p) has
precisely k solutions.
Proof: Write p — l = kt. We use the following polynomial identity
familiar from high school:

xp—l _ 1 = (xi: _ lXxktr-1)+ xk(t-1) + . . . + 1).

Let x be one of the integers 1,2, . . . ,p — 1. Since x”-1 — 1 E 0(mod p)
(Fermat’s Little Theorem), we have that

(xk — l)(x""‘“ + x""'” + - - - + 1) E 0(mod 1)).
Thus, p|(x" — 1)(x""“’ + - -- + l), and so by Euclid’s lemma (Lemma
2.4.3) we see that

plx" —l or plxm'“ + +1.
In other words, every x among 1, 2, . . . , p —— 1 is a solution of one of the
congruences

x" — l E 0(mod p) (2)
or

x""‘“ + - -- + l E 0(mod p). (3)
Since x = 0 satisfies neither congruence (2) nor (3), the pair of congruences
(2) and (3) have a total ofp — 1 solutions. By Corollary 5.9 the first must
have s k solutions, and the second must have g k(t —- 1) solutions. Thus,
the two of them must have g k + k(t —— l) = kt = p — 1 solutions. The
only way for this to happen is for (2) to have k solutions and (3) to have
k(t — 1) solutions. The assertion for (2) is the statement of Lemma 9. I

ProofofTheorem 8 Continued: By (*), we see that it is enough to show that
there is a g1 such that 0rd,, g1 = 11?. What are the conditions that g1 must
satisfy? First,

gf‘" E 1(mod p). (4)

That is, g must be a solution of the congruence
x'"" — 1 E 0(mod p). (5)

Let us assume that we have any solution g1 of (5). What other condition must
g1 satisfy in order to guarantee that 0rd, gl = p11? Let b = 0rdJD g,. Then,
since g1 satisfies (4), we see that b 1 121‘, so that b = p‘; for some '0 g at. Now
0rd, g1 .72 p11 if and only if b —-/—- p?, which is equivalent to saying 0 3 a1 — 1.
Now Ho 3 a1 — 1, we have

81”“ = (g'i)”‘""" —=— 1(m0dp),
and so g1 satisfies the congruence

x""‘" — l E 0(modp). (6)
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Conversely, if g1 satisfies (6), then 0rd, gl | pT-l, so that v 3 al — 1. Thus,
we see that 0rd, g1 gt p11 if and only if gl satisfies congruence (6). Thus,
ord, gl = p? if and only if g1 satisfies (5) but does not satisfy (6). By Lemma
9, (5) has p“; solutions and (6) has 121‘“ solutions. Since p?" < 171‘, we can
find a solution of (5) which is not a solution of (6). Thus, we have proved the
existence of g,.

In a similar way, we can construct g2, . . . , g,. I

We observe that superficially the above proof of the existence ofprimitive
roots is constructive, that is, gives a method of finding primitive roots.
However, it is of little practical value. For in the notation of the proof of
Theorem 8, we must find a solution of (5) which is not a solution of (6). We
have no method of solving (5) other than plugging in specific values for x and
determining if they yield a solution. This is no better a computational
technique than determining the order of specific integers directly by computing
their powers and determining the first power congruent to 1 modulo p.
However, it should be observed that the ideas used in the proof of Theorem
8 together with the results of Proposition 4 and Corollary 7 can often simplify
the work. We shall give an example.
Example 10: Let p = 23. Then p — l = 22 = 2-11. Thus, for integers a
such that 23 If a, ord23 a = 1, 2, 11, or 22 (Proposition 4(i)). We begin by
computing 0rd23 2. By an easy computation we see that 22 sé 1(mod 23) and
that 211 E 1(mod 23), and thus ord23 2 = 11. Now let us observe that
0rd,,(— 1) = 2. Thus, applying Corollary 7, we see that ord23(—2) = 2-11
= 22. That is, —2 is a primitive root mod 23.

Let us see how this example fits into the scheme of the proof of Theorem
8. Since p —— l = 2-11, we wished to find a solution to x2 — 1 E 0(mod 23)
which was not a solution ofx — l E 0(23) and a solution of x1 1 — 1 E 0(23)
which was not a solution of x — 1 E 0(23). We showed that 2 satisfied the
last condition and observed that —l satisfied the first condition and con-
cluded that 2-(— 1) = —2 was a primitive root.

Let us go into more detail now on how we use primitive roots. Let g be a
primitive root modulo a prime p. Then g°, g1, . . . , gP'2 is a reduced residue
system modp, and so no two of them can be congruent modulo p. In general,
when can g‘ and g’ be the same mod p? Well, if i < j and

g’ E g’(m0d p),
then we have g’" E 1(mod p). Thus, 0rd, g = p — 1 implies thatp — 1 |j — 1'
(Proposition 4 (ii)). Conversely if p — 1 [j— i, then j = i+ k(p — 1), and
so

g] = gi+k(p-1) = yep-1)]: E gill: = g‘(mod p).

We have shown .
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Proposition 11: Let g be a primitive root modulo 1;.- Then g‘ E g’(mod p)
if and only if i E j(mod p — 1).

In this way, multiplicative problems modulo p may be reduced to additive
problems modulo p — 1. (Note the analogy with logarithms.) We shall
illustrate this by studying the following example in some detail. We wish to
solve the congruence

x'I E a(mod p), (7)
where n > 0 and a are given integers. Integers a for which (7) has a solution
x are called nth power residues modp.

Ifpl a, then the answer is easy, for then a E 0(mod p), and so our con-
gruence (7) is x" E 0(mod p). If x is a solution, then plx". But then plx by
Euclid’s lemma (Lemma 2.4.3) and so x E 0(mod p). Conversely x E
0(mod p) is clearly a solution. Thus, the solutions when p | a are precisely the
x such that x E 0(mod p). We may, from now on, assume that p .f a. In this
case, we see that x E 0(mod p) cannot be a solution.

Congruence (7) need not have any solutions. For example,
x2 E 2(mod 5)

has no solutions. We see this simply by checking the four possible cases
x E l, 2, 3, 4(mod 5), obtaining x2 E 1, 4, 4,1(mod 5), respectively. In fact,
congruence (7) is quite subtle, its theory is very involved, and there remain
many unsolved problems. Let us make an initial attempt at developing
a criterion for determining whether (7) is solvable.

Let us fix a primitive root g mod p. Then g° = l, g, g2, . . . , g?“ is a
reduced residue system mod p. Since p I a, there must be an integer b such
that

a E g”(mod p).
Moreover, any solution x of (7) cannot be divisible by p and thus must be of
the form x E g’(modp). Congruence (7) is then the same as the congruence

g" E g"(m0d p), (8)
and we must find solutions y. By Proposition 11, (8) is equivalent to

ny E b(mod p — 1), (9)
our old friend the linear congruence in one variable. We know that (9) is
solvable for y if and only if gcd(n, p — 1) | b. Thus, we have proved

Theorem 12: Letp be a prime and a be an integer such thatp 1’ a. Let g be a
primitive root mod p and let a E g"(mod p). Then the congruence x” E
a(mod p) is solvable if and only if gcd(n, p -— 1)] b.

Example 13: Let us consider the case where p = 23. We observed in
Example 10 that g = —2 E 21(mod 23) is a primitive root mod 23. More-
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over, we know from Theorem 12 that if a E (—2)"(mod 23), then x" E
a(mod 23) is solvable ifand only ifgcd(n, 22)| b. Thus, for example, if n = 2,
then b must be even. If n = 11, then b must be divisible by 11. Also if 2 J’n
and 11 I n, any b works, and hence there is a solution for any a.

How do we actually compute solutions ? To do this we must actually solve
congruence (9). But before we can do this we must know what b is. Now b is
determined by the condition that a E g"(mod p), where a is given to us in
advance. To do this for explicit a’s we must then tabulate the powers of g.
Using the primitive root g = —2 of Example 10 we tabulate in Table 3-2 the
powers g" for 0 g b g p — 2 = 21, using the reduced residue system
l,2,...,p—l.

It is easy to solve equations of the form x'l E a(mod 23) using Table 3-2.

TABLE 3-2

Powers of the Primitive Root —2 Modulo 23

b0l2345678910111213141516171819202]

9121415161413103171222219879513‘20611

For example, we solve
x7 E 17(mod 23).

Looking at Table 3-2, we see that 17 E (——2)9(mod 23). We write x-=-
(—2)’(mod 23). Then, x" E 17(mod 23) is the same as

(—2)"7 E (—2)9(mod 23)
or

7y E 9(mod 22).
We check easily that 7* E 19(mod 22) (noting that 3.7 E —1(mod 22)),
and so

y E 19-9 E —27 E 17(mod 22).
Thus, x E (—2)”(mod 23) is a solution to the original congruence. Again
using Table 3-2, we see that x E 5(mod 23) is a solution. It is the only
solution. (Why?)

Theorem 12 has the disadvantage that one must first find a primitive root
g mod p to calculate b. However, we may deduce from Theorem 12 the
following simple criterion which does not sufi‘er from this defect:

Theorem 14 (Euler’s criterion): Letp be a prime and let a be an integer such
that p ,l’ a and let n be positive. Set s = gcd(n, p — 1). Then the congruence
x'I E a(mod p) is solvable if and only if a‘P‘D” E 1(mod p).
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Proof: Let g be a primitive root mod p and write a E g”(mod p).
First suppose that x” E a(mod p) has a solution x. Then

a(p-l)/s E (xn)(p-l)/: = (xp-l)n/a(modp).

(Recall that sln, so that n/s is an integer.) By Fermat’s Little Theorem,
x"1 E 1(mod p), and so

a(p-1)/l E 1n/: = 1(modp).

Conversely, suppose that a"“”‘ E 1(m0d P)' Then a E g"(mod p) .implies that
1 E a(p-1/: E n-U/')(modp).

Thus, since ordpg = p — 1 (Theorem 3), we conclude from Proposition
4(ii), that

_ P_—1,p llbs

and thus b/s is an integer. That is, 5 |b, and so by Theorem 12, x" E a(modp)
is solvable. -

Let us specialize Theorem 14 to the case n = 3. If p E 2(mod 3), then
p — l E 1(mod 3), so that3 ,fp — landgcd(3,p — 1)=1. p E 1(mod 3),
then 31p — 1, so that gcd(3, p — 1) = 3. Thus, we derive the following
result:

Corollary 15: Let p be an odd prime, p 9": 3, and suppose that 3 ,{’ a. Then
the congruence

x3 E a(mod p)
is always solvable ifp E 2(mod 3). Ifp E 1(mod 3), then the congruence is
solvable if and only if

a‘P‘lm E 1(mod 11).
Proof: Use Theorem 14. Ifp E 2(mod 3), the congruence is solvable if and
only if a1"1 E 1(modp), which holds by Fermat’s Little Theorem. I

3.6 Exercises

1. Let n be a positive integer (not necessarily a prime), and a an integer
such that gcd(a, n) = 1. Define the order of a modulo n to be the least
positive integer k such that a" E 1(mod n) (write k = 0rd,, a). Prove the
following analogues of the statements in Proposition 4:
(a) 0rd,' a exists.
(b) 0rd,, a divides ¢(n).
(c) If a" E 1(mod n), then 0rd,, a l o.
(d) 0rd,,(a‘) = (0rd,, a)/gcd(u, 0rd,, a).
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2.

10.

ll.

12.

l3.

14.

15.

Determine 0rd, a where
(a) n=11,lgag10.
(b) n=13,lga312.
(c) n=9,a=l,2,4,5,7,8.
(d) n= l2,a=l,5,7, 11.
(e) n =15, a =1, 2, 4, 7, 8,11,13,14.
Recall that Proposition 4 or Exercise 1 simplifies your work.
Let p be a prime. Prove that 0rd, a = 2 if and only if a E —1(mod p).
Is this result true ifp is not a prime?
Do Exercise 8 of Section 3 using the concept of order. That is, prove
that 0rd,l a = n — 1 implies that n is a prime.
Prove that part (ii) follows directly from part (iii) of Proposition 4.
Prove Corollary 7.
Determine primitive roots for the following primes: p = 11, 13, 19,
23, 29.
Let p be a prime and let g be a primitive root modp. For integers n 2 1,
show that g" is a primitive root mod p if and only if gcd(n, p — 1) = 1.
Let p be an odd prime, p ,1’ a. Show that a‘P‘WZ E— il(mod p).
Let p be a prime. Let a be an integer such that p ,l’ a. Call a a quadratic
residue mod p if there is a solution to x2 E a(mod p). Otherwise call a
a quadratic nonresidue. Use Theorem 14 (Euler’s criterion) and Exercise
9 to show that the product of two quadratic residues or of two quadratic
nonresidues mod p is a quadratic residue mod p, whereas the product of
a quadratic residue and quadratic nonresidue is a quadratic nonresidue
mod p. Make up some numerical examples illustrating this result.
Use the existence of primitive roots to prove Wilson’s theorem.
Let p be a prime and let a be an integer such that p 1’ a.
(a) Show that if 0rd, a = nm and gcd(n, m) = 1, then a E bc(mod p),

where 0rd, b = n and 0rd,, c = m (Use the note on p. 21.)
(b) Show that if 0rd, a = nln2 - - - nk and the n, are pairwise relatively

prime, then a E b,b2 -- - bk(mod p), where 0rd, b, = n,. (Hint:
Use induction.)

Let p be a prime. Show there are ¢(p — 1) primitive roots mod p.
(Hint: Use Exercise 8).
Let p be a prime and let n be a positive integer such that n | p — 1. Show
that the number of integers a modp such that 0rd, a = n is ¢(n). (Look
at Exercise 13).

(Indices) Letp be a prime and let g be a primitive root mod p. Then if a
is any integer such that p l’ a, we know that a E g'(mod p) for some



16.

17.

18.

19.

20.

21.

22.
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integer i, 0 g is p — 1. Call i the index of a with respect to g mod p.
We write i = ind a when p and g are understood. Prove
(a) a E b(mod p) if and only if ind a E ind b(mod p — 1).
(b) ind ab E ind a + ind b(mod p — l).
(c) ind a* E —ind a(mod p — l), where a* denotes the arithmetic

inverse of a mod p.
Note the analogy between indices and logarithms.
Compute tables of indices for a = 1, . . . , p — 1 for the primitive roots
mod p you computed in Exercise 7.
Use the tables computed in Exercise 16 to compute the values mod p of
the following numbers (your answer should lie between 1 and p — 1):
(a) 5-6-7-8 E ?(mod11).
(b) 175-149-9‘1-25 E ?(mod 29).
(c) 154-(—8)1°-4“-21‘ E ?(mod 13).
Find all solutions of the following congruences:
(a) x5 E 13(mod 23).
(b) x” E 50(mod 23).
(c) 5):” E 43(mod 23).
(d) x”3 E 100(mod 23).
(e) x1° E 8(mod 23).
(f) x“ E 10(mod 23).
(Note: Use Table 3-2.)
Let p be a prime. An integer a such that p .fa is called a fifth power
residue if and only if the congruence x5 E a(mod p) is solvable. Show
that
(a) If gcd(5, p — 1) = 1, then every integer is a fifth power residue.
(b) If 5 l p —- 1, then there are precisely (p — 1)/5 fifth power residues

mod p.
Let p be a prime and let n 2 l, a be integers. Give a formula for the
number of solutions of x" E a(mod p) (assuming there are solutions).

In Exercises 21—29 we shall determine precisely which moduli n have
primitive roots. By a primitive root mod n we mean an integer a such
that gcd(a, n) = 1 and 0rd,, a = ¢(n). (See Ex. 1.) You should assume
the formula for ¢(n) given in Exercise 15 in Section 3.4. In these prob-
lems p denotes an odd prime.
Deduce the following congruence from the binomial theorem:

(a + p"b)"" E a"" + np‘a”"‘1p"b(mod p””), k 2 l.

(a) Let g be a primitive root mod p. Let r = g + pt. Show that there
is a t such that
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.023.

25.

27.
28.

29.

31.

r"'1 = 1 + ps,
where p 1’ s. Conclude that r is a primitive root mod p”.

(b) Conversely, show that if r is a primitive root modulo 12‘, then
r’" = l + ps for some s such that p ,f s.

Show that the integer r of Exercise 22 is a primitive root modp" for all
integers k 2 1. Do this in the following steps:
(a) Let m = 0rd,. r. Show that m = p‘d, where 6 g k — 1 and

dl p — 1.
(b) Looking at 0")" mod p, show that d = p — l.
(0) Using the formula r"1 = 1 + ps (pJ’s), show that t = k — l.
(d) Notice by parts (a)—(c) and Exercise 22 that, if ris aprimitive root

modulo p”, then r is also a primitive root modulo p" (k 2 1).

Determine primitive roots mod 9, 27, 81, 243, 25, 125.

Letp be an odd prime and let r be a primitive,root modp". Ifr is odd, let
s = r, and if r is even, let s = r + 12". Show that s is a primitive root
mod 2p".

Find a primitive root mod 50 and 98.
Show that 2 and 4 have primitive roots.
Use Exercise 3.11 to conclude that if k 2 3, then there is no primitive
root mod 2".
Now let n = p? - - - pf‘. Let M = the least common multiple of
“p10, - - ¢(p:")-
(a) Show that a“ E 1(mod n) for all a such that gcd(a, n) = 1.
(b) Show that in order for n to have a primitive root we must have

¢(n)| M, so that n = 2;)", p", 2, or 4.
Using the primitive root obtained in Exercise 24, solve the following
congruences:
(a) x” E 50(mod 81).
(b) 7x” E 10(mod 81).
Here is a method for computing a table of the powers of a(modp). First
make a table:

1 2 p—l

a 2a (p—1)a (modp)

If a' Ej(m0dp), 0 gj <p — 1, we can find a’+1 E aj(modp) from
this table. Use this method to compute the powers of 13 modulo 23.
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3.7 Congruences—Some Historical Notes

We have gone through this chapter without previously discussing to any
serious extent the historical development of the theory of congruences. Let us
rectify this now. ‘

The essential idea behind congruences was already used in the seventeenth
and eighteenth centuries, and many special facts concerning congruences were
noted. For example, the congruences of Fermat, Euler, and Wilson date from
this period. During the eighteenth century, further contributions were made
by Lagrange and Legendre. However, the real birth of congruences as a
coherent theory occurred in 1799, with the publication of Gauss’ Disquisi-
tiones Arithmeticae. It was Gauss who first systematically studied congruences
for their own sake and who introduced the convenient notation still in use
today. It also was Gauss who first posed the problem of solving the general
polynomial congruence

a0 + a1x + azx2 + - - - + a,,,x'" E 0(mod n).

In his Disquisitiones and in later works, Gauss made a study of the general
congruence as far as he could carry it, and then he launched into a deep study
of congruences of the first, second, third, and fourth degrees. To solve
congruences of the second degree, Gauss discovered and proved* the law of
quadratic reciprocity, which will be the topic of the next chapter.

Cubic congruences were studied further by Gauss’ star pupil Eisenstein,
who in the 1840’s proved a law of cubic reciprocity; Gauss, himself, proved a
law of quartic reciprocity, having to do with the solution of congruences of
the fourth degree.

Gauss’ work provided the direction which much of number theory took
for the entire nineteenth century. In an efi‘ort to reformulate and better
understand Gauss’ Disquisitiones, Lejeune Dirichlet wrote the definitive
treatise in 1863 entitled V5rlesungen iiber Zahlentheorie. Over the years,
Dirichlet added supplements to various editions of his book. in order to
reflect current research. In a very famous supplement, Dirichlet’s successor
Richard Dedekind reinterpreted Gauss’ theory of congruences in terms of
ideals, which had been introduced by Ernst Kummer in connection with his
work on Fermat’s Last Theorem. Dedekind’s so-called Twelfth Supplement
provides the first organized treatment of the subject known today as algebraic
number theory. Thus, we see that Gauss’ work led in a quite direct manner to
the development of a whole new field of number theory.

*Actually parts of it were guessed by Euler, and the full law was conjectured by
Legendre, although Gauss was unaware of their work.
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Over the past fifty years, extensive research has been done on polynomial
congruences, especially congruences in several variables. This work is very
technical. Often simpleminded arithmetic questions about congruences in
several variables become inseparable from rather highbrow mathematics such
as algebraic geometry. Suffice it to say that congruences provide for extensive
research opportunities, even today.



4

The Law of Quadratic
Reciprocity

4.1 Introduction

In Chapter 3, we devoted a considerable amount of time to a discussion of
the polynomial congruence

f(x) E 0(mod m),

where f(x) is a polynomial in one variable and m is a positive integer. We
showed that if we could solve the congruence

f(x) E 0(m0d P)
for every prime p dividing m, then we could solve the original congruence
modulo m. We then went on to discuss polynomial congruences modulo
primes and discovered a number of properties which greatly facilitate their
solution. However, when all was said and done, we gave no general method
for solving congruences modulo a prime or even for determining whether or
not a solution exists. (Of course, trial and error is a method which involves
checking onlyp cases for a congruence modulop, but we have in mind a some-
what more enlightening method than just checking a complete residue system.)
The reason we gave no method for solving general polynomial congruences
is that no such method is currently known. Indeed, as we mentioned in the
preceding chapter, finding a general method for solving polynomial con-
gruences modulo a prime is one of the most important unsolved problems in
the theory of numbers. In general, the problem is not nearly solved. How-

100
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ever, if we restrict our attention to a special class of congruences, it is
sometimes possible to arrive at a satisfactory solution.

For example, we prescribed a method for solving linear congruences in
the last chapter. Let us recall our results. In the case of linear congruences,
f(x) = ax + b, where we may assume, without loss of generality, that p ,1’ a.
(Otherwise, our congruence is equivalent to the trivial congruence b E 0
(mod p).) Then the linear congruence ax + b E 0(mod p) is always solvable
and there is precisely one solution modulo p. This solution is given explicitly
by

E —baP'2(mod p).

(See the remark after Theorem 3.3.2). Thus, in the case of linear congruences,
we have the best of all possible worlds: A solution always exists, and we can
write down an explicit formula for the solution.

In this chapter, we shall discuss the next casein order ofdifliculty, namely
the one in which f(x) is a quadratic polynomial, say f(x) = ax2 + bx + c.
It will turn out that the theory of the congruence

ax2 + bx + c E 0(mod p) (l)

is much more complicated than the theory of linear congruences. First, no
solution may exist. Second, even when it is known that a solution exists, it is
not easy to compute it explicitly. However, there are some afl‘irmative state-
ments we can make. We shall describe a procedure for determining when
congruence (1) has solutions and when it does not. This procedure, which is
the main result of this chapter, makes use of Gauss’ Law of quadratic reci-
procity. We must emphasize, howeVer, that although we shall always be able
to determine, via the reciprocity law, whether (1) is solvable, our procedure
will not give us any means better than trial and error for finding the solutions
when they exist.

The law of quadratic reciprocity is one of the most celebrated and impor-
tant results in all of number theory. In addition to its role in determining
whether congruence (l) is solvable, it turns out to be the key tool, often unex-
pectedly, for solving many number-theoretic problems. We shall meet some
of these applications in Chapter 6 and in the second half of this book.

Let us begin, then, by considering the general quadratic congruence
ax2 + bx + c E 0(mod p), (2)

where p is a prime. Without loss of generality, assume that pl’a, for if
pla, then congruence (2) is equivalent to the linear cOngruence bx + c E
0(mod p), which can be handled as we described above. Ifp = 2, then it is
easy to solve (2) by trial and error. We leave the results to the exercises.
Henceforth, let us assume that p -/- 2. (Unfortunately, the discussion which
follows is not valid for p = 2.) Let us now try to solve (2) by imitating the
procedure used in high school algebra for solving quadratic equations,
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namely, completing the square. Let us then recall the procedure for solving
the equation

axz + bx + c = 0,
where a, b, c are any real numbers, a 7'.- 0. We write

axz+bx+c=a(x2+%x+%)

b 2 c b2
=“((x+271)+7“m)‘

Thus, axz + bx + c = 0 if and only if
b 2—1,: c_b‘—4ac_(x + a) — 472 — 7 — 4—az_

Thus, in order to find x, we must look for the square root of (b2 — 4ac)/4a‘.
In terms of the square root, x may be given as

_ —b :l: A/b2 — 4ac__ —Ta—x

The last formula is the so-called quadratic formula of high school algebra.
From the quadratic formula, we see that the main difficulty in solving the
quadratic equation is in extracting the square root of b2 -— 4ac. If b2 — 4ac
2 0, then there exists a nonnegative real number at whose square is b2 — 4ac,
so that we may set as = x/b2 — 4ac. However, if b2 — 4ac < 0, then there is
no real number at whose square is b2 — 4ac. To extract A/bz — 4ac in the
latter case, it is necessary to use complex numbers. However, if b2 — 4ac < 0
and if we insist on solutions x which are real, then our original equations has
no solutions. The situation for quadratic congruences will be similar to that
for quadratic equations.

Let us now return to the quadratic congruence
ax2 + bx + c E 0(modp),

where a, b, c are integers and p,{’ a and p .-,r'_- 2. Let us mimic the method for
solving quadratic equations. The first step was to factor out a. Instead of l/a,
we need the arithmetic inverse a* of a modulo p. We can find such an inverse
since p I a (Proposition 3.2.8). Then a* has the property aa* E 1(mod 1)), so
that

ax2 + bx + c E, a(xz + a*bx + a*c)(mod p). (3)
The next step is to complete the square inside the parentheses of (3). To do
this, we need an inverse 2* for 2 modulo p. We can find such an inverse since
p 7'.- 2. In fact, we may take 2* = (p + l)/2, sinoe2-2* = p + 1 E 1(modp).
Then

x2 + a*bx + a*c 5,, (x + 2*a"‘b)2 + (a*c —- 2*za*3b2)(mod p). (4)
(Multiply this out and check it.) Therefore, since 124’ a, Euclid’s lemma of
Chapter 2 together with (3) and (4) imply that ax2 + bx + c E 0(modp) if
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and only if
(x + 2"‘a"‘b)z E 2"‘2a"‘zb2 — a*c(mod.p). (5)

Set y = x + 2*a*b, d = 2""a’“bz — a*c. Then we can solve our original
congruence for x if and only if we can solve the congruence

y2 E d(mod p)
for y.
nample 1: As an illustration of the above technique, let us solve

5x2 + 9x + 11 E 0(mod 13). (6)
Note that since 8- 5 E 1(mod 13), an inverse of 5 modulo 13 is 8; Le, we may
choose 5* = 8. Therefore, (6) is equivalent to

8-5x2 + 8-9x + 8-11 E 0(mod13)
or

x2 + 7x + 10 E 0(mod 13). (7)
Then an inverse of 2 modulo 13 is 7, so that (7) is equivalent to

(x + 7-7)2 +10 — (7-7)2 E 0(mod13)
or

(x + 10)2 E —l(mod 13).
Setting y = x + 10, we see that the problem of solving (6) is reduced to
solving

y2 E —1(mod 13). (8)
Therefore, we need to find the square roots of —1 modulo 13, if any exists.
We can resort to trial and error. (Or, we can observe that since 13 E
1 (mod 4), Theorem 3.3.5 implies that ((13 — l)/2)! = 6! has the property 6!2
E —l(mod 13).) In any case, we observe that y E :I;S(mod 13) are two
solutions of (8), and by Corollary 3.5.9, (8) can have at most two solutions, so
y E :l:5(mod 13) are the only solutions of (8). Thus,

x = y — 10 E —5, —2(mod 13)
are the solutions of the congruence (6). Indeed,

5-(—5)2 + 9-(—5)+ 11: 125 — 45 +11: 91 E 0(mod13).
The reader should check that x E —2(mod 13) also is a solution.

Note that if we replace (6) by
5x2 + 9x + 9 E 0(mod 13),

then there would be no solutions since (8) would be replaced by
y“ E 2(mod 13),

which has no solutions. (Check this.)
The point of our discussion is that in order to solve the congruence

axz+bx+CE0(modp), p,}’a,p7'—-2,



104 Chap. 4 The Law of Quadratic Reciprocay '

it always suflices to solve a congruence of the type
' y2 E d(mod p). (9)

The remainder of this chapter will be devoted to a discussion of congru-
ence. (9). The point is that (9) is much simpler to deal with than the general
quadratic congruence and, moreover, that the Law of Quadratic Reciprocity
will yield a very simple, computationally viable procedure for determining
whether or not (9) has a solution. We shall delay stating the Law of Quadratic
Reciprocity for now, and we shall also postpone a discussion of its long his-
tory until we have developed a little more background.

4.1 Exercises

1. Reduce each of the following congruences to a congruence of the form
x2 E a(mod p): '
(a) 2x2 + x + 3 E 0(mod 5).
(b) 8x2 + 5x + 2 E 0(mod 7).
(c) '4x2 + 2 E 0(mod 17).
(d) 14xz + 8x + 7 E 0(mod 23).
(e) 3x2 + x + 9 E 0(mod ll).

2. Solve parts (a)—(e) of Exercise 1 by using the results of Exercise 1 and by
testing a complete residue system. (Proper choice of the complete resi-
due system and a few observations should considerably lighten the
computational burden.)

3. Let n be any odd positive integer (not necessarily prime). Show that the
congruence ax2 + bx + c E 0(mod n) can be reduced to a congruence
of the form x2 E d(mod n) provided that gcd(a,n) = l.

4. Solve the following congruences:
(a) x2 E 2(mbd 15).
(b) 3x2 + 2x + 5 E 0(mod 22).

5. Show that the general cubic congruence ax3 + bx2 —L— cx + d E 0(mod
p) can be reduced to a congruence of the form x3 + rx + q E 0(modp)
provided that p -/- 3 and p )( a.

6. Let a be an odd integer. Completely determine all solutions of the
congruence axz + bx + c E 0(mod 2).

4.2 Basic Properties of Quadratic Residues

Let us now initiate a study of the congruence
x2 E a(modp), _ (1)
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where p is any odd prime and a is any integer. As we have seen in Section 1,
all quadratic congruences modulo p can be reduced to congruence (1).

If a E 0(mod p), then we have seen that the only solution to (1) is
x E 0(mod p). Therefore, let us henceforth assume that p 1' a. For some
values of a, (I) will have a solution, whereas for some other values of a, (1)
will have no solution. Let us distinguish between these two sorts of a.

Definition 1: Let p be a prime, and let a be any integer such that p ,f a. We
say that a is a quadratic residue modulo p provided that

x2 E a(mod p)

has a solution. Otherwise, we say that a is a quadratic nonresidue modulo
p.

Suppose that p is given. Let us consider the problem of determining all
quadratic residues modulo p. If a is a quadratic residue modulo p, then p ,r a
and a E x1(mod p) for some x. However, since any integer is congruent to
one of 0, l, . . . , p — 1(mod p), we see that a must be congruent to one of

12, 22, . . . , p — l)2(modp).
Ifp is not too large, then this procedure can actually be used for computation.
Example 2: Letp = 13. Then a is a quadratic residue modulo 13 if and only
if a is congruent to one of 12, 22, . . . , 122(mod 13); that is, a is a quadratic
residue modulo 13 if and only if a E l, 4, 9, 3, 12, 10, 10, 12, 3, 9, 4, or l(mod
13). Thus, the quadratic residues modulo 13 are l, 3, 4, 9, 10, 12. Hence, the
quadratic nonresidues modulo 13 are 2, 5, 6, 7, 8, 11.

Note that in Example 2 the initial list of quadratic residues we obtain is
symmetric, with each element of the list appearing exactly twice. This is a
general phenomenon. Indeed, we havep — x E —x(mod p), so that (p — x)2
E (—x)1(mod p), and thus

(p — x)2 E x2(mod p). (2)
Therefore, if a is a quadratic residue modulo p, then a is congruent to one of

12, 22, . . . , (P 3 1)‘(modp).

Lemma 3: Suppose that p > 2 is. a prime and a is a quadratic residue
modulo p, p 1’ a. Then the congruence x3 E a(mod p) has exactly two dis-
tinct solutions. '

Proof: By the general theory of polynomial congruences the congruence
.7:2 E a(mod p) has at most two solutions (Corollary 3.5.9). Since a is a quad-
ratic residue modulo p, there exists xo such that x.J E a(modp). Moreover,
since p .f a, we have p .f x0. Now (—x(,)2 E x3(modp) E a(mod p), so that
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—x0 is also a solution of the congruence x2 E a(mod p). Moreover, x. as
—xo(mod p), since p > 2 and p 1’ x0. Therefore, the solutions x0 and —x0 are
distinct, so that there are at least two solutions. We have proved that there are
at most two solutions, so there are exactly two distinct solutions. I

We proved above that every quadratic residue modulo p is congruent to
one of

1‘, 2’, . . . , (FT—l)2(modp).

Actually no two of these numbers can be congruent modulo p, for if x3 _=.
y§(mod p) for l g xo < yo g (p — 1)/2, the congruence x2 E a(modp) with
a = y3 has the solutions x = x0, yo, p — xo (Eq. (2)). Moreover, these solu-
tions are distinct (exercise). However, the congruence cannot have three dis-
tinct solutions by Lemma 3. Therefore, x3 $ y§(mod p), and no two of the
integers

12,22,...,(12;—1)2
can be congruent modulo p. As a consequence of what we have just proved,
we note that a quadratic residue modulo p is congruent to one and only one
of the numbers

_12
2 2 __ .1,2,...,( 2 )

Let us summarize our observations in a proposition.

Proposition 4: Let p be an odd prime, p 1’ a. Then a is a quadratic residue
modulo p if and only if a is congruent to one of

12, 22, . . . , (PT—1) (3)
modulo p. No two of the integers (3) are congruent modulo p. Hence, among
the integers 1, 2, . . . , p — 1, precisely (p — 1)/2 are quadratic residues
modulo p and precisely (p — 1)/2 are quadratic nonresidues modulo p.

We shall find the following notation very convenient:

Definition 5: Let p be an odd prime and a an integer such that p .1’ a. Let us
define the Legendre symbol (-;—) as follows: Set

(a) _ +1 if a is a quadratic residue modulo p,
P _ —1 if a is a quadratic nonresidue modulo p.

The reader should not confuse the Legendre symbol (%) with the frac-.

tion a/p. From our above calculation of the quadratic residues modulo l3
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(Example 2), we see that

(123) = —1. (13:)=1, (159:1, (15,) = —1.
Moreover, since 18 E 5(mod l3) and 5 is a quadratic nonresidue modulo 13,
so is 18, and thus

(+3) = -1.
The Legendre symbol was first introduced by the French mathematician
Legendre in the eighteenth century in order to facilitate computations with
quadratic residues. In fact, we shall state the quadratic reciprocity law in
terms of the properties of the Legendre symbol. Let us first establish some
elementary properties of the Legendre symbol.

Proposition 6: Let p be an odd prime and let a and b be integers such that
p I a and p 4’ b. Then the following results hold:

e) = ..
(ii) 6) = 1.

(iii) If a E b(mod p), then (%) = (.13.).

Proof:
(i) The conguence x2 E a‘(mod p) has as a solution x = a.
(ii) Set a = l in result (i).
(iii) If a E b(mod p), then the solutions of x2 E a(mod p) are the same
as the solutions of x2 E b(mod p). Therefore, the first congruence has
solutions if and only if the second does. Thus, (1) = (A) -

p p I

The properties of the Legendre symbol given in Proposition 6 are very
elementary. However, a property of the symbol which is by no means obvious
is the following result:

Theorem 7 (Euler’s criterion): Let p be an odd prime and let a be an integer
such that p 1’ a. Then

(%) E a(p-l)/2(modp)_

Proof: By Fermat’s Little Theorem (Theorem 3.3.1), we have (aw-1m):
= a"1 E l(mod p). Thus, if h = a‘P'W’, then h2 E 1(mod p), and so
p|(h — l)(h + 1). Therefore, p|h — '1 or plh + l, and hence h = a‘P‘Wz

E il(modp). Now, p is odd, and thus Theorem 3.6.14 implies that (%)
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= +1 if and only if ao-n/z E 1(mod p). Consequently, (%) = :I:l if and

only if a‘r‘V2 E :I:I(mod p), respectively; I

Theorem 7 is due to the Swiss mathematician Leonhard Euler, who
proved it in 1755. Euler’s criterion will be an extremelyuseful technical device
in proving various properties of the Legendre symbol. However, as far as
yielding a simple test for determining the solvability of x25 a(modp), -.
Euler’s criterion leaves much to be desired, for to use Euler’s criterion, we

would need to compute a‘P‘”/2(mod p) in order to determine (%). However,

let us now demonstrate two easy consequences of Euler’s criterion, which
should suflice to demonstrate its usefulness.

Corollary 8: Let p be an odd prime, and let a and b be integers such that
pl’a,p.{’b. Then

@F%fii
Proof: By Euler’s criterion

(a7?) E (ab)"'"/3 = a(p-1)/2b(p—1)/2 E (%)(%)(modp).

Since the numbers (1:) and (%)(%) can be equal only to l or —1 and since

they are congruent modulo p withp > 2, we see that

@F%%%
as desired. I

It is an immediate consequence of Corollary 8 that (i) the product of two
quadratic residues modulo p is a quadratic residue modulo p, (ii) the product
of two quadratic nonresidues modulo p is a quadratic residue modulo p, and
(iii) the product of a quadratic residue and a quadratic nonresidue is a quad-
ratic nonresidue.* These results are at once striking and also very useful. Let
us check these facts with a numerical example modulo 13. (See Example 2.)
By our previous calculations, 3 and 12 are quadratic residues modulo 13, and,
indeed, 3- 12 = 36 E- 62(mod 13) is a quadratic residue. However, 2 and S
are quadratic nonresidues, and 2.5 = 10 E 61(mod 13) is a quadratic resi-
due. Finally, 7 is a nonresidue, and 10 is a residue, and indeed, 7-10 = 70
E 5(mod 13) is a nonresidue.

*Note that (i) and (iii) are easy to prove directly. However, (ii) use: the full strengthof
Corollary 8.
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Another consequence of Euler’s criterion is a result which we proved in
Chapter 3, although we did not state it then in terms of quadratic residues or
Legendre symbols. Namely we have the following result:

Corollary 9: Let p be an odd prime. Then
—1__ = _l (P-1)/2.(,) < >

(__1) ={+1 ifp E 1(mod 4),
P —1 ifp E 3(mod 4).

Proof: By Euler’s criterion,
—1__ E —1 (I'll/2 .( p ) ( ) (mod p)

Therefore, since (—71): :|:1 and since p > 2, we have the desired

result. I

In other words,

Note that Corollary 9 is equivalent to Theorem 3.3.5. Fermat knew of
Corollary 9 in the early seventeenth century. However, it was first proved,
only with great difl‘iculty, by Euler in 1749. Since Euler did not discover his
simple criterion until 1755, he had to devise other methods to prove Corol-
lary 9. These other methods were very laborious. It was not until 1773 that
Lagrange observed that one could write down explicitly the square root of
—l(mod p) for p E l(mod 4), namely ((p — l)/2)!, using Wilson’s theorem.
Thus, our earlier proof of Corollary 9 is due to Lagrange.

Let us conclude this section with a few examples of the properties of the
Legendre symbol we have proved, as well as a few comments.
Example 10: By Proposition 6, part (i), Corollary 8, and Corollary 9, we
have (TFGWFGFHWe
Therefore, the congruence x2 E —az(mod p) is solvable if and only if
pE 1(mod 4).
Example 11: Can we solve the congruence s l9(mod 23)? Well, since
19:— —4(mod 23), we have@4%a%@2fl
since 23== 3(mod 4) Thus, x2E19(mod 23) 1s not solvable.

Example 12: How do we go about computing (%) for p 1' a? Suppose that

a = :lzpi' - - - pg", where 111, . . . , p, are distinct primes. Since p )( a, we see
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that p ch 1),. Then by Corollary 7, we have

1 = :1 m“... A“.(p) (p )(p) (p) <0
Thus, for example, ifp = 5 and a = —24, then

—24 —l 2 3 3(T) = (T)(?) (a)
=l-(-l)3-(—1)=l.

The point of the representation (4) is that it shows that in order to compute
(%) it suflices to be able to compute (%) where p and q are distinct primes.

This is precisely what the law of quadratic reciprocity will allow us to do.

4.2 Exercises

1. Show that the congruence x2 E 0(mod p) has only one solution modp.
2. Determine all the quadratic residues and quadratic nonresidues modulo

p for

(a) p = 5-
(b) p = 7.
(c) p =11.
(d) p =17.

3. Compute the following:

(*0 (é) (e) (E1)-
<b)1(%)- (f) (@-
(c) (%) (g) (12—1)
(‘1) (%)- (h) (@-

4. Use the results of Exercise 2 to verify that

(a) (%)(%) = (%)-
(b) (%)(r57) = @-

5. Check numerically that
(%) E 6‘17“)” (mod 17).

6. Prove that a primitive root modulo p cannot be a quadratic residue
modulo 1).
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7.

10.

ll.

12.
l3.

14.

15.

‘16.

Show that the congruence x2 E a(mod p) (p ,I’ a) has either two solu-
tions or none by using the existence of a primitive root modulo p.
Solve the congruence x2 E 38(mod 47). (Hint: 38 E —9(mod 47).)
Suppose that n is a positive integer and that n = mzk, where k is not
divisible by any perfect square. (k is called the square free part of n.)
Show that ifp ,1’ n, then

(i) = (%)'
Let p be an odd prime. Define quadratic residues and quadratic non-
residues modulo p“ in the obvious way. Show that the product of two
quadratic residues modulo p“ is a quadratic residue, the product of two
quadratic nonresidues is a quadratic residue, and the product of a quad-
ratic residue and a quadratic nonresidue is a quadratic nonresidue.
(Hint: By Exercise 3.6.23 there is a primitive root mod p‘.)
Show that the results of Exercise 10 are not necessarily true if p“ is
replaced by an arbitrary integer n. (Hint: Look at modulo 15.)
Show that the sum of the quadratic residues modulo p is divisible by p.
Show that for an odd prime p

i) (2) +(P_—1)=o
(:7 + p + p '

Prove Proposition 6, part (iii), using the Euler criterion.
For Exercises 15 and l6,* note the following: Letp be an odd prime.

We showed that there are (p — 1)/2 quadratic nonresidues mod p and
there are ¢(p — 1) primitive roots between 0 and p — 1. Also, by
Exercise 6, every primitive root is a quadratic nonresidue.
(a) Suppose that p = 2g + 1, where q is an odd prime. There are q

quadratic nonresidues and q —— l primitive roots. Therefore, the
primitive roots are exactly the quadratic nonresidues with one
exception. Show that 2q E — l(mod p) is the exception.

(b) Use part (a) to calculate the primitive roots modulo 7, 11, 23, 47.

Let p be an odd prime. Show that the number of quadratic residues
modulo p” (i.e., integers a for which the congruence x2 _=_ a(mod p”) is
solvable) equals

pn+l _
2(1) + 1) +1, neven

pn+l _1
m'l‘ 1, "odd.

‘The authors would like to thank Dr. John Hemperly for pointing out these exercises.
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4.3 The Gauss Lemma

Let us now give a criterion for a given integer a to be a quadratic residue
modulo a primep. The criterion we shall establish is a rather remarkable one,
due to Gauss. At first it will look very strange. Indeed, it took Gauss 10 years
to discover this property of quadratic residues. It is by no means obvious that
it ought even be true. However, not only is it correct, but it will provide us
with the key to an elementary and relatively simple proof of the quadratic
reciprocity law. Let us state Gauss’ criterion.

Theorem 1 (Gauss’ lemma): Let p be an odd prime and let a be an integer
such that pl/ a. Look at the list of integers a, 2a, 3a, . . . , ((p ~— l)/2)a.
Replace each integer in the list by the one congruent to it modulo p which
lies between —(p — 1)/2 and (p — 1)/2. Let v be the number of negative
integers in the resulting list. Then

e>=<—w-
Before we proceed with the simple proof, let us look at an example.

Example 2: Let us work again with p = 13, so that (p — l)/2 = 6. Let
a = 5. Then we look at the list

5, 10, 15, 20, 25, 30.
By subtracting an appropriate multiple of 13 from each element in the list,
we ensure that all remainders lie between —6 and 6 and replace the list by

5, —3, 2, —6, ——1, 4.
Then v = 3 and (153) = (—1)3 = —1. Ifa = 3, then we look at

3, 6, 9, 12, 15, 18,

which are replaced by
3, 6, —4, —1, 2, 5,

and so v = 2 and (131) = (—1)2 = 1. These results coincide with what we
observed in Example 2.2.

ProofofTheorem 1: First observe that if k at k’ and l g k, k' g (p — l)/2,
then

ka $ k’a(mod p)
and

ka $ —k’a(modp).
Indeed, if ka E k'a(mod p), then k E k’(mod p). But then k = k’, since
1 g k, k’ g (p — l)/2, which is a contradiction. On the other hand,
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if ka E —k’a(mod p), then k + k’ E 0 (mod p). However, since 1 g
k, k' g (p — 1)/2, we have 1 g k + k’ < p, so that k + k’ $ 0(modp).

For each k such that l g k g (p — l)/2, let r k be the replacement of
ka(mod p). That is, choose rk such that

_ 1 _
~p2 S rk S p—2 1

rk E ka(mod p).
Then the replaced list referred to in Gauss’ lemma is just

r19r2,...,r(p_1)/2. (*)

Assume that k .-/: k’. From our reasoning above, we have rk $ r,,,(mod p)
and r,, $ —r,,,(mod p), so that r,, 7': :|:r,,,. In other words, |r,,| 72 |r,,. |.
Since there are (p — 1)/2 numbers

I’ila - - - ’Ir(p-1)/zl

lying between 1 and (p — 1)/2 and they are all different, they must consist of
the numbers 1, 2, . . . , (p — l)/2, in some order. Therefore, since the list (an)
has v negative entries, we have

rirz""(p—i)/2=(—l)'1'2”'pT—l' (1)

On the other hand, since rk E. ka(mod p), we have

’1 ' ‘ ' "(p—n/z E a(2a) - - - (p 3 1a)E a‘P'Wz-l-Z - - - #(mod P).

(2)
Comparing (l) and (2), we have

(— 1) --12---P_;l=aw----m212 —(modp),
so that, cancelling the factor 1-2 - - - (p — l)/2, we have

a‘IH”z E (— 1)"(mod p). (3)
Now by Euler’s criterion (Theorem 2.7) and (3), we see that

(%) E (—1)'(mod p).

(a
sincep>2. I

Thus,

Let us now give examples of how the Gauss lemma may be used to calcu-e)-
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Example 3: Let us begin with a simple example. Let us apply Gauss’ lemme
to show (for the third time) that

(if!) = (_1)(p-1)/2.

Here a = —l, and we look at the list

1-(—1).2-(—1).....1’—;—1 - (—1).
All these numbers are negative and lie between —(p — 1)/2 and (p — l)/2.
Therefore, v = (p — 1)/2, as desired.

Example 4: Let us now do the less trivial example (%). Here a = 2, and we

look at the list

1.2,2.2,3-2,...,PT—1 - 2.
All these numbers lie between 1 and p. Moreover, it is clear that those that
become negative when replaced are those lying between p/2 and p. (Carry out
explicit calculations forp = 13, 17 if you do not see this.) Therefore, v is the
number of integers k such that

or equivalently,

Write p = 8m + r, where 0 g r < 8. Since p is odd, we must have r = l, 3,
5, or 7. Thus, we must count the number of integers k such that

r r

We merely check the four possibilities for r. When r = l, we want to count the
k such that -

2m+$SkS4m+=b
and these integers are 2m + 1, 2m + 2, . . . , 4m. Thus, there are 2m of
them, and v = 2m. In particular, we see that when p E 1(mod 8), then
v = 2m is even, and so

2_ = — V: —12m= .(p) (1) ( ) 1
If r = 3, then the range fork is
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and thus the relevant values of k are 2m + l, . . . , 4m, 4m + 1. Therefore,
= 2m + l is odd, and (%) = (—1)” = —1. For r = 5, the range is

2m+§$ks4m+§g
giving k=2m+2,...,4m+2, and so v =2m+ 1. Therefore, if

p5 5(mod s), then 6) = (—l)2»-+1 = —1. Finally, r = 7 gives 2m + 7,
gks4m+-Z- or k=2m+2,...,4m+2, 4m+3, or v=2m+2.

Thus, p E 7(mod 8) implies that (—2) = 1. Thus, we have completely deter-

mined the value of (%)for all odd primes p. Let us summarize our result in a

separate theorem, since our present result is usually stated as part of the Law
of Quadratic Reciprocity but will not follow from our reasoning to be given
in Section 4.

Theorem 5: Let p be an odd prime. Then

(9 = +1 if and only ifp a a(mod 8)
(%) = —1 if and only ifp E :l:5(1110d 8)-

Thus, for example, (-125) = —1 and (-13,) =1 as 13 E 5(mod 8) and
17 E 1(mod 8).

If p E ;|;l(mod 8), then ([22 — l)/8 is even, whereas if p E i5(mod 8),
then (pz — l)/8 is odd. Therefore, Theorem 5 may be rewritten in the form

Corollary 6: Let p be an odd prime. Then

(%_) = (_l)(p'-1)/8'

The net goal of this chapter is to give a criterion for determining whether
or not the congruence x2 E a(mod p) is solvable. And such a criterion just

amounts to specifying a method for calculating the Legendre symbol (%) -
We shall demonstrate with two rather lengthy examples that the Gauss
lemma provides such a method. These examples are worthwhile even though
the Quadratic Reciprocity Law will supersede them, since Gauss’ lemma is
the crucial ingredient in the proof of that law. We hope that the examples will
give further insight into the behavior of the Legendre symbol.
Example 7: Let a = 3, and let p be an odd prime such that p :i' a. Then p
must be greater than 3. We shall determine (3?). We saw in Example 4 (for
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a = 2) that the value of (%) depends on the residue class of p modulo 8.

Similarly, the value of (%) depends on the residue class ofp modulo 4a = 12.

In the Gauss lemma, we look at the list

. . . p — 1 .13,2 3,3 3""’T 3.

All these numbers lie between 1 and 3p/2. When the list is replaced, it is clear
that the integers between 1 and p/2 will be replaced by positive integers,
those between p/2 and p will be replaced by negative integers, and those be-
tween p and 3p/2 will be replaced by positive integers. Therefore, v = the
number of integers k such that

%s3k$p
01'

Writep = 12m + r where“ r =1, 5, 7, or 11. Then v is the number ofinte
gers k such that

2m+%gkg4m+-;-.

If we check the values r = 1, 5, 7, 11 explicitly and reason as in Example 4,
we derive the results in Table 4-1. Thus, for p > 3,

9) = +1 if and only if p E :l:I(mod 12).

TABLE 4-1

3Value of (3), p > 3

r Range ofk v Parity ofv (l)
P

1 2m + 1 to 4m 2m Even +1

5 2m+1to4m+l 2m+1 Odd —1

7 2m+2to4m+2 2m+l Odd —l

11 2m+2to4m+3 2m+2 Even +1

*Ifr = 0, 2, 3, 4, 6, 8, 9,10, thenp = 12m + r would not be prime for m 21, and for
m = 0 could be prime only for r = 3, but p = 3 has been excluded.
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Before we do a more elaborate example, let us make a few general obser-
vations. First, observe that we do not need to determine v explicitly. We need
only know whether v is even or odd. That is, we must determine the parity
of v. ‘

Next, we observe that a positive integer n with p 11’ n will be replaced by a
negative number when it is reduced modulo p to lie between —(p — 1)/2 and
(p — l)/2 if and only if

%SnSP
Ol'

ipSnSZP
Ol'

%pSnS3p,
and so forth. To put it another way, n is replaced by a negative integer if and
only if there is an integer t 2 1 such that

Ztglpsnstp.
Since 21 — l and p are odd, we see that (2t —- l)p/2 is not an integer, and thus
it will be necessary to count the number of integers k such that at g k g B,
where a and )3 are given real numbers and as is not an integer. We shall now
prove a lemma (Lemma 9), collecting all the facts we need to facilitate the
determination of the parity of the number of such integers.

Definition 8: Let at be a real number. Let us denote by [at] the largest integer
S 41. Therefore, [3] = 3, [7:] = 3, [24—7] = 6. Also, given any real number a,
let a, = at — [at], so that 0 g a, < 1. Then at, is called the fractionalpart of a.

Lemma 9: Let at and p be real numbers, or not an integer, a g )3. Then
(i) The number of integers k such that at g k g p is [)3] — [a].
(ii) If n is an integer, then [n + [3] = n + [I3].
(iii) If n1 3 n2 are integers, then the number of integers k satisfying
2nl + at g k g 2nz + [9 and the number satisfying as g k g )3 have the
same parity.

Proof:
(i) These integers k are precisely [at] + 1, [a] + 2, . . . , [[3] (since at is not
an integer), and there are [[9] — [a] of them.
(ii) Let [3, = fl — [,8] be the fractional part of [9. Then n + [3 =
(n + [13]) + )3, and n + [[3] is an integer, so the assertion is clear.
(iii) By parts (i) and (ii), the two numbers of part (iii) are [2712 + ,6]
— [2nl + at] = 2n; + [[3] — 2n1 — [a] and [fl] - [a], which clearly have
the same parity. I

Let us close with a fairly complicated example.
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Example 10: Let us compute (%—) for all primes p :1.- 2, 7. Analogous to V

Examples 3, 4, 7, the answer will depend on the residue of p modulo
4-7 = 28. In Gauss’ lemma, we look at the integers

. . P_—1.l7,27,..., 2 7.

We must determine the parity of the total number of integers in the intervals

%g7k3p.

irp _<_ 7k32p,
gpg 7k_<_ 3p.

These are the only intervals to be considered since 1 g k g p/2 implies that
7k g 7p/2, and the next interval beyond those given would be

hsnsm
which lies outside our range for 7k. Thus, the three intervals for k are

L L,14 S k S 7
fipsksfip.
fipn%p-

Writep = 28m + r, where r is one of the 12 numbers 1, 3, 5, 9, ll, 13, 15, 17,
19, 23, 25, 27. Then our intervals for k are

2m+L4$kg4m+L,

6m+1—4gk<8m+—,

10m+1—r-4Sk<12m+3—7r-

By Lemma 9, part (iii), we get the same parity ifwe count the total number of
integers in the three intervals

I' I'

fiSkST’
3r 2r
T43“?
5r 3rfiSkST

Now we simply check the 12 values of r. For example, if r = 1, then there are
no k’s in any of the intervals, and thus v E 0(mod 2) is even. Or if r = 13,
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there is precisely one k in each of the three intervals (k = l, 3, 5, respec-
tively), and thus v E 3(mod 2) is odd. The results are tabulated in Table 4-2.

TABLE 42

7Value of (F)

_ 9 7p = r(mod 23) Number ofk s v (F)

1 0 Even +1
3 0 Even +1
5 1 Odd —1
9 2 Even +1

11 3 Odd —1
l3 3 Odd —1
15 3 Odd —1
l7 3 Odd —1
l9 4 Even +1
23 5 Odd —1
25 6 Even +1
27 6 Even +1

4.3 Exercises

Use Gauss’ lemma to compute
(a) (H). (c) (151')-
(b) (a). (d) (3%).
Show that (—73) = 1 if and only ifp E 1(mod 3).
Prove Corollary 6.

Write a computer program to determine (%) using the Gauss lemma.

Use the Chinese Remainder Theorem and the results of Sections 3.4 and
4.3 to determine all positive integers n such that x2 E 2(mod n) has a
solution.

Use the Gauss lemma to determine
5

(a) (i)a» (1;)-
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10.
11.

*12.

13.

14.

Chap. 4 The Law of Quadratic Reciprocity?

Use the facts in Section 4.3 as well as Exercise 6 to show the following
facts:

,, e>=e> W5).
(b) (%)= (—1)‘P-M(%) (12:22, 3).
(c) (l)=(—1)<»-v/2(%) (p #5 2,7).
(d) (7) = (—1)‘P-v/2(%) (p a 2, 11).
(a) Prove that ifp and q are primes such that p E q(mod 20), then

G) = (%)-
(b) Prove that ifp and q are primes such that p E q(mod 44), then

e) = (:4)-
Suppose that p, q are primes and that a is one of 3, 5, 7, 11. Show that if
p E —q(mod 4a), then

a _ l .(r) - ( q )
Evaluate [7-1], [5/2], [22/13], [-1-8], [e], [MT]. [#3]-
Show that the number of integers n such that at g n g [3, where a and
)3 are real numbers and at is an integer, equals [[9] — [at] + 1 = [fl]
—a+L

Show that there are an infinite number ofprimes p E +1(mod 3) and an
infinite number congruent to —l(mod 3). (Hint: For p E —1(mod 3),
generalize Euclid’s proof of the infinitude of primes as follows: Sup-
pose that there are only a finite number, say 12,, . . . , 1),. If t is odd,
look atp1 ---p,+3. Iftis even, look atp1 ---p,+1. For pEl
(mod 3), reason in the same way, except look at (p1 - - - 1),)2 + 3 and
use Exercise 2.)
Let x be any positive number and let n be a positive integer. Show that

en = [e]-
Let n be a positive integer. Show that the exact power of the prime p
dividing n! is

°° n

(Note that after a certain point all terms of the series are zero.)
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IS.

‘16.

I7.

18.

19.

‘20.

21.

Show that for a given positive integer n all the binomial coeflicients (3 )

(0 Sj g n) are odd if and only if n is of the form 2" -— l.
(Eisenstein) Let m, n be odd positive integers,1m :3 l, n at 1. Show that

:[1 m]—— — - fl-
(Hint: Draw an m x 71 square in the first quadrant of the plane, with
one vertex at (0, 0) and the axes as sides. Draw the diagonal and count
points with integer coordinates below the diagonal.)
Show that the number ofpoints (x, y), with x, y positive integers, which
lie on or below the hyperbola xy = n is just 2 ZOQSvfin/x] — [A/ n P.
Compute the number of points (x, y), with x, y integers, which are
within or on the circle x2 + y2 = n in terms of the function [ ].
(Eisenstein) Let x, n be positive, n an integer. Show that

l 2 n —- 1[X]+[x+7:|+[x+-n—]+

Let a, b, m be integers and assume that gcd(a, m) = d. Show that
b a+b 2a+b _ (m—l)a+b[m + 1+[_—]+~ +[—m—J

(a — 1)2m _ I'd—+ 1+ b _ rs

whereb=qd+r,0gr<2d.

(a) Show that if h, k, l are positive integers, then [2h/k] + [26/k] 2
Wk] + [ilk] + [(h + t)/k].

(b) Show that

= [nx].

(2m)!(2n)!
m!n!(m + n)!

is an integer.
Letp be a prime of the form 4q + l, q a prime: Examples are p = 13,
29, 53. Show that 2 is a primitive root modulo p_ by the following
argument: By direct checking, we may assume that p > 16.

(a) Show that (%) = —l.

(b) Show that 2" E —1 (mod p). (Hint: Use the Euler criterion.)
24:

h t — = —1.(c) s ow the. (p)
(d) Conclude that 2 is a primitive root modulo p. (Hint: What are

the possibilities for 0rd,, 2?).
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4.4 The Law of Quadratic Reciprocity

We now come to the main topic of this chapter, the Law of Quadratic
Reciprocity. As we have already stated, the Law of Quadratic Reciprocity will
give us a method for calculating the Legendre symbol (7?) and thereby for

determining whether the congruence x2 E a(mod p) can be solved. Euler,
after extensive numerical calculation, was able to conjecture the law by
computing (P) for many specific values of a and p. In the examples of the

last section we computed many special cases of (%). Indeed we have more

data there than Euler did since we computed (%) for a—— —l, 2, 3, 7, and all

primes p. (Of course, Euler did not have the Gauss lemma at his disposal.)

Let us examine our data for (A) , (-1) and (l), and let us retrace Euler’s
P P P

reasoning. (Look at Theorem 3.5 and Examples 3.7 and 3.10, respectively.)
First, we note that in all cases we computed, the precise value ofp is not

needed to compute (p ), but rather only the remainder left when p is divided

by 4a. In other words, ifp and q are primes and p E q(mod 4a), then (-;-)

= (1).
9

Second, we observe that Tables 4—1 and 4-2 are symmetric about their

respective centers. That is, (g) has the same value for the remainders r and

4a — r. To put it another way, we observe that if p and q are primes and.
p E —q(mod 4a), then (g) = (—2-) -

Do the properties we have observed on the basis of our calculations per-
sist as general properties of the Legendre symbol (1%)? Euler conjectured

that they do, and this is precisely the content of the Law of Quadratic Reci-
procity, which we shall new state.

Theorem 1 (Law of Quadratic Reciprocity—first form): Let a > 1 be a fixed
integer. For a prime p such that p ,l' 4a, write p—= 4am + r, O < r < 4a.
Then (—2-) depends only on the remainder r and not on p. Moreover, (g)

assumes the same value for the remainders r and 4a — r.
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Euler was not able to prove his conjecture, however. Gauss, working
without any knowledge of Euler’s work, rediscovered Euler’s conjecture and
supplied the first proof. Gauss’ work was done by the time he was 19 and first
appeared in his famous and extremely influential book Disquisitiones Arith-
meticae, published in 1799. (An English translation has recently appeared in
paperback.*) Gauss’ original proof of the Law of Quadratic Reciprocity was
very complicated and used a double induction. However, Gauss was so
fascinated by the result that he continued his investigations and eventually
provided seven proofs of the Law of Quadratic Reciprocity. The theorem has
continued to fascinate number theorists, and by now there are several hun-
dred proofs. The proof of Theorem 1 which we shall give is one of Gauss’
seven proofs'and relies on Gauss’ lemma.

Proof of Theorem I: From Gauss’ lemma (Theorem 3.1) and our ensuing
discussion in Section 3, we must determine the parity of the total number v
of integers k such that l g k g p/2 and such that k lies in one of the intervals

£1? S ka Sp,
%P S ka S 2P,
it) S ka S 3p,

and so forth. Dividing through by a, we see that we must determine the parity
of the total number v of integers k such that l g k g p/2 and such that k lies
in one of the intervals

|/\ k l/\ w

|/\ N‘ |/\S’Ié
"

's’l
s’

S’l"
|/\ R' |/\

“is
”

=1?
“I"

:

and so forth. -What is the last interval we must consider? The intervals are
all of the form

2s — 1
2a

for integers s 2 1. Therefore, since 1 g k g p/2, we certainly need not con-
sider any interval beyond the one containingp/2, and for this interval we have

2t—1 p tp
2a pSTS'E

SipSkSa

‘Dtirquisitiones Arithmetic-ac, A. A. Clark, S. J. (trans), Yale University Press, New
Haven, Conn., 1966.
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or, equivalently,
2t — l-7—s%sn m

From (1), we see that since a and t are integers, we must have

52'- if a is- even,
t = l

% .1.7 ifa is odd.

Therefore, we need to determine the parity of the total number v of integers
k such that 1 g k g p/2 and such that k lies in one of the intervals

zlskgl,
a a

fl<k<§,
2a— —a (2)

2t — l tp _2—a-p S k S 7

If a is even, then tp/a = p/2, so that l g k S P/2 is automatically implied by
the set of inequalities (2), so that the condition 1 S k 3 12/2 may be omitted.
If a is odd, then t = a/2 + 1/2 and the last interval of (2) is just

L L L,23kS 2 +2a
so that we may omit the condition 1 g k S 17/2 if we omit the last interval of
(2). Thus, let us set u = t if a is even, and u = t — 1 if a is odd. Then we must
determine the parity of the total number v of integers k lying in one of the
intervals

zngkgn,
a a

22<k<2_P,
2a— — a

214-1 22.TPSkSa
Thus, we see the important point that the last interval we must consider
depends only on a and not on p, since u = a/2 if a is even and u = (a/2) —4}
if a is odd.
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As in the preceding section, set p = 4am + r, where 0 < r < 4a. (Note
that r at 0 since p ,f 4a.) Then we need to determine the parity of the total
number v of integers k lying in one of the intervals

2m+:’;agkg4m+i,

6m+g—ragk<8m +2a

10m+g—ra<k<12m+§a£

and so forth, up to the interval

2(2u — 1)m + 2u—l ur2 rgkg4um+7-

By using Lemma 3.9, part (iii), we see that the parity of v above is the same as
the parity of the total number of integers k lying in one of the intervals

r I'

279‘s?
3r 2r— S k S —
2a a (3)

2-—au2—1ru—SkSr
However, this parity clearly depends only on r and not on p. Thus, we have
proved that (p) with p= 4am + r depends only on r and not on p. This

proves the first half of Theorem 1.
Suppose that we now replace r by 4a — r in (3). Then the intervals (3)

become
4a2_’gkgfl,

a a
3(4a — r) 2(4a — r)
TnT’
5 4aa— r) 3(4a -_____r_),

a3kg

(2a — 1234a — r) u(4a — r),
2a SkS a
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or, equivalently,

2—Lgkg4—L,
2a a

6—gigkg8—ZC,
a a

_Sr _3_r10 n312 a, (4)

4u—2—ng4u—C‘i-a a
By Lemma 3.9, parts (i) and (ii), the number of integers in the first interval of

”“iaaiwaflfiarbfifl=2+[fi]—[’¢r{]
since r/2a and r/a are not integers and [—a] = —[a] — l for any real as which
is not an integer (exercise). Therefore, the number of integers in the first
interval of (4) is

H%PBFBP%MW>
Thus, the parity of the number of integers in the first interval of (4) is the

[ J [ ] ’

which is just the number of integers in the first interval of (3). Reasoning in
the same way with each interval in (4), we see that the parity of the total
number v’ of integers lying in one of the intervals (4) is the same as the parity
of the total number v of integers lying in one of the intervals (3). Thus, by
Gauss’ lemma, if p and q are primes, p,{’4a, q,}’4a, with v =4am +r,
q = 4am’ + (4a — r), then

(aawaweei
Thus, the Legendre symbol (%) is the same for the remainders r and 4a — r.

This is the second assertion of Theorem 1. I

We may reword Theorem 1 in the following equivalent way:
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Corollary 2: Let a be an integer greater than 1, and let p, q be primes not

dividing 4a. Ifp E iq(mod 4a), then (%) _—. (%)

It is possible to reformulate the Law of Quadratic Reciprocity in a more
elegant, if somewhat more mysterious, manner. This reformulation was
first stated by Legendre in 1785 as a conjecture.

neorem 3 (Law of Quadratic Reciprocity—second form): Let p and q be
distinct odd primes. Then

LXL) = _1 «p—n/zxw—n/z).(q ,, < >
Thus, (%) = 0%), unless p E q E —1(mod 4), in which case (%) =

-(1) .
1’

Theorem 3 is very striking and is quite unexpected, for it says that there is
a relationship between the solvability of the congruence x2 E p(mod q) and
the congruence x2 E q(mod p). Moreover, as we shall see below, Theorem 3
provides us with a simple algorithm for calculating (-%) -

Proof of Theorem 3: First we assume that p E q(mod 4). Without loss of
generality, assume that p > q. Write p = q + 4a. Then, by Corollaries 2.8
and 2.9 and Proposition 2.6, we have

m e) = (if) = (it?) = (em) = e)
(a = (+4“) = (aid) = were) «up-me)

Since p E q(mod 4a), we have by Corollary 2 that (f?) = (%) so that

(%)(%) =(_1)(r1)/z.

Finally (p — 1)/2 = (q — l)/2 + 2a, and so (p — 1)/2 1s even if and only if
(q — l)/2 is even, and thus

(_l)(P-1)/2 = (_1)((p‘1)/2)((¢-1)/2),

so that the theorem is proved in this case. Ifp $ q(mod 4), then since p and
q are odd, we must have eitherp E 1(mod 4), q E 3(mod 4) orp E 3(mod 4),
q E 1(mod 4). In any case, ifp $ q(mod 4), then p E ——-q(mod 4). Then we
may write p = —q + 4a. Again from Corollary 2.8 and Proposition 2.6, we
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6%) = (iii) = (47“) = (-2-)(%) = (%)
(i) = (ii—4“) = (47?) = (%)(%) (f)

Since p E —q(mod 4a), Corollary 2 implies that (p ) = (%), so that (%)

have

and

= (%) and (%)(%) = 1. However, in this case,

p_—l+_q_2__-—l=2a_1

is odd, so that one of (p —1)/2, (q ~1)/2 must be even. Therefore,
(—1)“P‘“/2"‘9'“/2’= 1, and the theorem is completely proved. I

Using the Law of Quadratic Reciprocity in the form stated in Theorem 3,
together with Proposition 2.6, Corollaries 2.8, 2.9 and Theorem 3.5, we
can completely reduce the question of the solvability of the congruence
x2 E a(mod p) to a simple calculation. (We emphasize again, however, that
our procedure gives no information about what the solutions are, if there
are any.) Let us give a few examples.
Example 4: Can the congruence x2 _=“ 3(mod 43) be solved? Well, we have

i _ _4_§ _ ((3-1)/2)((43-1)/2) _ _ i = __(43)—(3)( 1) ‘ (3) 1’
so that the congruence cannot be solved. Since 3 E —40(mod 43), we know
from Proposition 2.6 that

(a) = (4%) =
However, as a further example, let us compute (—T40) directly:

(a?) = (5127215)
= 6%) (4%)
=(_1)(43-1)/z(4_23)(4_53.) (Example 3.3)

= —(—1)(15§) (since 43=3(mod 8), using Theorem 3.5)

44—5.)-
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Therefore, using the Law of Quadratic Reciprocity, we see that

(€33) = (T53) = (4%)(_1)«43-n/z)((s-1)/2)

= (%) = (_§_)(_1)((s-1)/z)((3-n/z)

= (é) = —1.
To give you some idea of the efficiency of the above procedure, let us

compute an example involving larger numbers.
Example 5: Can the congruence

x2 E 20964(mod 1987)
be solved? Note that 1987 is a prime. (You can check that it is not divisible

by any prime less than m.) Therefore, it suflices to compute (21%98674)
Since 20964_= 1094(mod 1987) and since 1094 = 2-547, we see that

(Zr-"998674) 413—3?) = (@(153—377) = -(1-59%)
since l987== 3(mod 8) implies that (l_9287)=_1 (Theorem 3.5). Now 547

is a prime and 547 E 1987 E- —l(mod 4), so that by the Law of Quadratic
Reciprocity, we have

173
_(ST7)(21—???) - -(159is77)= (297877)—- (3+1?) = (5—47)(§—Zi)=

since 547 E 3(mod 8). Using the reciprocity law again (173 is a prime), we

(21°9—93674)= -(§+13)= -(%Z)= 4%) = -(1493)(%)= -(1-%)
=—<%%>=—<%>=—<%>=—<%>=1-

Thus, our original congruence is solvable.

Let us close this section with one more example, similar to the examples
we worked out using Gauss’ lemma.

Example 6: Let us completely determine (%) for p > 5. We write p =

5a + r, n = 1, 2, 3, or 4. Since 5 E 1(mod 4), we have from the reciprocity
law that

e) =<%><— e) =64?) = e)-
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Since (L) = 1 if and only if r = 1 or 4, we see that5
(i):{ l ip:|:l(mod5),

P —l ifp E :l:2(mod 5).
Notice that we ended up with a congruence condition modulo 5 instead ofa
condition modulo 4-5 = 20 as we know we must by Theorem 1. But, of
course, any congruence condition modulo 5 could be interpreted as one
modulo 20 since 5120.

4.4 Exercises

1. Use the quadratic reciprocity law to determine whether the following
congruences are solvable:
(a) x2 E 15(mod 31).
(b) x?- E 48(mod 89).
(c) x2 E —17(mod 89).
(d) x2 E 17(mod 31).
(e) x2 E 23(mod 59).
(f) x3 E 264(mod 173).
(g) x2 E 4977(mod 1987).

2. Use the quadratic reciprocity law to completely determine for all odd
primes p ‘

(a) G), (p as 3).
(b) (%)(p ¢ 7).
(c) (%).o E 31).
(d) (g), (p 9b 3).
(e) (‘75), (p :2 5).
(You may check parts (a) and (b) by the examples in Section 3).

3. Determine whether the following congruences are solvable for integers
x and y with x E 0(mod 17) and y E 0(mod 17):
(a) x2 + 15yz E 0(mod 17).
(b) x2 + 11yz E 0(mod17).

4. Determine whether the following congruences can be solved:
(a) x2 E 23(mod 177), (177 = 59-3).
(b) x2 E 5(mod 1102), (1102 = 2- 19-29).
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10.

ll.

12.

13.

14.

Write a computer program to evaluate (%) for odd primes p.

Show that Theorem 3 implies Theorem 1.

Show that if p is a prime and p E i1(mod 4a), then (1;) = l. (Hint:

Write a as a product of primes and use the quadratic reciprocity law.)
Show that if p is a prime and p E 2a — 1(mod 4a) and a E 1(mod 4),
h l = l.t en (p)

The rest of these exercises extend the definition and properties of the
d b 1 l -Legen re sym o (p)

Definition: If n is an odd integer greater than 1 and gcd(a,n) = I,
write

n = PIPz ' ' ' pr

as a product of primes. Define the Jacobi symbol (%) by

(%) = (13%) "' ($-
Note that this definition agrees with the old definition when n is a

prime. Its main use is that it simplifies the work in computing the
Legendre symbol. Throughout these exercises n denotes an odd integer
greater than 1 and a denotes an integer such that gcd(a,n) = 1.

Show that if a E a’(mod n), then (%) = (“7)

Show that (g) = (%)(‘:l_l).

Show that (%)(%) = (71%,). Thus, (#2) = 1.
Show that if 121, p2, . . . , p, are odd primes (not necessarily distinct),
then .

—l _1 r.._]_ ... ’—&2_+1’2T+...+P_2_=L;1 2 2p 1(mod2).

—_1 = _ (u-l)/2Show that ( n ) ( 1) .
Show that if p1, p2, . . . , p, are odd primes, then

z___ 2__ 2_ 2—12.8 1+.p281+...+PrSIE<PIP2 8P0 1(modz).
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15. Show that (%) = (—1)(n'-v/8. Thus, (%) = 1 if and only ia it
(mod 8).

16. Showthatifphpz,”.,p,andq1,q,,...,q,areoddprimes,then

' 'p_—-lq'-l=p122°--e.—lqtqzmgr-11:11-21 ‘2 _LT_ 2 2 , (mod2).

l7. (Reciprocity Law) Show that if n and m are odd integers greater mall
and gcd(m, n) = 1, then

(£)(fl) = (_1)((n-l)/2)((m-l)/2).
m n

18. Decide whether the following congruences are solvable using the above
results on the Jacobi symbol:
(a) 3:2 E 264(mod 173).
(b) x2 E 4977(mod 1987).
(c) x2 E 187(mod 389).
Note that the advantage of the above method over the method of just
using the Legendre symbol is that it is no longer necessary to factor the
numerator before inverting the symbol.

19. Write a computer program to evaluate (%) for odd integers n. (Throw

away your computer program from Exercise 5.)

20. (a) Show that if x2 E a(mod n) is solvable, then (%) = 1.
(b) Show that the converse of part (a) is false; i.e., there are integers

a, n with n odd and gcd(a,n) = 1 such that (3%) = 1 and
x2 E a(mod n) is not solvable.

4.5 Applications to Diophantine Equations

Let us now give a few applications of the theory of the preceding sections
to Diophantine equations.

As a first example, let us consider the Diophantine equation

ax‘+by+c=0, (l)
where a, b, c are given integers and x and y are integers to be determined.
If b = 0, Eq. (1) has a solution if and only if —c/a is an integral square.
Thus, we assume that b > 0. The equation is equivalent to the congruence

ax2 E —c(mod b). (2)
Let d = gcd(a, b). Then it is clear that if (1) can be solved, we must have dl c.
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1d cand c = dc’, a = da’, b = (fli’, then gcd(a', b') = l and Eq. (1) is equiva-
lent to the equation

a’xz + b’y + c' = 0,
an equation of the same type as the first, except that in addition we have
god(a', b’) = 1. Thus, it suflices to consider Eq. (1) for which a and b are
relatively prime. From Proposition 3.2.8 we can find a* such that

aa* E 1(mod b).
Then congruence (2) is equivalent to

x2 E —a*c(mod b). (3)
Let b = p’i‘ - - - p? be the decomposition of b into a product of distinct
prime powers. We know from the Chinese Remainder theorem and Theorem
3.4.1 that (3) is solvable if and only if

x2 E —a*c(m0d pt") (4)
is solvable for l g i g t. Moreover, from Exercise 3.4.11, we know that if
p, is odd, (4) is solvable if and only if we can solve

x2 E -a*6(m0d pt), (5)
and this is solvable if and only if (_;*c) = 1. Thus, we see that the Diophan-

I

tine equation (1) with gcd(a, b) = l and b odd is solvable if and only if
—a*c =1( , >

for all primes p such thatp | b. Thus, for example, ifp is an odd prime, then
x2+py+6=0

ha If 'f d l'f;c=1.sasouioni an ony1(p)

Therefore, by using the calculations of Examples 4.4, 4.5, and 4.6, we see
that

x2 + 43y —— 3 = 0 is not solvable
x2 + 43y + 40 = 0 is not solvable

x2 + l987y — 20964 = 0 is solvable
and that ‘
x1 + py — 5 = 0 is solvable, for an odd prime p, if and only if p E
;|;l(mod 5).

As a second example, let us consider the equation
y2 = x3 + 45, (6)

and let us show how our knowledge of (%-) can be used to show that there
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are no solutions. Note that Eq. (6) is a special case of the equation y2 = x’
+ k. The case k = 23 was discussed in Section 3.3, and we shall give a similar
treatment in the present case. We have included a second example ofthis type
to show how the knowledge of the Legendre symbol (i.e., the reciprocity
law) can often come into a problem in a nontrivial and unexpected way.

Let us now show that (6) has no solutions. The plan of the proof is to
show that each of the eight possible residue classes mod 8 are impossible for
x. We first eliminate all the even residues 0, 2, 4, 6. This is the same as elimi-
nating the possibility that x is even. If x E 0(mod 2), then x3 E 0(mod 8)
implies (from (6)) that y2 E 45 E 5(mod 8), but this is impossible since I
perfect square is congruent to 0, l, or 4(mod 8). Thus, x cannot be even.
Next, we show that x E l or 5(mod 8). For if x E 1 or 5(mod 8), then
x E 1(mod 4), so that x3 E 1(mod 4), so that from (6) we deduce that
y2 E 46 E 2(mod 4), which is again impossible. Thus, the only possibilities
left for x are x E 3(mod 8) or x E 7(mod 8). These cases require a clever
trick. First consider the case where x E 7 E —1(mod 8). Write (6) in the
form

yz—2-32=x3+27=(x+3)(xz—3x_+9). (7)

Then x E ——l(mod 8) implies that x2 — 3x + 9 E l + 3 + 9 E —3(mod
8). It then follows that there is a prime p dividing x2 — 3x + 9 such that
p E i3(mod 8), for otherwise xz — 3x + 9 =p1pz - - - p,, where all p, are
prime and p, E il(mod 8) for all 1'. (Note that all p, must be odd since
xz -— 3x + 9 E —3(mod 8).) But then x2 — 3x + 9 =p,pz \--p,E
(i1) - - - (:1: 1) E il(mod 8), which is a contradiction. Then, for the prime
p E i3(mod 8) whose existence we have just established, we have yz — 2-3‘
E 0(mod p). Thus, (2732) = 1. But

. = (2%) = (as) = <—:->-
However, from Theorem 3.5, we see that 6;.) = 1 if and only ifp E 31:1

(mod 8), which contradicts the choice ofp. Thus, x cannot be congruent to
7(mod 8). Finally, we consider the case x E 3(mod 8). Let us write (6) in the
form

yz — 2-6z =x3 — 27 = (x — 3)(x2 + 3x + 9).
Observe that since x E 3(mod 8), we have

x2 + 3x + 9 E 3(mod 8).

Therefore, there is a p dividing x2 + 3x + 9 such that p E i3(mod 8)
(same argument as above), and for this p, we have (g3) = 1, which yields

a contradiction in the same manner as the previous case. Thus, all residue
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classes modulo 8 have been ruled out, and y‘ = x3 + 45 has no solutions in
integers.

4.5 Exercises

Determine all solutions of the Diophantine equations
(a) 5x2+2x+lly+5=0.
(b) 3x3+20x+11y—3=0.
(c) 7x2 + 10x + 13y — 6 = 0.

Show that the Diophantine equation x2 — 7xy + y2 = 3 has no solu-
tions (look modulo 5).
Find all solutions of the following Diophantine equation:

2x2 + 3xy + 8yz +132 = 0.

Be sure you show that you have all the solutions. Answer:
(x,y,z) = (k,k + l3t,—kz — 19kt — 104t2)

or
(x,y,z) = (k,—3k + 13t,—5kz + 45kt — 104t2),

where k, I may be any integers.



5
Arithmetic Functions

5.1 Introduction

' In Chapters 2-4, we have studied the most elementary properties of the
integers and showed how even the most simple facts about integers allow us to
solve certain Diophantine equations. Let us continue the theme of the
preceding chapters by studying some of the more subtle properties of the
integers, as reflected in the basic facts about arithmetic functions.

To put it simply, an arithmetic fimction is a function which associates to
every positive integer n a real number f(n). To get the full spirit of what we
have in mind, let us consider a number of examples.

Example 1: All the usual functions of high school algebra are arithmetic
functions. For example, f,(n) = n, f,(n) = n”, f3(n) = n3, and f4(n) = 1]»2
are all simple examples of arithmetic functions.
Example 2: Let ¢(n) denote Euler’s phi function. That is, ¢(n) equals the
number ofpositive integers less than or equal to n‘which are relatively prime
to n. Then ¢(n) is an arithmetic function.
Example 3: Let d(n) equal the number of positive divisors of the positive
integer n. Then d(l) = 1, 07(2) = 2 (the positive divisors of 2 are l and 2), .
d(6) = 4 (the positive divisors of 6 are l, 2, 3, and 6), and ifp is a prime, then
d(p) = 2 (the positive divisors ofp are 1 and p).
Example 4: Let 0(n) equal the sum of the positive divisors of the positive
integer n. Then 0(1) = 1, 0(2) = 3, 0(6) = 12, and if p is a prime, then
6(1)) = p + 1-

15
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Example 5: For a real number r, let a',(n) equal the sum of the r“I powers of
the positive divisors of the positive integer n. Then 0,01) = d(n), where a(n)
is as defined in Example 4. Also, ao(n) = d(n).

We could go on giving further examples of arithmetic functions, but let us
refrain from doing so at this moment in favor of the obvious question, why
study the properties of arithmetic functions?

First, it has already been necessary for us to define the Euler ()5 function
in Chapter 2. It gave us a count on the number of elements in any reduced
residue system (Proposition 3.2.25). Also, it was used in the statement of
Euler’s theorem (Theorem 3.3.2), which, in particular, gave us an explicit
formula for an arithmetic inverse. It should be clear, then, that an explicit
formula for ¢(n) would be useful. One of the main applications of the theory
developed in this chapter is to provide such a formula.

As a second reason we note that arithmetic functions reflect properties of
the integers, properties which are often more subtle than we have hitherto
met in our study of the integers. For example, consider the function d(n). It
measures how far It is away from being a prime, for, as we have seen, ifp is a
prime, then d(p) = 2. Conversely, it is easy to see that if d(n) = 2, then n is a
prime. Thus, d(n) = 2 if and only if n is a prime. Moreover, the larger d(n)
gets, the further n is from being prime. Thus, we see that the function d(n)
provides some fairly sophisticated information about the integer n.

Another reason for studying arithmetic functions is their intimate connec-
tion with Diophantine equations. Let us give an example. Let n be a positive
integer. Suppose that we wish to solve the Diophantine equation

xz+y2+zz+w2=n. (1)
In other words, we ask for representations of n as a sum of four perfect
squares. Lagrange proved that Eq. (1) always has at least one solution. We
shall prove this result in Chapter 6. But how many different solutions
(2:, y, z, w) does Eq. (1) have? Suppose that we denote the number of
solutions by r4(n). Then r.(n) is a very interesting arithmetic function. The
theorem of Lagrange is equivalent to the assertion that r4(n) 2 l for all n.
Actually, it is possible to give a quite explicit formula for r4(n), first dis-
covered by Jacobi, namely: Let a*(n) denote the sum of the odd, positive
divisors of n. Then Jacobi’s theorem asserts that

r (n) _ {80*(71) if n is odd,
‘ 240*(n) if n is even.

Thus, for example, since the odd divisors of 12 are 1 and 3, we see that
“(12) = 240*(12) = 24-0 + 3) = 96. Thus, the equation

xz+yz+zz+wz=l2
has 96 different solutions. They are (i2, i2, i2, 0), (i2, i2, 0, i2),
(i2. 0, :|:2, i2), (0, i2, i2, i2), (i3, :tl, :lzl, :|:l), (:|:1, i3, :|:1, :|:1),
(:|:l, :|:l, :|:3, 11), and (:|:1, :I:1, :|:1, i3), Where all choices of signs are
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permitted. (The reader should check this calculation.) Thus, we see that til
arithmetic function 0*(n) is the key to the number of solutions of the Dio-
phantine equation (1). This situation is fairly typical of the link between
Diophantine equations and arithmetic functions.

Finally, a reason for the study of arithmetic functions lies in their his-
torical and recreational interest. The properties of integers, as expressed
through the study of arithmetic functions, have been pursued for many:
thousands of years by groups of people so diverse as to include both amateur
mathematicians and mystics. The properties of certain arithmetic functions
were often engraved on good luck charms, called talismans, during the
Middle Ages. We shall discuss one such example, the perfect and amicable
numbers, in Section 5.4. For amateur number theorists, discovering the
properties of arithmetic functions has always been a source of interest
partially for the ease with which one can compile tables and from these
generate empirically derived conjectures. We have included a computer-
generated table of ¢(n), d(n), and a(n) (and another, ”(n), which we shall
define in Section 3) for n g 100 (Table l).

5.1 Exercises

1. Compute the following without using Table l at the end of the book:
(a) d(21). (b) d(45). (c) d(305).
(d) d(180). (e) d(368). (f) d(504).

2. Compute the following without using Table 1 at the end of the book:
(a) 0(38). (b) 0(20). (c) 0(203).
(d) 0(100). (e) 0(128). (f) 0(297).

3. (a) Compute d(2") for n = 1, 2, . . . .
(b) Compute d(6") for n = l, 2, . . . .
(c) Show that d(6") = d(2")d(3") for n = l, 2, 3, . . . .

4. Verify the following relations:
(a) 0(24) = a(8)a(3).
(b) 0(72) = a(8)a(9).
(c) 0008) = a(4)a(27).

5. Verify the assertion r,(n) = 8a*(n) (n odd), r,(n) = 240*(n) (n even) for
the special cases n = 6, 15, 21.

5.2 Multiplicative Arithmetic Functions

Let us now begin by defining a class of arithmetic functions which
contains the most interesting ones for our purposes, namely the multiplicative
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arithmeticfunctions. We shall show that all the examples discussed in Section
1 are in fact included in this class of arithmetic functions. Therefore, by
studying the properties of the multiplicative arithmetic functions in general,
we shall, at the same time, be studying the properties of all the special
functions introduced in Section 1.

Definition 1: Let f(n) be an arithmetic function. We say that f(n) is
multiplicative provided that whenever it and m are positive integers such that
god(n, m) = l we have

f(m) = f(70f(m)- (1)
Example 2: Let f(n) = n for all positive n. Then

f(mu) = m = f(n)f(In)-
Thus, we see that Eq. (1) holds even without the hypothesis that gcd(n, m)
= 1. Thus, f(n) = n is multiplicative. We call arithmetic functions such that
(1) holds for all n, m, totally multiplicative. Similarly, if g(n) = n’, where r is
any real number (positive, negative, or zero), then g(n) is totally multiplicative.

Before the reader gets the wrong impression, note that not all the arith-
metic functions which arise naturally in number theory are totally multi-
plicative. Indeed, d(n), a(n), and ¢(n) are multiplicative but not totally
multiplicative. That d(n), for example, is not totally multiplicative is imme-
diate, since

d(12) = d(2-6) = 6,
whereas

d(2)-d(6) = 2-4 = 8.
It is a very simple matter to prove directly that d(n) is multiplicative.

However, one of our main purposes in this chapter is to give a fairly routine
procedure for handling arithmetic functions. Thus, we shall use that procedure
for d(n) and leave the direct proof as an exercise.

Let us first note our advantage if a function f(n) we are interested in is
multiplicative. Write

n =P’l'P‘i‘ ° ' ' P?"
where 17,, p2, . . . , p, are distinct primes and a,, a2, . . . , a, are positive
integers. Then, since f(n) is multiplicative and since gcd(p';‘, p? - - - pf‘)
= l, we have '

f(n) = f(p‘i‘)f(.v2’ -- 1’?)-
Continuing in this manner we see that

f(n) = f(p’i‘)f(p‘i') --° f(pf')
Thus, the problem of evaluating f(n) is reduced to the case where n is a
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power of a prime. That is, usually, a much easier problem. Let us record 111'!
last observation.

Proposition 3: Let f(n) be a multiplicative function. Write
n = p111)? o o o P?

where pl, 122, . . . , p, are distinct primes. Then

f(n) = f(Pi‘)f(P’i') f(Pf‘)
We shall now give the result which is the main cog in our “routine"

procedure for deriving formulas for arithmetic functions.

Theorem 4: Let g(n) be a multiplicative arithmetic function. Define another
arithmetic function f(n) by

f(n) = g: g(d),
where 2,", denotes the sum over all positive divisors of n. Then f(n) is a
multiplicative arithmetic function.

Note that according to our definition f(l) = g(l), f(2) = g(l) + 3(2),
f(3) = 3(1) + 3(3). f(4) = 8(1) + g(2) + 3(4), f(5) = 3(1) + 3(5), and
f(12) = 3(1) + 3(2) + .26) +‘g(4) + g(6) + g(12). Thus, it is quite sur-
prising that f(n) turns out to be multiplicative.

Proof of Theorem 4: Suppose that gcd(m, n) = 1. Then as d runs over the
divisors of m and e runs over the divisors of n, it is easy to see that de runs
over the divisors of mu, each divisor occurring exactly once. (Exercise: One
approach is to use unique factorization.) Let us make use of this simple
observation as follows: .

f(m)f(n) = (g;g(d))(§ g(e)) (by definition om
= g z: g(d)g(e) (by multiplying out the sums)

= $1 2 g(de) (since g is multiplicative; and since dlmand
a In all! eln and gcd(m,n)=1 imply that gcd(d,e) =1)

= ; g(c) (since 6 = de runs over all divisors of mu once
c In» and only once as d and e run over all divisor:

of m and n, respectively)

= f(mn) (by definition off).

Thus, f(n) is multiplicative. I

Note that the converse of Theorem 4 is also true. See Exercise 12 in
Section 5.3.

It would be instructive to write out the steps in the proof for specific
values ofm and n, say m = 12 and n = 35.
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We shall now write out explicitly our routine procedure for dealing with
many arithmetic functions. Let f(n) be an arithmetic function.

Sup 1: Express f(n) as a sum over all divisors d of n of a multiplicative
function g(n):

f(n) = E, 800- (2)

Conclude from Theorem 4 that f(n) is multiplicative.

Sup 2: Letp be a prime and a 2 1. be an integer. Compute f(p‘) from (2).
Indeed,

f(p“) = 2 gm.
Step 3: Write n =p1'p‘y - - - p’," and combine Step 2 with Proposition 3,
deriving a formula for f(n):

f(n) = f(P‘i‘)f(173‘) - - - f(177‘)-
(Step 1 allows us to apply Proposition 3.)

Let us now give some basic examples of the above procedure. Namely, let
us take f(n) = d(n) and f(n) = a'(n). In these cases, f(n) is given “naturally”
in the form where we can carry out Step 1.

We shall first consider the case of f(n) = d(n). Since d(n) is the number
of positive divisors of n, it is the sum over all the positive divisors of n of the
constant function 1. That is, if g(n) = 1 for all n, then

f(n) = and);
i.e.,

d(n) = E 1.

Since g(n) is clearly multiplicative, we conclude that f(n) = d(n) is multipli-
cative, and we have Step 1. For Step 2 let p be a prime and a 2 1 be an
integer. Then

d(pa)=§1=a+1.
That is, it is obvious that p“ has the a + l divisors l, p, 17’, . . . , p". Thus,
from Step 3 we obtain

Theorem 5: If n = p111)? - - - p? where 17,, p2, . . . , p, are distinct primes,
then

d(n) =(% + 1)(az + 1) ... (a: + 1)-
Moreover, d(n) is multiplicative.
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Next consider the case where f(n) = a(n). Since a(n) is the sum of all t1!
positive divisors of n, it is the sum over the positive divisors of n of III
function g(m) = m. That is,

f(n) = fr. 800 = fr. d = 00!)-
Since g(n) = n is clearly multiplicative, we conclude that f(n) = 0(a) is
multiplicative, and we have Step 1. For Step 2 let p be a prime and a 2 l he
an integer. Then '

0(p“)=§,d=§p'
=1+p+p2+ +p‘

pa+1_1
= p—l -

(The last expression is the sum of the geometric progression.) Thus, from
Step 3 we obtain

Theorem 6: If n =p1vpg' - - - p‘," where 121,172, . . . ,p, are distinct prim
then

0(n)=(1 +12: +1)? + +p':‘)(1 +Pz +11% + +11%)"-
(1 +17: +1).z + +1?)

PT+1 _1Pa2'+1_1.. . p:¢+1 _1.

p1 —1 p2 —1 p. —1
Moreover, a(n) is multiplicative.

Example 7: Let n = 17640 = 23-32-5-72. Then
d(17640) = (3 + 1)(2 + 1)(1 + 1)(2 + l) = 433-2-3 = 72.

Also,

0(17640) = (1 + 2 + 22 + 23)(l + 3 + 32)(1 + 5)(l + 7 + 7‘)
=15-13-6-57 = 66690

or
2‘—133—l52—l73—l
2—13—1 5—17—1

= 15-13-6-57 = 66690.
We shall do one more example.

0(17640) =

Example 8: For real numbers r we defined a,(n) as the sum of the r"
powers of the divisors of n. That is,

a',(n) = E; d'.
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Thus, if g(n) = n', we see that g(n) is multiplicative, and thus a,(n) is multi- .~
plicative. Ifp is a prime and a 2 l is an integer, then

r a n p(a+l)r _ 1

Mp“) = EN = gap =fi'
(The last expression requires that r 7'.- 0.) Thus, if n =p1'pg' - - -
p., p,, . . . , p, are distinct primes, then

a.(n)=(1+pi+pi' "-+P'i")"'(1+p{+p?'+---
_ p(la1+l)r _ 1 pt(1u+l)r _ 1

111—1 pi—l

,', where

+ p1")

(The latter expression requires that r ab 0.) This example includes d(n) (r = 0)
and a(n) (r = l) as special cases.

5.2 Exercises

1. Write out the proof of Theorem 4, explicitly verifying all the details, for
n=4andm=9.

2. Prove directly that if n = p11pg- . . . pgr where pl, 1),, . . . , p, are distinct
primes, then

d(n) = (a; + We + 1) - - - (a, + 1)-
Conclude from this formula that d is multiplicative.

3. Show that d(n) = 2 if and only if n is prime.
Show that d(n) is odd if and only if n is a perfect square.

5. Show that for every integer m > 1 there are an infinite number of
integers n such that d(n) =

6. Show that 1L,,,d= n“"’/2. (Hand = product of all the positive
divisors of n.)

p -p,, p, distinct primes?

8. Prove that 2,,” 1/d = a(n)/n.

7. Let F(n)= 2H,, d(k). Derive a formula for F(n). What 1s F(n) if n—-

9. Let n = p"p;*- -p',", where p,,. . . , p, are distinct primes. Observe
thatmlnifandonlyifm=——‘i‘§fp'p --op:'with0gv,ga,(lgigr)
and so

0(n)= f2 f1 i301)??? mp?
v1=0 "=0 v,-

= '2 "flops-1:21 "gap?
v1=0 v,-1=
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to derive the formula of Theorem 6 for a(n). Conclude that 0(a) is
multiplicative from the formula.
For any arithmetic function f(n) show that

217.)"(‘0 = §f(%)-
Ifn =p,p2 - - - pk (pnpz, . . . ,pk primes, not necessarily distinct), :3

Mn) = (-1)"
(so 11(2) = —1. 11(4) = (—1)2 =1,/1(12) = (—1): = —1).Set}.(l) =1.
(a) Show that 1(n) is totally multiplicative.
(b) Show that

F(n) = E; Md) = {

If n =p1pz - - -p,,, where 17,, . . . ,p,, are primes, set v(n) =2" (set
v(l) = l).
(a) Show that v(n) is totally multiplicative.
(b) Derive an expression for 2,1,, v(d).

1 if n is a perfect square,
0 otherwise.

13. Ifn =pgxpgt . . . p1; where pupz, . . . ,pk are distinct primes and tis an

14.

integer, set

co(n) = t".
(Set m0) = l.)
(a) Show that w(n) is multiplicative.
(b) Show that for n as above

g cu(d) = (l + alt)(1 + at) - - - (l + akt).

Let p be a prime. Define
0 ifp | n,

Q(n) = {(1) ifp ,l’ n.
P

Let F(n) = Eu. Q(d)-
(a) Show that Q is multiplicative.
(b) Compute F(p") for k = l, 2, . . . .
(c) Let q .7: p be a prime. Considering the cases where (%) = l and

(.1?) = —1, derive a formula for F(q"), k : 1,2,. . . .
(d) Derive an espression for F(n) for n = l, 2, . . . .
(e) Writing more specifically F,,(n) for the function above, show that

ifp and q are distinct primes and one of them is congruent to 1
mod 4, then
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15.

l6.
l7.

”18.

210

‘22.

FM") = 17.0")-
Is this result true ifq_=p_= 3(mod 4)?

For arithmetic functions f and g, define another arithmetic function
denotedfa: g (called the convolution offand g) by

(f * 90:) = §f(d)g(%)-
Prove the following results for arithmetic functionsf, g, h

(a) f * s = g *f-
(b) (f*g)*h =f*(g*h)-
(0) (f+g)*h =f*h+g*h- ((f+g)(n) =f(n)+g(n)by

definition.)
((1) fand g multiplicative implies thatf* g is multiplicative.
Define the special functions I(n) = n, 1,,(n) = n", and I(n) = 1.
(e) f is multiplicative implies that 1 a: f is multiplicative.
(f) d=l*l.
(g) a'=1*I.
(h) ak=l*Ik.
(i) Iff is totally multiplicative, then

(f * f)(n) = f(704(71)-
(j) Compute a * d.
(k) I]: * It = nick-I(n)-

Show that d(n) g 2J7. (Hint: If n = k6, then k or t is g fl.)
Show that there are an infinite number of integers n such that d(n) 2
log n/Iog 2.

Show that for any integer k there is a constant C > 0 such that there are
an infinite number of integers n satisfying d(n) 2 C(Iog 11)".
Show that for all n

n g a(n) g n2.

Let f(n) denote the number of distinct solutions modulo n of the
congruence x2 E a(mod n).
(a) Show that f(n) is multiplicative.
(b) Find a formula for f(n).
Let g(x) be any polynomial with integer coefficients and letf,(n) denote
the number of distinct solutions (modulo n) of the congruence g(x) E
0(mod n). Show that f,(n) is multiplicative.
Let 1(n) be the number-theoretic function of Exercise 11. Show that

2 mg] = [M71.
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5.3 The M6bius Inversion Formula

So far we have dealt with arithmetic functions which were essential]
defined as a sum, over the divisors of an integer, of a multiplicative function.
But this is not always the case. For example, ¢(n) has no obvious expression
in this form, and so it is not clear how to apply the procedure outlined above.
Applying this procedure to obtain a formula for ¢(n) is one of our primary
motivations for this section.

The point is that there is a relatively obvious expression of the required
type except that it is “backwards.” Namely we shall show in Proposition 1
that

n = g: ¢(d).

Thus, the following general question arises: Suppose that

f(n)—— ; g(d) a)
for all positive integers 71. Can we determine g(n) in terms of f(n)? More
loosely stated, we ask whether we can “solve” for g(n) in terms of f(n)? In
this section we shall answer this question in the aflirmative. The result is
called the Mé'bius Inversion Formula.

Before we go any further, let us convince ourselves that, at least in
principle, we can use (1) to compute g(n) from f(n). By (1), for n =1, we
see that

80) = f(1)- (2)
For n = 2, we see that

f(2) = g(l) + g(2).
so that by (2),

8(2) = f(2) - f(1)- (3)
For n = 3, (1) yields

f(3) = 3(1) + 8(3),
so that by (2),

9(3) = f(3) — N)-
For n = 4, (1) yields

f(4) = 8(1) + 8(2) + 3(4),
so that by (2) and (3)

3(4) = f(4) - 8(1) - 8(2)
= f(4) - f(l) — (f(2) — f0»
= f(4) - f(2).
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Proceeding in this way, we can compute g(n) in terms of f(n) for arbitrary n.
But is there a pattern to the formulas? Indeed, there is, and this pattern was
determined by the German mathematician Mobius in 1832. He stated it in
terms ofwhat is now called the Mobius function g(n). Its definition may look
a little strange, but it is very simple, and we should keep in mind that its
definition is motivated by the question of solving (1) for g(n) in terms off(n).

Definition 1: Let n be a positive integer. The Mobiusfunction g(n) is defined
I8 follows:

14(1) = 1
(n) _ {0, if n is divisible by the square of a prime,

” (— l)’, if n =1)1 p2 - - - p,, where1),,p2, . . . ,p, are distinct
primes.

Thus, for example, [1(2) = —l, ”(3) = —l, ”(4) = 0, ”(5) = —1, and
[1(6) = 1. We have included the values of g(n) for all n g 100 in Table l at
the end of the book. As we shall see shortly, the arithmetic function g(n) is an
important function. Before we solve our original problem we must derive
some properties of g(n).

Proposition 2: fl(n) is multiplicative.
Proof: Let m and n be positive integers such that gcd(m, n) = 1. If
n = 1, then

”(mn) = #0") = u(M)/z(1) = #001101),
since [1(1) = 1. Thus, we may assume that m > 1 and n > 1. Next suppose
that p is a prime and that p2 | n. Then, of course, pz |mn, and thus

' 11(mn) = 0 = u(rn)-0 = fl(M)u(n)
since g(n) = 0. Now we may assume that both m and n are not divisible by
the square of any prime. Then we may write m =p1p2 - - - p, and n =
9142 ' ° ' q,, where p,, . . . , p, are distinct primes and q1, . . . , q, are distinct
primes. Then, since gcd(m, n) = 1, no p, can be a q,. Therefore, mn =
p, - - - p,q1 - - - q, is a product of primes where all the primes are distinct.
Thus,

Mm") = (-1)”” = (-1)'(-1)‘ = ”(m)fl(n)- I
Proposition 3: Let n be a positive integer. Then

1 ifn = l,
d =fr: ”( ) {o ifn > 1.

Proof: Define the arithmetic function f(n) by

f(n) = g! Md)-
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We compute f(n) by the procedure outlined in Section 2. First, g(n) is a
multiplicative function. Thus, by Theorem 2.4, f(n) is multiplicative. Now if
p is a prime and a 2 1 is an integer, then

fill") = gum) = #(1) + #0)) + #(pz) + + ”(p')
= 1 — 1 = 0

since ,u(1) = land ,u(p) = —1andp2|p2,p2]p3,...,p21p", and so the terms
g(p‘) (i 2 2) are zero. Finally, if n =p‘11p‘52 - - - p‘,“ where p,,p2, . . . ,p, are
distinct primes, then

f(n) = f(P'l‘)f(p‘i’) f(p?‘) = 0-0 - -- 0 = 0.
As it is clear that f(1) = y(1) = 1, Proposition 3 is completely proved. I

Let us now use the Mobius function to answer the question raised at the
beginning of this section.

Theorem 4 (Mobius Inversion Formula): Let g(n) be any arithmetic func-
tion and let f(n) be given by

f(n) = p g(d).
Then

g(n) -= g; #(d)f(%)-
(Note: It is not required that g(n) be multiplicative.)

Proof: We clearly have

.21. ”(04%) = ,2!" #(d)( 2 g(c>)
0| (rt/d)

Z ”(d)g(6)-
dln 01(n/d)

The last double sum is over all pairs of positive integers (c, d) such that dln
and cl (n/d). This is the same as the sum over all pairs of positive integers
(c, d) such that cdln (exercise). Thus, we compute the double sum in the
following way. First, sum over all c dividing n, and for each fixed c, sum over
all those d such that dl (n/c). Then we see that

g": u(d)f(%) = g; 2) #(d)g(0)
dl(n/c

= .2. map, ”(61>)-
By Proposition 3, the inner sum equals 0, except when n/c = l, in which case
it equals 1. Thus, all terms in the sum over c are 0, except for the term corre-
sponding to c = n. Thus,
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g ”(d)f(%) = g(n) fr, u(d) = g(n). I
Let us give some examples of applications of the Mdbius Inversion

Formula.
Example 5: Since d(n) = 2,1,, l, we may set g(n) = l and f(n) = d(n) to
deduce that

g; #(e)d(%) = 1,
a fact which is by no means obvious.

Example 6: Since a(n) = 2“,, d, we may set g(n) = n and f(n) = a(n) to
deduce that

2; me) = ,.
Let us now complete our discussion of the Euler phi-function, ¢(n). As

noted before, we require the following result:

Proposition 7: Let n be a positive integer. Then

n = g «an. (4)
Before proving Proposition 7, let us use it in conjunction with the Mobius

Inversion Formula and our procedure of Section 2 to derive the basic
properties of ¢(n).

First, we apply the M6bius Inversion Formula with g(n) = ¢(n) and
f(n) = n to Eq. (4) to obtain

M = g; ”(0%
d=n§%).

We are now in a position to apply our procedure of Section 2. First, g(n) is
multiplicative and the function g(n) = l/n is multiplicative. Thus, the
function h(n) = g(n)/n is multiplicative. From Eq. (5) and Theorem 2.4 we
conclude that k(n) = ¢(n)/n is multiplicative, and thus, finally, ¢(n) = nk(n)
is multiplicative. Now ifp is a prime and a 2 l is an integer, then

¢(p")=p‘§g‘igi)

=p'(¥.+&§,fl)+%z)+ +L(P:))

wont—>-

(5)
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Finally, if n = pq'pg' - - ~ pg", where pl, 1);, . . . , p, are distinct primes, then

9501) = «M‘Wpafi - -- 950:“)
=p‘i‘(l —%)pg’(l _I_};)...p,,(1 _%)

=n(1 _131?)(1 3%) (1 _%)

=p‘i“‘(p1 — 1)p'i"‘(pz — 1) ---p‘.'"‘(pt — 1)~
We shall record our results in a theorem.

Theorem 8: If n =1)??? - - - p‘," where p1, p2, . . . , p, are distinct primes,
then

“">="<1-£:><1—i>~-<1—a
=p‘i“‘(p1 — 1)p‘5"‘(pz — 1) -- ~p1'"‘(p, — 1)-

Moreover ¢(n) is multiplicative. Further, we have the formula

¢(n)=n§(%d)-
Example 9. «4320) = ¢(2s-33.5) = 24(2 — 1)3=(3 — 1)5°(5 — 1) = 1152,

All the above reasoning was done on the basis of Proposition 7, which we
have yet to prove. Before we can prove Proposition 7, however, we need the
following fact:

Lemma 10: Let n be a positive integer and let d be a divisor of n. Then the
number of integers k such that l g k g n and gcd(k, n) = d is equal to
¢(n/d)-
Proof: If gcd(k, n) = (1, then d | k and gcd(k/d, n/d) = ‘1. Moreover, if
1 g k g n, then 1 g k/d g n/d. Thus, each integer k satisfying theconditions
of the lemma satisfies the conditions d | k, gcd(k/d, n/d) = 1 and 1 g k/d S
n/d. If k is such an integer, then k = k’d and k’ satisfies gcd(k’, n/d) = 1 and
1s k’ g n/d. Conversely, given k’ such that gcd(k’, n/d) = l and 1 g k’ g
n/d, the integer k = k’d satisfies the conditions of the lemma. Therefore, the
number of k satisfying the conditions of the lemma equals the number of
integers k’ such that l S k’ g n/d and gcd(k’, n/d) =1. This number is
clearly ¢(n/d). I

ProofofProposition 7: First note that every integer k such that 1 g k S 7;
satisfies gcd(k, n) = d for one and only one divisor d of n. Therefore, by
Lemma 10, we have ’
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"=2E¢(%)=?¥.W>
since as (1 runs over all divisors of n, so does (1’ = n/d. I

9
5

"
?

!“

10.

1].

l2.

5.3 Exercises

Let f(n) be an arithmetic function, and let h(n) = 2“,, f(d). Compute
f(24) in terms of h.
Prove the Mobius inversion formula by the direct proof given in the
text for n g 10.
Calculate ”(5), ”(64), ”(39), and ”(30).
Calculate ¢(2), ¢(5), ¢(47), and ¢(144).
Show that ¢(n) is even for n > 2.
Let f(n) be a multiplicative function such that f(1) = l.

(a) Show that Edln ”(d)f(d) = ln, p prime (1 _ f(p))'
(b) Show that Zdln fl(d)/d = Hm», I: prime (1 _ (l/P))'

Let co(n) denote the number of distinct prime factors of n. Show that

g Iu(d)l = 2M.
Show that 2“,, y(d)¢(d) = (—1)°“'" Hp,” (p — 2), where a)(n) is defined
in Exercise 7.

Show that 211.. MOD/d = Hm (1 + (1/12))-
Show that the number of reduced fractions a/b such that 0 g a/b < 1,
b fixed, is just ¢(b).
A famous conjecture due to Mertens states that

|§u(n)|<«/T
for any r. Verify Merten’s conjecture for r g 30. Write a computer
program to check Merten’s conjecture for r below a given bound. This
seemingly innocent conjecture is very deep. In fact, it implies the so-
called Riemann hypothesis, one of the most celebrated unsolved prob-
lems in mathematics. It seems likely that Merten’s conjecture is false,
but present-day computers are not fast enough to allow a sufficiently
extensive search for a counterexample.
Let f(n) be an arithmetic function and define F(n) by

F(n) = g} f(4’)-
Show that if F(n) is multiplicative, then f(n) is multiplicative.
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Let n be a fixed positive integer. Show that there are only finitely many
integers x such that ¢(x) = n.
Suppose that f(n) is a number-theoretic function and suppose that

g; f(d) = n
for all n. Show that f(n) = ¢(n).
It is an unsolved problem to show that whenever ¢(m)|m — l, m is
prime. Show that if ¢(m) | m — 1, then m is square-free.
Prove that

2.: ¢<d>[%] = 12—“)
(Hint: Use induction on n.)
For n, k positive integers, set afln) = 252:. ,cd(,,,,,=1 i".
(a) Show that

ar(d)_ 1k+2k+ +n".
n d" _ n"

(b) Use part (a) and the Mobius inversion formula to compute afin),
afln), and 03"(n).

Prove that 2L1. sed(a,n)=l a = %n¢(n).
Let a, b be positive integers and let 0 denote the product of all prime!
dividing both a and b.
(a) Prove that

«at» = «magic-)- ‘
(b) Using part (a), find all pairs of integers a, b for which ¢(a)¢(b)

= ¢(ab)-
20. Let f(n) be any arithmetric function and suppose g(n) is defined by

g(n) = fr: fl(d)f(%)-
Prove that

f(n) = g: g(d).

5.4 Perfect and Amicable Numbers

As an application of our theory of arithmetic functions, let us study two.
classes of numbers which have been known and studied since ancient times,
the perfect and amicable numbers.
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Dehition 1: A perfect number is a positive integer n which equals the sum
of its proper divisors (i.e., the positive divisors of n, excluding n itself).
Example 2:

(i) The proper divisors of 6 are 1, 2, 3, and l + 2 + 3 = 6, and so 6 is
perfect.
(ii) The proper divisors of28 are 1, 2, 4, 7, 14, and 1 + 2 + 4 + 7 + 14
= 28, and so 28 is perfect.
(iii) The reader should not have too much difficulty verifying that 496
and 8128 are perfect.
The perfect numbers have occurred throughout history in connection with

various forms of numerology. They occurred in the works of the ancient
Pythagoreans, who thought that the property which perfect numbers exhibit
represented some sort of pinnacle of aesthetics, whence the name “perfect.”
Much ancient superstition and mystical belief rested on the special properties
of integers such as the perfect numbers. And very often in the ancient world,
proof by means of numerology substituted for more scientific explanations of
natural phenomena. It was in this context that much number theory, including
our present discussion of perfect numbers, began.

How can we find perfect numbers? Are there infinitely many of them?
These are questions which have been asked by mathematicians for thousands
of years and as yet are not completely answered. We shall give same partial
answers below.

Since a(n) equals the sum of the divisors of n (including n), we see that n
is perfect if and only if 001) — n = n, which is equivalent to

001) = 2n. (1)
There is a class of perfect numbers which was already known to Euclid,

namely -

Theorem 3: Suppose that 2‘ — 1 is a prime. Then 2"1(2' — 1) is perfect.
Proof: If p = 2‘ — l is prime, then clearly a > 1 and p is odd. Set n =
2"‘p. Then gcd(2“‘1, p) = 1. Thus, by Theorem 2.6, we have

«on = 0(2“‘)a(p) = 22—:1102 + 1) = 2n. I
A prime p of the formp = 2" — 1 is called a Mersenneprime. By what we

have just proved, the search for perfect numbers is intimately connected with
the search for Mersenne primes. The following elementary fact is useful in
testing for Mersenne primes:

Proposition 4: If 2“ — 1 is a prime, then a is a prime.
Proof: Exercise. I
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By Proposition 4, the Mersenne primes are all of the form 2" — 1, what
p is a prime. The first few are

r—1=3
m—1=7
x—1=m
2h—1=1n

2n—1=mm
217 — l = 131071
21’ — l = 524287.

Note, however, that not every integer of the form 2" — 1, where p is prime,
is itself a prime. We leave it to the reader to show that 21 1 — 1 is not prime.

Is it true that the perfect numbers given by Theorem 3 are the only ones?
This is not currently known. However, we can prove the following result due
to Euler:

Theorem 5: Let n be an even perfect number. Then n is of the form
2"1(2‘ — l), where 2‘ — l is a Mersenne prime.
Proof: Write n = 2°b, where c 2 l and b is odd. Since n is perfect, 0(a)
= 2n, and since a(n) is multiplicative, we have

2n = a'(n) = 0(2‘b) = a(2°)a'(b)
= (2c+l —- 1)a(b).

Therefore,
2‘+1b = (2‘+1 — 1)a(b).

Note that gcd(2‘+1,2‘+1 — 1)=1, and therefore 2‘+1|a(b), say a(b) =
Z‘Hd. Then '

b = (2‘+1 — 1)d.
Suppose that d > 1. Then b has at least the following divisors: b, d, 1.
Therefore,

a(b)2b+d+1=(2‘“—l)d+d+l
= 2c+1d + 1,

which contradicts the fact that a(b) = 2°“d. Thus, d = l and b = 2‘“ — 1,
so that n = 2‘(2c+l — 1). Moreover,

a( ”1 — 1) = a(b) = 2‘“d = 2‘“. (2)
Now if 2‘+1 — l is not prime then 0(2‘+1 —— l) > (2‘+1 — 1) + 1 since
2‘+1 — 1 has a divisor other than 2‘+1 — l and 1. But this is a contradiction
of Eq. (2), so that 2c+1 -— 1 is a prime. Thus, if we set a = c + l, we see that
n = 2““(2‘ — l), where 2" — 1 is a Mersenne prime. I
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There are two basic questions about perfect numbers which mathemati-
cians cannot answer at the present time. First, it is not known if there exists
an odd perfect number. Second, it is not known whether there are infinitely
many perfect numbers. One way of settling the latter would be to prove that
there are infinitely many Mersenne primes. But this is not known to be true
or false. Using high-speed computers, some recent work has been done by a
number of people, including D. H. and E. Lehmer, J. Selfridge, and J.
Brillhart. A recent result of B. Tuckerman is that 21”" — 1 is a Mersenne
prime. It has 6002 digits and is the largest known prime. Moreover, it is only
the twenty-fourth known Mersenne prime. Computers have also been used to
factor completely the numbers 2" — l for primes p. A recent result of D. H.
and E. Lehmer and J. Selfridge, for example, asserts that

2”" — l = 852133201~60726444167-1654058017289-2134387368610417.
Another sort of number which came to be considered by number theorists

by way of the mystics and astrologers is the so-called amicable numbers.

Definition 6: A pair of numbers m, n is said to be amicable if the sum of the
proper divisors ofm equals n and the sum of the proper divisors ofn equals m.

By reasoning as we did with perfect numbers, we see that for m, n to be
amicable, it is both necessary and sufl‘icient that

a(m) = m + n = a(n).

Amicable numbers were used in preparing horoscopes and preparing
talismans (good luck charms) and were supposed to have the power of
creating ties between individuals. An example of an amicable pair is m = 220,
n = 284, since

601) = a(m) = 504 = 220 +- 284.
Another is given by m = 17296 and n = 18416, an example due to Fermat.
Several hundred amicable pairs are known, but it is not known whether there
are an infinite number.

5.4 Exercises

1. Show that if n is a perfect number, then

i _E d — '
Find all even perfect numbers less than 1000.

3. Show that an odd perfect number cannot be a prime or a product of two
primes.

4. Show that if m, n are amicable numbers, then a(n) = a(m) = n + m.



6
A Few Diophantine

Equafions

6.1 Introduction

In this chapter, we shall study in detail the theory behind five particular
Diophantine equations. All but one of these Diophantine equations are
quadratic in the following sense. Let us suppose that integers a1, az, . . . , a” n
are given. Let us define the polynomial f(x1, . . . , xk) in the variables x,, . . . ,
x,, by

f(xz,..-,xk) =aixi+"'+akxtzc-
Then we may consider the quadratic Diophantine equation

f(x1’--°:xk)=n' (I)

All but one of the equations we shall consider in this chapter will be special
cases of this general Diophantine equation. For example, in Section 2, we
shall consider the Pythagorean equation

x2 +y2 =22, (2)
which, in this context, can be written x? + x5 — x3 = 0, so that (2) is a
special case of (1) with k = 3, a1 = a2 = 1, a3 = —l, n = 0. In Section 4,
we shall consider the problem of representing a positive integer n as a sum
of two squares, corresponding to the Diophantine equation

x2 + y2 = n. (3)
This is a special case of (1) in which k = 2, a1 = a2 = 1. In Section 5, we
shall study the problem of representing a positive integer n as a sum of four

156
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squares, corresponding to the Diophantine equation
xz+yz+zz+wz=m (4)

This is a special case of (l) in which k = 4, a1 = a2 = a3 = a4 = 1. Finally,
in Section 6, we shall consider Pell’s equation

x2 — dy2 = 1, (5)

which is a special case of (l), where k = 2, a1 = 1, a2 = —d, n = 1. We
shall also consider, in Section 3, Fermat’s Last Theorem in the case of
exponent 4:

x‘ + y‘ = 2‘.

Although this equation is not a special case of (1), it nevertheless relies on the
theory of the Pythagorean equation (2), and thus is closely connected with
Eq. (1) in any case.

Before proceeding with a study of our five Diophantine equations, let us
consider the general equation (1) and let us get some idea of the sort of ques-
tions we can ask. The first and most obvious question is, does the Diophan-
tine equation (1) have any solutions? If the answer to this question is no (for
particular choice of a1, . . . , ak, n), then we are faced with the problem of
proving that the answer is no. In this chapter, we shall meet a novel technique
for doing just this: Fermat’s method of infinite descent.

If the Diophantine equation (1) has solutions (for particular a1, . . . , a,"
n), then the obvious problem confronting us is to find them all. This is usually
a very diflicult problem, but occasionally it can be solved. For example, we
shall show how to find all solutions of the Pythagorean and Pell equations.
We shall show that in each case there are an infinite number of solutions and
we shall determine them completely.

A final problem which is suggested by Eqs. (3) and (4) is to find all n for
which (1) has a solution (for fixed a1, . . . , ak). In the case of Eq. (3), this
amounts to describing all those integers which can be written as a sum of two
squares. In case of Eq. (4), this amounts to describing all those integers
which can be written as a sum of four squares.

It is possible to generalize the Diophantine equation (1) by using a more
general quadratic polynomial in x,, . . . , x,,. Indeed, suppose that a” (1 g i,
j S k) are given integers. Let

_ 2
3051, - - - : xk) — aiixi + aizxixz + a13x1x3 + ' ' ' + akkxk-

Then g(x,, . . . , xk) is the most general quadratic polynomial in k variables
with integer coefficients. One can study the Diophantine equation

g(x1:-°°:xk) =71

for a given integer n. This leads to a whole branch ofnumber theory in which
research is still going on. The reader will get some taste for this theory in
the second half of this book, where we shall consider the special case k = 2.
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That is, we shall develop the theory of Diophantine equations of the form

anxi + allxz + “223‘: = n- (6)

The questions we shall ask will be the same questions as we asked above:
Are there any solutions (for given a“, a”, an, n)? If there are solutions,
describe them explicitly. Suppose that an, (11 2, an are given. For whichn,
does (6) have solutions? These questions will lead us very rapidly into the
theory of quadratic fields, first studied by Gauss.

In Section 5, we shall prove the remarkable result that Eq. (4) is solvable
for every positive integer n. In other words, every positive integer n is the sum
of four perfect squares. This leads to a natural question: Can every positive
integer n be represented as a sum of a fixed number of perfect cubes? That is,
we ask if there is a positive integer k such that the equation

Xi+---+x?.=n
is solvable for every positive integer n. We can ask a similar question about
fourth powers, fifth powers, etc. In 1775, the English mathematician Waring
asserted that every positive integer n could be written as a sum of 4 squares, '
9 cubes, 19 fourth powers, and so forth. Waring had no proof for his asser-
tion, and the statement remained unproved until 1909, when David Hilbert
finally proved it. Hilbert showed that for every k 2 2 there is an integer N,
such that every integer is the sum of Nk kth powers. Let g(k) be the smallest
possible value of Nk. Then from our results of Section 5, we shall show that
g(2) = 4. It is also known that g(3) = 9. However, the values of g(4) and .
g(5) are not known. The values of g(k) for k 2 6 are all known, however.

6.1 Exercises

1. Find all solutions to the following Diophantine equations:
(a) x2 + y2 = 8.
(b) x2 + y‘ = 51-
(c) x2 + y2 + z2 = 10.
(d) xz+y3+zz+w3=18.
(e) x2 + 2xy + 2y2 = 17.

2. Let (x0, yo) be a solution of the equation xz — 6yz = 1.
(a) Show that (5xo + 12yo, 5yo + 2x0) is a solution.
(b) Use part (a) to compute at least five different solutions to x2 — 6yz

= l.
(c) Show that x2 — 6yz = 1 has infinitely many solutions.

3. Show that not all positive integers are sums of two squares. 0f three
squares.

4. Write all integers g 20 as sums of four squares.
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5. For each integer x < 64, determine the smallest number ofperfect cubes
whose sum is x.

6. Determine which primesp g 30 are sums of two squares. Can you make
a general conjecture?

7. Determine which primes p g 30 are sums of three squares. Can you
make a general conjecture?

8. Let a, b be integers and set x = a2 — b”, y = 2ab, and z = a2 + b’.
Show that x-2 + y2 = z“. Conclude that there is an infinite number of
distinct Pythagorean triples.

9. Assume that x" + y" = 2" has no solution for x, y, z nonzero whenever
n = 4 or n = a prime p > 2. Show that x” + y'' = 2" has no solution
for x, y, z nonzero for all n 2 3.

10. Let f(x, y) be any polynomial with integer coeflicients. Let a, b, c, d be
integers such that ad '— bc = i1. Let

g(x, y) = f(ax + by, ex + (M
Show that f(x, y) = n is solvable in integers x, y if and only if g(x, y)
= n is solvable in integers. This gives a general method for changing
one equation into another without changing the solutions. You should
do some special cases with, say, the equation of Exercise 2.

6.2 The Equation x2 + y2 = 22

One of the oldest of all Diophantine problems is the determination of all
right triangles whose sides are integers. If x, y, z are the lengths of the three
sides with z = the length of the hypotenuse, then the Pythagorean theorem
asserts that

x2 + y2 = z”. (1)

Thus, it suflices to solve the Diophantine equation (1). Although Eq. (1) is
usually associated with the Pythagorean school (around 570 B.C.), it appears
that the ancient Babylonians more than 1000 years before knew more about
its solution than the Pythagoreans did. The Babylonians, for philosophical
and computational reasons, dealt only with rational numbers whose denom-
inators they could handle easily in their base 60 number system. They used
solutions to (1) to prepare a rudimentary table of trigonometric functions for
angles difi‘ering by about 1 degree with the values of x, y, z chosen so that the
entries .in the table had finite expansions in their number system. That
required extremely sophisticated knowledge of Eq. (1) and of mathematics in
general.

Let us now determine all integer solutions to (1). First, we observe that if
(x, y, z) is a solution, then so is (ix, :1:y, 3:2) for any choice of signs. Thus,
we may assume that x > 0, y > 0, z > 0. Next,- note that if x, y, and 2 have
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a common factor d, then if we set x0 = x/d, y0 = y/d, 20 = z/d, we have

96% + y3 = 2%, (”)
so that (x0, ya, 20) is also a solution of (1). We may clearly choose d so that
x0, yo, and 20 have no common factors, and x0 > 0, yo > 0, 20 > 0. Assume
that such a choice of d has been made. We claim that

g°d(xo, J’o) = gcd(xo, 20) = SOdU’Os 20) = 1- (2)
Indeed, suppose that elxo and e] yo. Then ezlxfi + yfi, so that ezlzfi. Thus,
e | 2°, and e is a common factor of x0, yo, and 20. Therefore, by assumption,
e = i1 and gcd(xo, yo) = 1. We may prove similarly that gcd(xo, 2,) =1
and gcd(yo, 20) = 1.

Next let us observe that either x, or yo must be even, for if x0 and yo were
both odd, then x% E y: E 1(mod 4). Thus,

zfi=x§+y351+1=2(m0d4).
As we observed many times before, a perfect square cannot be congruent to
2(mod 4). Thus, either xo or yo must be even. Note that by (2), both cannot
be even since gcd(xo, yo) = 1. Thus, let us assume that x0 is even. Then y.
is odd, and also, since 2% = x3 -+- yfi, we see that 20 is odd. Thus, yo — z.
and yo + 20 are both even, and we see that

n z ._ Mm.
(2) _ 2 2 (3)

Next, note that

gcd(z——_——°2 J’o zo_+_yo)=1, (4)

since any common factor of (20 — yo)/2 and (20 + yo)/2 divides

Zo :J’o + 20 EJ’O = 20

and
zo+yo_zo —J’o =y

2 2 0’

and we have proved that gcd(yo, 20) = 1.
By (3), the product of (20 — yo)/2 and (20 + y°)/2 is a perkct square.

Moreover, since 20 > 0 and y0 > 0, we have (20 + yo)/2 > 0. And from (3),
we see that (20 -— yo)/2 > 0, so that, by (4), (z.J — y,)/2 and (20 + yo)/2 are
perfect squares. Thus, there are integers a and b such that

20— °=b2

Zo+yo_ 22 _a

Solving these equations for y" and 20 gives
yo=a2—‘bz, z°=a2+bzu
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We then obtain from (ink) that x0 = 2ab. Thus, we see that
x = Zabd, y = (a2 — bz)d, z = (a2 + bz)d. (5)

It is a simple matter to check that (5) yields a solution to (l) for any choice
of a, b, d. All the above reasoning is for xo even. If yo were even, then we
would get the same formulas as (5), except that x and y would be inter-
changed. Thus, we have proved the following result:

'l'heorem 1: Every solution of the Diophantine equation x2 + y2 = z2 is
of the form

x = :|:2abd, y = :|:(az — b2)d, z = ;|:(az + bz)d (*)
or of a similar form with x and y interchanged. Conversely, if a, b, d are any
integers, then (*), for any choice of signs, is a solution to the Diophantine
equation.

From Theorem 1, we can deduce a result which will be of use to us in
the next section. Let us first, however, make a definition.

Definition 2: Suppose that (x, y, z) is a solution of x2 + y2 = z2 such that
x, y, and 2 have no common factors greater than 1. Then (x, y, z) is said to
be a primitive solution.

Suppose that (x, y, z) is a primitive solution of x2 + y2 = 22. Let us con-
tinue the notation of Theorem 1. It is clear that d is a common factor of
x, y, z, and thus d = 1. Moreover, if e is a common factor of a and b, then
e is a common factor of x, y, z, and so e = 1 also. That is, gcd(a, b) = 1.
Furthermore, one of a or b must be even. For if a and b are both odd, then
2 is a common factor of y and 2, which means that 2 |zz — y2 = x2, so that
x is even, which contradicts the primitivity of the solution (x, y, 2). Suppose,
furthermore, that x > 0, y > 0, z > 0. Then we may clearly choose a and b
positive, a > b. Thus, we have proved the following result.

Theorem 3: Let (x, y, z), with x > 0, y > 0, z > 0, be a primitive solution
of the Pythagorean equation. Then there exist positive integers a, b with
pd(a, b) = 1, one of a, b even, a > b, such that either

x=2ab, y=a2—b2, z=a2+b2,
or the corresponding formulas hold with x and y interchanged.

6.2 Exercises

1. Write down five different primitive Pythogorean triples.
2. Find all solutions of the Diophantine equation x2 + 4y2 = 22.
3. Find all angles 0 such that sin 0 and cos 0 are rational numbers.
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**4. Find all solutions of the Diophantine equation 5x2 + ly + my =
z2 + 22 + l.

*‘ 5. Find all solutions of x2 + y2 = z‘.
6. Show by induction on n that for all n 2 l, x2 + y2 = 2" has an infinite

number of solutions for which xyz .750.
7. Show that x2 + y4 = 22 has an infinite number of solutions for which

xyz =/—- 0 and gcd(x, y) = 1.
8. Let n 2 3 be given. Show that there is a Pythogorean triple (x, y,z)

such that one of x, y, z is n.

9. Determine all right triangles with sides of integral length such that one
leg differs by 2 or 3 from the hypotenuse.

10. Find all solutions of
(a) x2 + 2yz = z”.
(b) x2 + 5yz = 22.

11. Find all solutions of x2 + py2 = z”, where p is a prime.
12. Show that the Diophantine equation x2 —- y2 = m3 is always solvabb

for x, y given m.
13. Show that the Diophantine equation x2 — y2 = m" is solvable for x, y

for any given m, k 2 3.

14. When is x2 — y2 = m solvable for x, y?
15. For which m is x2 — y2 = m2 solvable for x, y?

6.3 The Equation x4 + y4 = 22

We showed in Section 2 that the Diophantine equation x1 + y2 =z‘
has infinitely many solutions. This leads us naturally to inquire about the
solutions of

x" + y" = z" (n 2 3). (I)
As we mentioned in Chapter 1, Fermat conjectured that (1) has no solutions
in nonzero x, y, 2.

Lemma 1: It suffices to prove Fermat’s conjecture for n = p an odd prime
and n = 4.
Proof: This is Exercise 9 of Section 1. I

In this section, we shall prove Fermat’s conjecture for n = 4. In fact,
since it is no more difficult, we shall prove that the equation

r+w=fi m
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has no nonzero solutions in integers. It is clear that this implies the truth of
the Fermat conjecture for n = 4.

The proof of the theorem makes essential use of the result concerning
Pythagorean triples of Section 2. Of course, if x‘ + y‘ = 2‘, then (x’, y‘, z)
is a Pythagorean triple. Another way of stating the result then is that there
an be no right triangle whose sides all have integral length with the lengths
of both legs being perfect squares.

More important than the result itself is the general method employed in
its proof. It has many applications in number theory. It is called the method
of infinite descent, and goes as follows. Suppose that (x1,y1, 21) is an arbitrary
solution of (2) with zl_> 0. Suppose that from this solution we may derive
another solution (x2, yz, 22) of (2) with 0 < 22 < 21- Then we may of course
derive another solution (x3, y,, 23) of (2) with 0 < 23 < 22 < 2,. Continuing
in this way, we arrive at a contradiction because we cannot have an arbi-
trarily long string of integers between 0 and 21. Thus, there could not have
been a solution in the first place.

We can state the method more precisely. Suppose that (x1, y,, 21) is a
solution of (2) with 21 > 0 least. (If there are nonzero solutions at all, then
there must be one with 21 > 0 least by the well-ordering principle.) Then
from this solution we derive (x2, y,, 22) as a solution to (2) with 0 < z, < 21,
and we immediately have a contradiction.

The proof of the insolubility of (2) is due to Fermat. He wrote out the
proof using his method of infinite descent in another of his famous marginal
notes in his copy of Diophantus’ works. Fermat himself was very pleased
with his method and states, “The proof of this theorem I have reached only
after elaborate and ardent study. I reproduce the proof here, since this kind
of demonstration will make possible wonderful progress in number theory.”
It is a good thing that he did decide to write out his proof. Fermat often
announced his results without giving proofs, thus leaving the proofs to be
supplied by later mathematicians; often their attempts failed and success
only followed arduous efi'orts.

Theorem 2: The Diophantine equation x‘ -+ y‘ = 22 has no solutions in
integers x, y, 2 unless x = 0 or y = 0.

Proof: The proof is long, but all the steps are simple. We suppose that
there is a solution (x, y, z) with x :2 0, y ¢ 0, z > 0, and assume that this
solution is such that z is least. We shall apply Theorem 2.3 twice to derive a
solution with a smaller 2.

The statement that z is least immediately implies that gcd(x, y) = 1, for
if d = gcd(x, y), then d4 lx‘ + y‘ = 2‘, so that d2 [2, which implies that

(auger-
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If d > 1, the last equation would give a solution of x4 + y": z‘ with a
smaller value of 2. Thus, d = 1.

We then see that x2, y”, 2 can have no common factor; that is, they form
a primitive solution of X2 + Y2 = Z2. Thus, from Theorem 2.3, there ale
integers a, b, 0 < b < a, with gcd(a, b) = l and one of a, b even such that

x2 = 2ab, y2 = a2 — b2, 2 = az + b2, (3)
or the corresponding equations hold with x and y interchanged. Since our
original equation is symmetric in x and y, we may assume that (3) holds.

Notice that a is odd, for if a is even, then b is odd, since x, y, 2 have no
common factor > 1, and so

y2 E —b2 E —l(mod 4),
which is impossible. Thus, b is even, and

1,: + yz = a2,

where b, y, a have no common factors (since gcd(a, b) = l), and so form
another primitive solution of X2 + Y2 = Z2. Again from Theorem 2.3 there
are integers u, 22 such that god(u, v) = l and

b=2uv, y=u2—vz, a=u2+vz.
Now

x2 = 2ab = 4u'v(uz + '02). (4)
Since gcd(u, v) = 1, we also have that gcd(u, u2 + v‘) = gcd(v, u‘ + v1) =
1. Thus, all of u, ‘v, u2 + '0’ must be perfect squares; i.e.,

u=r7', 17:32, u2+vz=t2.
Thus,

s4 +- r4 = t2, (5)
and we have another solution to (2).

We need only check that this solution satisfies 0 < t < z with r and a
nonzero. But r = 0 implies that u = 0, which implies by (4) that x =0,
which we have assumed is not the case. Similarly, s at 0. Moreover, since
b at 0 (because x2 = 2ab, x 7': 0), we have

t2 =u2+vz =agaz<az+b2 =2,
and so t < 2. Thus, 2 was not least after all, and Theorem 1 is proved. I

6.3 Exercises

1. Show that (l/x‘) + (l/y‘) = 1/24 has no solutions in integers.
2. Show that (x2 + 1)‘ + (y2 + 2)‘ = (z + 4)2 has no integer solutions.
3. Determine all solutions of the Diophantine equation

(x4 + D4 + yiz = (22 + l)‘.



Sec. 6.4 77!: Equation x2 + yz = n 165

4. Determine all solutions of the Diophantine equation
(x2+yz—2)‘+16=zz. _

5. Show that x‘ + 16 = (y2 + z2 — 2)2 has no solutions in integers.

6. Show that x4 — y‘ = 22 has no solutions in integers such that xyz -/- 0.
7. Show that the following Diophantine equations have no solutions in

integers xyz a": 0. (Hint: See Problem 10, p. 162.)

(a) x4 + 2y‘ = z2
(b) x4 + 5y4 = 22

6.4 The Equation x2 + y2 = n

In this section, we shall answer the following question: Which integers
can be written as a sum of two perfect squares ? (Note: 0 is a perfect square.)
This is the same as asking for those positive integers n for which the Dio-
phantine equation

x2 + y2 = n

is solvable. We shall give a complete solution to this problem. The results of
this section were first given as another of those famous marginal notes of
Fermat in his copy of Diophantus’ works.

Before we begin, let us make a few remarks. First of all, note that 3 can-
not be written as a sum of two squares, and so the above equation is certainly
not solvable for all n. Second, the reader should observe that here, for the
first time, we are using the theory of congruences in a nontrivial way to show
that a given Diophantine equation actually has a solution.

First, let us show how to reduce considerations to the case of n = p a
prime. We start with the following identity:

(xi + yi)(X§ + y%) =(x1x2 + yiJ’z)z + (xiJ’2 _ Yix2)2- (*)
This identity does not look mysterious if you are familiar with complex
numbers. It is simply the statement that the absolute value of the product
of two complex numbers equals the product of the absolute values ofthe two
complex numbers.* In any case, even if you are not familiar with complex
numbers, you may verify the identity directly by multiplying out both sides.

What does this identity do for us? It says, in particular, the folloWing:

Lemma 1: If n and m can both be written as a sum of two squares, then so
can nm.

Example 2: Since 13 = 22 + 3" and 29 = 27' + 52 we know that 13-29 =
377 is a sum of two squares. Indeed, here for n = 13, m = 29 We have x1 = 2,

‘The two complex numbers we have in mind are x1 - «/——ly1 and x2 + M—_lyz.
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y1 =3, x2 =2,yz =5, and so
377 = (2.2 + 3.5)2 + (2-5 — 2-3)2

or
377 = 192 + 42.

It should be clear from Lemma 1 that we should attempt to determim
which primes can be written as a sum of two squares. We first use congruences
in a familiar way to find a negative result.

Lemma 3: Let p be a prime. Suppose that p E 3(mod 4). Then p cannot
be written as a sum of two squares.
Proof: Let us suppose that, on the contrary, we have integers x and y such
that

x” + y2 = p- (1)
Then at2 + y2 E 3(mod 4), which is clearly impossible since a square is con-
gruent to 0 or 1(mod 4). I

We shall now prove the converse of Lemma 3. This is the main and the
most diflicult step in determining which integers can be written as a sum of
two squares.

Lemma 4: Let p be a prime. Suppose that p = 2 or p E l(mod 4). Thenp
can be written as a sum of two squares.
Proof: If p = 2, then p = 2 = 12 + 12, and so this case is settled.

Suppose that p E 1(mod 4). Then by Theorem 3.3.5, we can solve the
congruence

x2 E —l(modp).
Since the integers 0, :|:l, i2, . . . , :l;(p — 1)/2 form a complete residuesys-
tem modulo p, we may, of course, assume that the integer x is one of these
integers. Thus, we have integers x and t, where |x| g (p — l)/2 < p/2, such
that

x2 + l = tp.
Then t > 0, and

_x‘+l (p/2)’+l_p it — p < p — 4 + p < p.

Since 1 = l2 we have shown the following: There are integers x, y, t(y = 1)
such that '

x2+y2=tp and lgt<p. (2)
This is not quite what we need. We need the same statement with t= 1.
We shall show that if t > 1, then t may be reduced in value (by using a differ-
ent x and y). In this way, we obtain (2) with t = 1. (Note the similarity with
the method of infinite descent.)
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Let k 2 1 be the least integer such that kp is a sum of two squares. Thus,
we have integers x1 and y1 such that

xi + yi = kp. (3)
We assume that k > 1 and derive a smaller value of k, and thus we have a
contradiction. We know from (2) that 1 < k < p.

Choose integers x2 and y2 such that

x2 E x1(mod k) and y2 E y1(mod k). (4)

Using the complete residue system 0, i1, :|:2, . . . we may assume that

1x213; and Iyzlslg (5)
Moreover, we cannot have x2 = y2 = 0 since then x1 E y1 E 0(mod k) and
thus x? E yl E 0(mod k2). But then, from (3), we have

kp = x? + yf E 0(mod k”),

which implies that klp, violating the assumption that 1 < k < p. Now
x§ -|—-y§ E x} +y1 E 0(mod k)

using (3) and (4). Thus, there is an m such that
x§ + y2 = km. (5)

Then
2 2m=xzty22L

since one of x2, y2 is nonzero and k > 0. Moreover, by using (5), we have

m S (km2 7: (km2 = %k < k_
That is, l g m < k. Combining (3) and (6) with our basic identity (*), we
have

[‘7s = (xix: +' J’iJ’z)2 + (xiyz — x2y1)2'
Using (4) again, we have

xixz + J’iyz E xi + yl E 0(mod k)
and

xiJ’2 — xzyi E 351.71 — xlyl = 0(m0d k)-
Thus,

mp = (xixz 'I'C‘YIJ’2)2 + (xlyz Z x2y1)3,

where (xlxz + y1y2)/k and (xlyz —— xzy,)/k are both integers. We have now
reached the desired contradiction. Namely, mp is a sum of two squares and
ISm<k. I
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Let us now combine Lemmas l, 3, and 4 to determine precisely whifi
integers may be written as a sum of two squares. First, any perfect squares‘
can trivially be so represented:

s7'+02=sz (x=s,y=0).
Thus, if n is a positive integer, write n = szno, where no has no square factors.
Write no =p1pz - - - 12,, where 171, . . . , p, are distinct primes. Applying
Lemmas 1 and 4 We see that if for each i, p, = 2 or p, E 1(mod 4), then
71 = szplpz - - - p, can be written as a sum of two squares.

Conversely, suppose that n can be written as a sum of two squares. Let us
prove that if we write n = s21;1 - - - p, with p1, . . . , p, distinct primes, then
either p, = 2 or p, E 1(mod 4) for 1 g i g 1‘. Let us reason by contradic-
tion. Suppose that somep, is congruent to 3(mod 4). Without loss ofgeneral-
ity, suppose that pl E 3(mod 4). Then, if x2 + y2 = n, we have x1 +13
E 0(mod p1). Assume that p1 1' y. Then there exists an arithmetic invule
y* of y mod 12,. Then we have (3cy"‘)z E —l(mod p1), so that —l in
a quadratic residue mod 1),, which contradicts the fact that p, E 3(mod 4).
Thus, 121 ,f y leads to a contradiction. Similarly, p1 ,I’ x leads to a contradic-
tion. Thus, we conclude that p1 | x and p1 | y. Thus,

ivilxz +y2 = n = S‘p1---p..
Since 1),, . . . , p, are different primes, we must have p1 ls”, so thatp, Is. Thus,

x 2 y z _ 1 z .. .(a) + (z) — (p1) P1 P:-
Replacing n by n/p§, we see that n/pfi is a sum of two squares and n/p} =

wzpl - - - 12,. By repeating the same argument with n replaced by n/Pl. we
may remove another factor ofpl from w. By repeating this process, we even-
tually arrive at an integer n1 such that n1 is a sum of two squares, say n, =
a2 + b‘, n1 = 02p, - - - 17,, withp1 ,{V 2:. But then, applying the same argument
one more time, we get 111 |v, which is a contradiction. Thus, [71 E 3(mod 4).
(Note that the argument we have just used is another application of infinite
descent.)

We have now completely proved the following result:

Theorem 5: Let n be a positive integer. Write n = szno, where no has no
square factors. Then n can be written as a sum of two squares if and only if
the only prime factors of no are among the primes 2 and the primes p El
(mod 4).

Example 6: 888 = 23-3-37. Thus, 888 = 22(2-3-37). Since 3 E 3(mod 4),
we see that 888 cannot be written as a sum of two squares.
Example 7: 332514 = 2-32-72-13-29 = (3-7)2(2-l3-29). Since 13 E29 E
1(mod 4), we see that 332514 can be written as a sum of two squares. Let Ill
use the identity (*) to actually carry out the computations to get some idea
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concerning its efficiency. In Example 2 we already used (*) to show that
13-29 =192 + 42.

Combining this with 2 = l2 + 12, we obtain
2.13-29 = (19-1 + 4-1)2 + (19-1 — 4-1)2 = 232 +152.

Then finally

2'

332514 = (3-7)2(232 + 152)
= (3-7-23)2 + (3-7-15)z
= 4832 + 3152.

6.4 Exercises

Suppose that gcd(a, b) = 1. Show that if a is not a sum of two squares,
then ab is not a sum of two squares.
Prove that there exist an infinite number of Pythagorean triples using
the results of this section.
Determine whether the following integers can be written as sums of two
squares. In each case determine all possible representations as a sum of
two squares. (Don’t forget to include squares of negative integers.)
(a) n = 3.
(b) n = 5.
(c) n = 49.
(d) n = 60.
(e) = 85.
(f) n = 29.
Using the results of Exercise 3, explicitly represent 85-29 = 2465 as a
sum of two squares.
For n a positive integer, let r2(n) denote the number of representations
of n in the form x2 + y“. Let us agree to count 32 + 52 and 52 + 32,
for example, as difi'erent representations.
(8.) Using Exercise 3, compute “(3), rz(5), r2(49), r2(60), “(85), and

r,(29). ~
(b) Using the identity of the text, show that rz(n) is multiplicative.
(c) Show that for p a prime,

8, p odd and E 1(mod 4),
’20) = {4, P = 2;

0, otherwise.
(Hint: It sufl‘ices to consider the first case. Moreover, it suflEices to
show that there is only one solution of x2 + y2 = p with 0 < x <
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y < p. Let (x, y) and (x,, y,) be two such solutions. Show that
(xy"‘)z E (x,y‘{‘)2 E —1(mod p) and then that x = x1, y = y,.)

6. Show that the Diophantine equation 5::2 + 14xy + my = n is solv-
able in x, y if and only if n is representable as a sum of two squares.

*7. Let n > 0 be given. Determine a necessary and suflicient condition that
x2 + 2yz = n be solvable in integers x, y.

6.5 The Equation x2 + y2 + z2 + w2 = n

In the last section we completely settled the question of which integn
could be written as a sum of two.perfect squares. In particular we observed
that not all integers could be written in this way. Then, can we write every
integer as a sum of three squares? For example, 3 is not the sum of two
squares but 3 = 12 + 12 + 12, and 43 is not the sum of two squares but
43 = 32 + 32 + 52. But, alas, 7 is not the sum of three squares, as is readily
checked. Now 7 = 22 + l2 + l2 + l2 is the sum of four squares. Bachetin
1621 conjectured that every integer is a sum of four squares.

Now we come to yet another of the famous marginal notes of Fermat.
He stated that he had indeed proved the result by his method of infinite
descent. Unfortunately he gave no further indication of how the proof was
accomplished. Later he challenged the other mathematicians of his day to
establish the validity of the result to determine, as he stated, “whether Ivalue
my discovery higher than it deserves.” There is little doubt that Fermat could
prove the result, but it was not for more than 100 years after Fermat’s death
that a proof was finally given in 1770 by the French mathematician J. L.
Lagrange after the great Euler had tried and failed. The result is, in fact,
usually credited to Lagrange, not Fermat.

From our present point of view the proof can be made to parallel quite
closely the proof given concerning the sum of two squares. We first write
down an identity (*) (discovered by Euler) which says that if n and m can be
written as sums of two squares, then so can nm. This identity is not an
obvious application of complex numbers as was the one in the last section,
and its discovery was a substantial achievement.* Its verification, however,
is trivial as one need only multiply out both sides. It illustrates J. E. Little-
wood’s famous comment that any identity is trivial if written down by some-
body else.

With the identity, it suffices to show that any prime p can be written as
a sum of four squares. To accomplish this we first show that a certain
congruence can be solved (Lemma 3) to show that some multiple ofp is a

*It does, however, come from a more recondite system ofnumbers called thequaternionr.
The quaternions, discovered by Hamilton in the mid-nineteenth century, were not known
at the time of Euler.



301'. 6.5 The Equation x2 + y2 + z2 + wz = n 171

sum of four squares. We then show, in a proof that closely parallels the
similar proof concerning two squares, that the smallest multiple of p that
can be written as a sum of four squares is l -p =p and the proof is complete.

We first give the identity:

(xi +}’i + z? + WiXxi +y§ + 2% + W3) =(x1x2 + yiyz + 2122 + Wiwz)2

+(x1J’z — J’ixz + Ziwz — Wizz)z + (x122 "" 21x: + W1J’z —' J’iwz)z (4‘)

+ (xiwz — Wixz + yizz — ZiJ’z)2-
As we noted above, the identity may be verified directly by multiplying out
both sides. Thus, we have

lemma 1: If n and m can be written as sums of four squares, then so can
nm. In particular, if we show that every prime can be written as a sum of four
squares, then we have established that every integer can be written as a sum
of four squares.

Example 2: Since 30 =12 +21+32 +42 and 29 =22+5z =21+ 52
+ 02 + 02, we know that 30-29 = 870 is a sum of four squares. Indeed, here
forn=30,m=29, we have x1 =l,y1 =2, 21 =3, w1=4andx2 =2,
y, =5, 22 =0, wz =0, and so

870 = (2 +10)2 + (5 — 4)2 + (—6 + 20)2 + (—8 — 15)2
or

870 = 122 + 11 + 142 + 232.
We shall now give the lemma on congruences. Its proof is an interesting

and simple exercise in quadratic residues.

Lemma 3: Letp be a prime. Then there are integers x and y such that
x2 + y2 E —l(modp). '

Proof: Ifp = 2, let x = 1 and y = 0. Ifp E l(mod 4), then we know that
(-71) = l, and we may take y = 0 and x as a solution of x2 E —l(mod p).

Finally, the case where p E 3(mod 4) remains. In this case (—71) = —1.

We want to find integers x and y such that
x2 E —(y2 + ~l)(mod p).

That is, we want to find an integer y such that

(—( 2 + 1)) = l.
P

Now 6—0112) = <~—‘><y‘—+-l> = 4w)-P P P
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Thus, we want an integer y such that

<—>=—.
Since the integers y2 are just the quadratic residues mod p, our problem is
now the following: Find a quadratic residue a mod p such that a + l is a
quadratic nonresidue. That is, find a such that (—;-) = 1 and (“T-Id) = -I.

It is obvious that such an a must exist. Indeed, if u did not exist, then

(%)—— 1 implies that (1—:1)=(%)= 1 implies that (2_P+ 1): (%) =1,

and so forth. Then, every integer would be a quadratic residue mod p. We
know that this is not so. I

We may now prove the following theorem:

Theorem 4: Let n be a positive integer. Then n can be written as a sum «1’
four squares.
Proof: By Lemma 1 we may assume that n = p, a prime. If p = 2, than
p =1z +12 + O2 + 02, and so we may assume thatp > 2 and so is odd.

From Lemma 3, we may solve the congruence
x2 + y2 E —l(modp).

Since the collection of integers 0, i1, . . . , :I:(p — l)/2 is a complete residue
system modulo p, we may, of course, assume that the integers x, y are among
these integers. So we have integers x, y, t, where |x |, I yl g (p — l)/2 < p/Z
such that

x2 + y2 + 1 = tp.
Then t > 0 and

t: x2 + y’ +1<(1v/2)z + (p/2)"+1
P P

Since 1 =12, 0 = 02, we have shown the following: There are integers
x,y,z,w,t (2 =1 and w =0) such that

x2+yz+zz+w2= tp and 1<t<p. (I)

We need the statement (1) with t = 1. We again show that if t > 1, then!
may be reduced in value. Or, what amounts to the same thing, we show that
the least value of t that works in (l) is t = 1.

Thus, let k 2 1 be the least integer such that kp is a sum of four squares.
Then we have integers x1, y,, 21, w1 such that

xi+yi+2%+W% =kp- (2)
We assume that k > 1. We then have from (1) that l < k < p.

Choose integers x2, yz, 22, W2 from the complete residue system 0, 1:1,

_L i_2+p<p.
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5:2, . . . mod k such that
x, E x,(mod k), yz E y1(mod k), z, E z,(mod k),

and W2 E w,(mod k). (3)
Then

hug-’21. Iyzl Sig-r Izzl g%, and lw2| g; (4)

Moreover, we cannot have x2 = yz = 22 = wz = 0 since then x1 E y1 E 21
E w, E 0(mod k),pand so from (2)

= x1 +y1 + 21 + ”’1:= 0(m0dkz),
which implies that k|p, violating the assumption that 1 < k < p.

Again it is not possible that 1l = | yzl = |zz| = lI = k/2 since then
I: is even, and so k/2 E —(k/2)(mod k), and thus x1 E y1 E 21 E w1 E
(k/2)(mod k), and so x? E yf E z} E w? E (kl/4)(mod k2), which again
lives by (2)

b=fi+fl+fi+wag+¥+¥+¥=HEWMHL
which is again a contradiction.

Now

Xi +y% +2% + WiExi +y§ +Zi+ wt E0(modk)
using (2) and (3). Thus, there is an m such that

x2+y§+zé+W§ =km- (5)
Further,

_m=X%+y%-II;2%+W%_>_1,

since one of x2, y2, 22, W2 is nonzero and k > 0. Moreover, by (4) and the
fact that not all of Ixz |, | y2 1, [22 |, |w2| can be k/2, we have

MWYWWYWHWLk.
That is, l S m < k. Combining (2) and (5) with our basic identity (*), we
have

kzmp = A2 + 192 + C2 + D2,
where A, B, C, D are the four terms on the right-hand side of (*). Using (3)
min.

A = xlxz + ylyz + 2122 + wlw2 E xf + y? + z? + w} E 0(mod k)
and

B = 351?: — J’1xz + zrwz — W122 E x1J’1 — Y1x1 + zlwl — W121 —=— 0
(mod k)
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and similarly C E 0(mod k) and D E 0(mod k). Thus,
_ A 2 B 2 C 2 D 2

"'1’ — (I) + (7) + (r) + (r) ’
where A/k, B/k, C/k, D/k are all integers. We have now reached the desild
contradiction. Namely, mp is a sum of four squares and l g m < k. I

6.5 Exercises

1. (a) Represent 5, 7, and 11 as sums of four squares.
(b) Use the identity of the text to represent 5-7 and 7-11 as sums of

four squares.
2. Let r4(n) denote the number of representations of n as a sum of font

squares. Let us agree to count the order of the squares in such a repre-
sentation. Thus, r,(l) = 8, corresponding to .the eight representations
1=(il)z+02+02+02=02+(:l:1)2+02 +02 =02+01+
(:|:1)z + 02 = 02 + 02 + 02 + (3:1)?
(a) Compute “(5), r4(7), and r4(10).
(b) Show that r,(n) is multiplicative.
(c) Show that the formula

r4(n) = 8 dii;
holds for n = 5, 7, 10. (This formula is due to Jacobi. For a proof,
see Hardy and Wright, The Theory ofNumbers, Oxford University
Press, Inc., New York, p. 314.)

3. Show that if n E 7(mod 8), then n is not the sum of three squares.
Complete the following outline to give another proof of Lemma 3:
There are (p + 1)/2 distinct residue classes ofnumbers x2 and (p + l)fl
distinct residue classes of numbers —(y2 + 1) so there must be an x, y
such that x2 E —(y2 + 1)(mod p).

6.6 Pell’s Equation: x2 - a’y2 = 1

Let us now discuss the equation x2 -— :sz = l, which is known in the
literature as Pell’s equation. Here, we assume that d is a given positive integer.
There is one case of Pell’s equation which is trivial. Namely, suppose that
d = a2 for some integer a. Then

1 = x2 — dy‘ = x2 — azyz = (x — ay)(x + ay),
which holds if and only if x — ay = i1, x + ay = i1, which is equivalent
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to x = i], y = 0. Thus, henceforth, let us always consider Pell’s equation for
d > 0 not equal to a perfect square. We shall prove that if dis not equal to a
perfect square, then Pell’s equation has an infinite number of solutions. We
shall prove this fact, as well as give a fairly explicit description of all the
solutions. We shall see that the most diflicult part of obtaining such a de-
scription is determining one solution of Pell’s equation other than ($1, 0).
From one solution other than (i1, 0) we shall show how to compute infi-
nitely many others. To give the reader a feel for this procedure, let us begin
with a numerical example.

Example 1: Let us find an infinite number of solutions of x2 — 2y2 = 1.
It is clear that x = 3, y = 2 is one solution. Thus, solutions other than
at = i], y = 0 exist. Let x0, y0 be any solution. Then, we assert that x =
3x. + 4yo, y = 2x0 + 3yo is also a solution. Indeed,

’52 _ 2y2 = (3x0 + 4y°)z _ 20350 + 3h)2

= x3 — 2y3 = 1.

For example, if x0 = 3, y0 = 2, then we obtain the solution x = 17, y = 12.
Then, if we set x0 = 17, yo = 12, we find x = 99, y = 70. Continuing in this
way, we obtain an infinite number of solutions of x2 — 2yz = l. The solu-
tions are all different, since the value of y keeps increasing. We shall see
later in this section that there is nothing accidental about the above technique
for generating solutions.

The equation x2 — dy2 = l was labeled Pell’s equation by Euler. How-
ever, this is one instance (among many in mathematics) where a name has
been attached in error to a result and the name was so commonly accepted
in the literature that it stuck. Actually, Pell had little to do with Pell’s equa-
tion. The first mention of the equation seems to date back to Archimedes,
although it is not known what he knew about it. A method fOr solving it
was given by the English mathematician Lord Brouncker in 1657 using what
are called continued fractions. Wallis and again Fermat claimed to have
proved that there is always a solution other than x = i1, y = 0, and Fermat
first noted that there are always infinitely many solutions. As usual, Fermat
did not publish his proof. The first published proof was given by Lagrange
in 1766.

The proof that x2 — dy2 = 1 can be solved for all nonsquare d parallels,
to a certain extent, the proofs given in the preceding sections of the two-
square and four-square theorems. First there is an identity. Then we show
that x2 — dy2 = t can be solved. Next we show, using congruences and the
identity, that we may take t = 1. However, in the case of Pell’s equation,
there are more complications than arose in the preceding sections. For
example, it is not enough to show that we can solve xz — dy2 = t for some
t. We need a t which gives an infinite number of solutions. Moreover, we



176 Chap. 6 A Few Diophantinem

need a new idea to find t. (We solved congruences to get the t in the two-
and four-square theorems.) Both in obtaining the t and in many other analy-
ses concerning Pell’s equation, we must come to grips with the irrariald
number J7. That the arithmetic of irrational numbers should be able to tel
us anything about the integers is far from obvious and the present sectim
as well as Appendix B (where the existence of the twill be shown) will provide
some motivation for the extensive study of irrational numbers of can'-
types which we shall undertake in the second half of this book.

Let us begin our study of Pell’s equation with the identity we promised:

(xi — dyi)(x% — dyi) =(x1xz — dylyz)z — d(x1yz — ylxz)‘- (°)
To verify this identity, merely multiply out both sides. The identity allows

us to draw a similar conclusion to the ones we drew in the two- and four-
square problems (Lemmas 4.1 and 5.1). Namely, if (x1, y,) and (x,, y,) are
both solutions of x2 — dy2 = 1, then we may obtain another solution (x,, y,)
by the formulas

x3 = xixz — dJ’1J’2: ya = 351?: —y1xz-

For example, if d = 2 and x1 = 3, y1 = 2, x2 = 99, and yz = 70, then we
see that x, = 17, y, = 12 is also a solution. Thus, (*) allows us to generate
new solutions out of given ones. Let us now turn to the problem of deter-
mining at least one solution (other than x = i1, y = 0). As a first stepia
this direction, let us state a result which corresponds to the results of t]:
previous sections which asserted that certain congruences are solvable.
(Namely, the assertion of Section 4 that p E 1(mod 4) implies that x3 a
—l(mod 17) may be solved, and the assertion of Section 5 that x2 + y‘ a
—l(mod 1)) may be solved (Lemma 5.3).)

Lemma 2: Set B = 2,/ d + 1. Then there are infinitely many distinct pairs
of integers (x, y) such that

Ixz —dy‘|SB-
For example, if d = 2, then B =.2¢7 +- l g 4, so that 1emma2assert|

that there exist infinitely many pairs of integers (x, y) such that lac2 — 2y‘l
g 4. Of course, the lemma has little interest in itself, since we shall prove
that x2 — dy2 = 1 has an infinite number of solutions, which clearly implies
the lemma. However, the lemma is a technical device to get to this point.
To prove the lemma, some quite new ideas are needed, mainly concerning
the approximation of irrational numbers by rational numbers. To put these
ideas in the proper context, let us not interrupt our study of Pell’s equation
to discuss them at this point. Rather, let us postpone the proof of Lemmaz
until Appendix B and let us immediately show how Lemma 2 implies that
Pell’s equation has an infinite number of solutions.
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There-I 3: Let d > 0 be a nonsquare. Then the Diophantine equation

— dy2 = l (1)

Ins an infinite number of distinct solutions in integers x, y.

Proof: By Lemma 2, there are infinitely many pairs of integers (x, y) such
that Ixz — dy‘l g B, where B = 2J7 + 1. Since there are only a finite
number of integers k such that [k] < B and since each of the numbers x2—
Jy’ are integers, there is an integer k such that there are infinitely many pairs
of integers (x, y) with

— dyz = k. (2)

I“: = 0, then d = (x/y)‘, contradicting the fact that d is not a perfect square.
(Why is x/y an integer?) Therefore, k at 0.

Let us now look at the solutions (x, y) to (2) modulo lk |. For any integers
x, y there are integers a, b such that 0 _<_ a, b < |k| and such that x E
a(mod lk |), y E b(mod |k |). There are only k2 possibilities for the pair (a, b).
Thus, since (2) has an infinite number of solutions, we see that we can find
a, b such that infinitely many solutions (x, y) of (2) satisfy x E a(mod |k I),
y E b(mod |k|). For any pair (x,, y,), (x2, yz) of these solutions, we have

—dyi =k, xi-dyi =k
and

x1 E a E x2(mod |k|), y1 _=_ b _=_ y2(mod |k|). (3)

Using our basic identity (*), we obtain

k2 =(x1xz '_ dyiJ’a)2 _ d(x1y2 " yixz)z-
However,

xixz _ dyiyz E xi — dyl E 0(m0d Iki)

xiyz —‘ yixz E xlyl " ylxl E 0(m0d |k|)-
Therefore,

1 = (my _ d(xIJ’2 _y1x2)z
k k ’

so that we get a solution (x, y) to (l), with

3‘12 — 1352.x y:_ xixz — dy1y:_ k ,

Let us fix one solution (x1, y,) of (2) and (3). Since k .-,a& 0, we clearly see that
one of xl or yl is nonzero. Let (x2, y2) run over an infinite set of solutions
to (2) and (3). Then either x; or y; assumes infinitely many values, so that
either x or y assumes an infinite number of values. (Why?) Thus, (x, y) runs
over infinitely many solutions to (1). I
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Let us now give a technique for generating infinitely many solutions If
(1). For this purpose, we require the following two identities:

(x1 + x/jJHs + x/jyz) =(x1x2 'l' dy1y2)+ fiO‘ih + .71l 00
(x1 ”" JVyIs — iz) =(x1x2 + dyiyz) — fiO‘iJ’z +J’ixz)'

The import of these identities is that the product of two numbers of the for-
x + «/ dy (respectively, x — ./ dy) is again a number of the same form.

Suppose that x1 and y1 are integers. Then, by using (M) repeatedly, I!
see that

(x1+~/—‘TJ’1)"=x;-+~ dyu (0

for integers x,, and y,. In fact, since for n 2 2 we have

(351 + V dyi)" = (x1 + V £00061 + V (1)5)”-1

: (x1 + V dy1)(x -1+ J-d—yu-l),
(H) implies that

x, = xlx -1 + dyad—1, y» = xiyfl + M —1- (5)
Similarly,

(x1 — «/ dy;)" = x" — «/ dyn,
where x, and y, may also be computed from x1 and y1 using Eq. (5).

Lemma 4: Suppose that n > 0 and that (x1, y,) is a solution to Pell’s equa-
tion x2 — dy2 = 1. Let x,‘ and y,, be defined by the condition

(x1 + ’V dylyI = x» + N dyn'

Then (x,,, y”) is a solution of x2 — dy2 = 1.
Proof: We have

(351— «/ dyi)" = x» — IV dyn:

x3. — dyi = (x, + #77a — fly")
= (x1 + fiyl)"(x1 _ fiyl)"

=((x1 + fihxxi —' £370)" V

= (xi — dyi)" =1” = l- I

so that

Example 5: Again consider at2 — 2y2 = 1. Set x1 = 3, yI = 2. Then we
define x,I and y, by

xn + fly»! = (3 + 2m"!
so that

(3+2m2=17+12fl

(3 + 2fl)’ = (17 +12«/7)(3 + 2m = 99 + 70«/7,
which yield the solutions (17, 12), (99, 70) given in Example 1. Note that the
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formulas of Example 1 are precisely the relations (5), namely for n 2 2,

xn=3xu—1+4yn-la yn=2xn—1 +3yn-l'

For n = 2, we see that

9‘2 = 3x1 + 4Y1, Y2 = 2751+ 3%
is a solution of (l) for any solution (x1, y,) of (1).

Now that we have a machine for generating solutions from a single solu-
tion, let us find all solutions. First, note that if (x, y) is a solution, then so is
(ix, :by) for any choice of signs. Therefore, it suflices to determine all those
solutions for which x 2 0, y 2 0. Moreover, it is trivial to see that the only
solutions for which either x or y is zero are (d: 1, 0). Thus, it suflices to deter-
mine all those solutions for which x > 0, y > 0. Such solutions are called
positive solutions. Let us find a simple way of determining whether or not a
solution is positive.

[ma 6: Suppose that (x, y) is any solution of x2 — dy2 = 1. Then (x, y)
is a positive solution if and only if

x + J7y > 1. (6)
Proof: Ifx>0andy>0,thenx21andy21,sothat

x+fiy21+fi22>r
Conversely, suppose that (6) holds. If one of x or y is zero, then (x, y)

= (i1, 0) for which (6) does not hold. Thus, assume that x 7': 0, y 7/: 0.
Let us consider four cases for x and y.

Case 1: x < 0 and y < 0. In this case x + J7y < 0 and (6) does not
hold.

Cue-2: x>0andy<0. Inthiscase,x— A/7y21+ ./ d >1,sothat
by (6) and (l), we have

1=xz —aryz =(x—J7y)(x+ ./dy)>1-1 =1,
which is absurd.

Case3: x < 0 and y > 0. Then —x+ ,/ dy >1, and again by (6) and
(l), we have

—1 = —x= +dy2 =(—x+fiy)(x+fiy)> 1-1 = 1.
which is also absurd.

Thus, the only possible case is x > 0 and y > 0. I

Let us now tell the complete story about the solutions to Pell’s equation
We know that the equation x2 — dy2 = 1 has at least one solution (x0, yo)
in integers with x0 -7'—' 0, yo 7b 0 by Theorem 3. Moreover, since (:lzxo, iyo)
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is also a solution for any choice of signs, we see that there is at least oi
positive solution, say (x’o, y’o). SetM = x1, + ./ dy{,. If(x,, y1)is any positive
solution of x? — dyi = 1, then the condition

3‘1 + fl—y1 S M (7)
implies that xx g M and y1 g M. Thus, in particular, there are only finitely
many choices for x1 and y,. Let us choose the positive solution (x,, y.) fa
which x1 + J?y1 is least. This is possible since (1) has only finitely many
positive solutions. Call (x1, y,) the fundamental Solution of Pell’s equation.“
We may now state our main result on Pell’s equation.

Theorem 7: Let (x1, y,) be the positive solution to Pell’s equation for wh'nh
x1 + ,/ dy1 is least. For each positive integer n, define x, and y, by

x. +.«/7y. = (x1 + A/ db)"-
Then all the solutions of Pell’s equation x2 —— dy2 = 1 are given by

(x, y) = (i1, 0) and (x: y) = (ixm in), (8)

where all choices of signs are allowed. Moreover, all these solutions are
different.
Proof: We know from Lemma 4 that all the (x,, y») of (4) are, in fact, solu-
tions of x2 — dy2 = 1. Let us next prove that the (x, y) in (8) are all different.
From Eq. (5), we see, since x1 > 0, yl > 0, that x, > 0, y, > 0 for all In.
(Use induction.) Thus, no one of (ixw iyn) can be equal to ($1, 0). Thus,
let us prove that all of (ixn, :l:y,,) are different. It clearly suflioes to show
that all of (x,, y") are different since x, > 0, y,I > 0. However, since (x,, y,)
is a positive solution, we have x, + fd—y1 > 1 by Lemma 6. However, if
(x,,, y,,) = (xm, y,,,) with say n < m, then we must have

(x1+ fiyl)" = x» + fly)! = xm + fiym = (x1 + fih)",

so that
(x1 + fiy1)m_n =1,

which is impossible since x1 + fly, > 1. Thus, all the (x, y) of (5) are
different.

Let (u, v) be any solution of x2 — dy2 = 1. Since (i1, 0) are the only
solutions with one of x or y equal to zero, and since if (x, y) is a solution,
then so is (ix, :l:y), we may assume, without loss of generality, that u > 0,
v > 0. Let us show that (u, v) = (x,,, y”) for some n 2 1.

Since (x1,y1) was chosen as the positive solution of x2 — dyz =1 for
which x, + fly, is least, we see that

x1+fiylsu+fiv° (9)
We assert that there is a positive integer n such that

(x1+~/—d_y1)"su+v d'v<(x1 +A/ dyl)"+1- (10)
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Indeed, we have observed that x1 + fly, > 1, so that the powers of x1 +
fly, become arbitrarily large. Thus, there is a largest value of n for which
u+ flu 2 (x1 + A/7y,)". By (9), this largest value of n is at least 1.
Moreover, it is clear that this largest value of n forces (10) to hold.

Let us multiply (10) by (x1 —— fiyl)", which is positive since x1 + A/—d_y1
> 0 and since 1 = x? — dy? = (x1 + J?y,)(x1 — fiyl). Then we see
that

13(“+A/7”)(x1_fiy1)"<x1 +A/7yi- (11)
Recall that (xI —— A/7y1)’I =x,, — fly". Set u1 = ux,l — dvy,, '01 = 'vx,I
— y,u. Then (u + ,/ dv)(x, — "/ dy,)" = u1 + M701. Moreover, a simple
calculation shows that

uf — do? = (u2 — dv2)(x§ — dy}) = 1.
Therefore, (14,, '01) is a solution of x2 — dy2 = 1. Moreover, (11) asserts that

lgui+fivi<x1+fiyr (12)
lfu, + fit), > 1, then by Lemma 6, (ul, 2),) is a positive solution of x2 —

3 = 1. However, if this is the case, then (12) contradicts the way in which
(x., y,) was chosen. Therefore, we must have u1 + M70, g 1. However, (12)
implies that u1 + flu, = 1. Thus,

(u + V d‘vi — M dyi)" =1-
Multiplying both sides of this equation by (x1 + ./ dyl)", we see that

u+A/7'v=(xl+’v dyl)"=xu+fiyn' (l3)

Thus,u—x,, =,\/7(y,,—v).lfy,,— v¢0,wehave
u—n

fi=fls

so that
_ LDC» 2

d—(n—v)’
which contradicts the fact that d is not a perfect square. (Why is (u — x,)/
(y. — u) an integer?) Thus, a contradiction is reached and y,I -— v = 0. Then,
by (13), we have u = x,,, so we have proved that (u, v) = (x,,, y,,). I

Example 8: We again consider xz — 2y2 = 1. We have observed before
that x = 3, y = 2 is a solution. Thus, the least solution (x1, y1) must satisfy

xl+fly133+fl-2<6,
and so x1 3 5 and y1 S 5. It is easily seen that the only pair x, y solving
:I:'—2y2 =1 satisfying0<xg5and0<ygSisx=3,y=2(tryall
the cases). Thus, x1 = 3 and y1 = 2, and so all solutions of x2 — 2y2 = l
are given by x = ix,” y = fly, (and, of course x = i1, y = 0), where

x. + fly. = (3 + «Ff-2)"-
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We observe that we may obtain x,,, y,I recursively from x _ ., y,,_l more euly
by (5):

x» =3xn-l +4yn-l! yn =2xn-l +3yn-l'

Compare this result to Example 1.
It should be pointed out that Theorem 7 allows us to determine all solu-

tions to (1) once we know the least solution. Also from the discussion above,
if we know any solution to (l) with y :72 0, it is a simple task to determine
the least solution. However, in practice, determining a solution to (l) canhe
an arduous task as even for small d’s the least x1, y1 may be very large. For
example, for d = 46, x1 = 24335 and y1 = 3588. We have given no method
for determining a solution. One method does exist, and it is called the method
of continued fractions. The interested reader should see An Introduction to
the Theorylof Numbers, 2nd Edition, by I. Niven and H. Zuckerman, John
Wiley 1966, pp. 151-182.

There is a very simple result that we can obtain now concerning the more
general equation

x2 —- dy2 = k (M)
for fixed integer k. As we have observed many times before, (14) may have
no solutions at all. As a general example, if d = p is a prime, p 1’ k and G?)

= —1, then (14) can have no solutions, as a solution to (14) would give I
solution to

x2 E k(mod p),

violating the assumption that (1,3) = ——1. In the second half of this book

we shall deal with the question of deciding for which k (14) can be solved.
For now we shall settle for the following result:

Theorem 9: If x2 — dy2 = k has one solution, then it has infinitely many.
Proof: If x1, y1 is a solution to (14) and x2, y2 is a solution to (1) then
x = xlx2 + dylyz, y = xlyz + y1x2 is a solution of (14). As x2, y2 ranges
through the solutions of (1) '(there are infinitely many with x2 > 0 and
y; > 0), we easily see that we obtain an infinite number of solutions of (14).

I
Example 10: Since 52 — 2.32 = 7, define x,,, y, (n 2 o) by '

‘ x. + fly. = (3 + fl-zms + J76).
Then for all n 2 0, x3 — 2y} = 7. For example, if n = 1, then

x1= 3-5 + 2-2-3 = 27
y1 = 3.3 + 2-5 =19,

and 272 — 2-19z = 7.
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6.6 Exercises

I. Determine all solutions of x2 — azy2 = n for fixed integers a, n.
Find infinitely many solutions of the Diophantine equation x2 — 3yz =
6.
Compute fundamental solutions of the following Pell equations:
(a) .7:2 —— 8y7- =1.
(13) x‘ - 7y2 = -
(c) x2 — 3y2 = .
(d) x2 — 15yz = .
(e) .7:2 — 17yz =1.
Compute all solutions of the Diophantine equations (a)—(e) of Exercise
3.
Let (x,, y,) be the positive solution to Pell’s equation for which x1 +
./ (Ul is least. For each integer n (positive, negative, or zero), define
x. and y, by

xii + 4/7),» =(x1+ ’V dyl)"’

Then show that all solutions of x2 — dy2 = 1 are given by (x, y) =
(x., y.) and (x, y) = (—x,,, -—y,,). Moreover, all these solutions are
difl'erent.

Let d be a nonsquare integer, and assume that the Diophantine equation
x1 — dy2 = —1 has a solution (x0, yo).
(3.) Show how to determine all solutions of this equation in terms of

the least solution (x, y) for which x + yfi > 1 (a so-called
fundamental solution).

(b) Show that a fundamental solution always exists.
(c) Show that, if (x1, y,) is a fundamental solution of x2 — dy2 = —1,

then upon setting (x1 + yM/Yf)2 = x + yfi, we have that (x, y)
is a fundamental solution for the Pell equation x2 — dy2 = 1.

Show that there exists an infinite number of solutions (x, y) of Pell’s
equation for which y E 0(mod N), N a given integer.
Let 1" be a collection of positive real numbers satisfying the following
three properties: (i) If y,, y, belong to 1", so does ylyz; (ii) if 7 belongs
to 1", so does y“; (iii) there exists an interval containing 1 which con-
tains only finitely many elements of 1". Show that l" is precisely the set
of all powers (positive, negative, and zero) of some element of 1".

We shall derive a formula for the Fibonacci numbers defined as follows:
f0 = 0,f1 = l and inductively for n 2 2,f,, =f,,_1 +f,_2.
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(a) Given any integers a, b and a positive integer n, show there II
integers c, (1 such that

(a + #by‘ = c + #d_

(b) Defining integers c,,, d,I by
l + 21§ " _ l + J?

show that d, =f,, for n 2 0.
(c) Show that

l —fl " _ l —fl<—2—> — c» +—
(same c,,, d, as in part (b)).

(d) Show that
_11+ 5"_l l—fl"_

1’" — 7?‘( 2 ) fl(—2 )
10. (a) Let d > 0 be a square-free integer such that d E 1(mod 4).

Let f(x, y) = x2 + xy + ((1 — d)/4)y2. Show that f(x, y) =1 '
has an _infinite number of solutions. (Hint: Observe that
x + yA/d = (x .— y)+((1+ A/d)/2)(2y) and that f(x.y)=
()6 + ((1 + J7)/2)y)(x + ((1 - «/ d)/2)y).)

(b) Show that if f(x0, yo) = l and x,,, y,' are defined by

xn + l4-.Tdyn = (x0 + fi‘zflyo)u

(n any integer—positive or negative), then x,,, y,' are integers and
f(xn’ y») = 1'

(c) Show that f(x, y) = 1 has a solution x0, y0 such that x. >0,
yo > 0 and that x0 + ((1 + ./ d )/2)yo is least.

(d) Show that with (x0, yo) determined in part (c) and then (x,, y)
determined in part (b), all the solutions of f(x, y) = l are gival
by (x, y) = may.) or (x, y) = (—x.., —y,) (n = 0, :tl, i2, . - J-

Appendix B

Diophantine Approximations

Let us begin by considering the number 7:, which was defined by the
ancient Greeks as the ratio of the circumference of a circle to its diameter.
As we all learned in secondary school, 7: “is” 371. In fact, one state legislature
went so far as to legislate the value of 7: to be 172 (after all, “there is no need
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making math any harder than necessary”). Actually, there is a great deal to
be said for the approximation 272 for 11: which was first given by Archimedes
in 212 n.c. The number

7r = 3.1415926535. . .

is an infinite decimal and so is awkward to use in hand computations. Cer-
tainly one feels more comfortable usinn2,because we feel more comfort-
able dealing with integers (and their ratios), especially with small integers.
Indeed, 377' is the ratio of two small integers (22 and 7) and

7 = 3.142857. . .

is a fairly good approximation of 71: (the difference is 0.00126. . .). It can,
in fact, be shown that ‘the difference I71: - 22] is smaller than the difference
lqz —— pl for all fractions p/q with 1 s q g 105. n, in fact, has another
extraordinary approximation, namely 355/113. This fraction has the property
that the difi'erence | 1131: — 355| is smaller than the difference |q1z — p| for
all fractions p/q with 1 g q g 33,101. It is accurate to six decimal places
(error is less than 0.000000268) as

355
113

These approximations for n are extremely good, in fact better than the
approximations enjoyed by most irrational numbers. How well can we expect
to be able to approximate a real number by rational numbers with small
denominators? Explicitly, let an be a real number and let N > 1 be a fixed
integer. Among all fractions p/q with 1 s q s N, how small can we make
Ia -— p/q I? This will be answered in Theorem 1, but first let us study another
example.

Let us consider the problem of setting up a calendar. The time it takes
the earth to complete its orbit about the sun has been calculated to be 365
days, 5 hours, 48 minutes, and 46 seconds. Since we want our year to have
an integer number of days, we must vary the length of the years. What is an
eflicient method for doing this? Since there are 86,400 seconds in a day, and
5 hours 48’46” equals 20,926 seconds, the actual time for the earth to orbit
the sun exceeds the calendar year of 365 days by 20,926/86,400 of a day.
Thus, the calendar could be corrected by adding 20,926 days at the end of
864 centuries. This obviously is not appropriate. What we need is a rational
approximation of the number 20,926/86,400 which is easier to use to correct
the calendar. It would be convenient to have an approximation p/q with a
small q. Many approximations have been used. In 45 B.C. Julius Ceasar used
the approximation of i by letting 1 year in every 4 have 366 days. This is a
fair approximation and IS incorrect by 1 day in 128 years. The fraction 33; was
proposed by Omar Alkhayami in 1079 A.D. and 18 called the Persian inter-

: 3.1415929203..



186 Chap. 6 A Few Diophantinem

calation. It is more accurate than the Julian intercalation. The calendar we
use works according to the following scheme. There is a leap year in every
year divisible by 4 except those divisible by 100 and not divisible by 400 (e4,
1900 was not a leap year but 2000 will be). This corresponds to approximating
20,926/86,400 by 97/400. This calendar is off by 26 seconds every year. The
advantage of 97/400, over, say, 333 which is closer than 97/400, is that til
corrections can be made in a manner easier to remember. It has, in fact, heal
proposed that the leap year in the year 4000 be omitted and in all succeeding
years which are multiples of 4000. This would make the calendar inaccurate
by only 1 day in 200 centuries.

Before we begin the more formal material of this appendix let us consider
the question of actually determining these good rational approximations.
In the sequel we shall show how well we can approximate but shall give
no method for finding the approximations. There is, in fact, a constructive
method for finding the approximations called continuedfractions. This is a
topic commonly included in elementary number theory books (for example,
I. Niven and H. Zuckerman, An Introduction to the Theory ofNumbers, 3rd
ed. Wiley, 1973.), and we urge the readers to pursue this fascinating subject.

We shall now show how small we can make lat — p/ql. The result is
usually called Dirichlet’s theorem, although it was certainly known to other:
before him.

Theorem 1: Let a be a real number. Let N > 1 be an integer. Then there is
an integer q such that 1 s q s N and

I«——:—I<.+v-
The proof of Theorem 1 relies on a very useful and simpleminded state-

ment which goes under various names such as the pigeon hole principle or the
(Dirichlet) box principle:

Ifwe put N + 1 objects into N boxes, then at least one of these boxes must
contain more than one of the objects.

Some of the results of Chapter 6 could have been proved in this way; for
example, we suggested an alternative proof of Lemma 6.5.3 in Exercise 4
in Section 6.5.

It is convenient to rewrite the conclusion (1) of Theorem 1 in the follow-
ing way:

There is an integer q such that l S q S N and
1lam—pl 37'

Proof of Theorem 1: Consider the numbers 0 = 0-0:, at — [a], 2st — [21],
. . . , Na -— [Not]. That is, consider the numbers ka — [km] for 0 g k S N.
These N + 1 numbers will be our objects. They all lie between 0' and l.
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Divide up the interval from 0 to 1 into N equal subintervals (See Fig. 3-1):
_o 1 1 2 2 3 N—l N_

0—wt0W’ wto'fi! wtOW, ..., N toW—l.

|—+—|—'l—|—|——|
0 Vs ’/. 3/6 “/5 5/6 l

FigureB-1.N=6.

These N subintervals are the boxes. There are N of them, and so two of the
numbers ka — [km] (0 g k g N) must lie in the same subinterval; that is,
they can be no farther apart than 1/N. Say these two numbers are not — [not]
and mot—[mat], where Ogn<mgN. Setq=m—n andp=[moc]—
[n]. Then

Iqa—p|=l(na—[nu])—(mac—[ma])lsjlv—-
Moreover,q=m—ngmgN,andq21,sincem—n>0. I

Corollary 2: There are an infinite number of integers q 2 l and p such that
p la—— <—- 2‘ q l—q2 0

Proof: It is an easy exercise to prove the result if a is rational. Thus, we
assume that at is irrational.

Setting N1 = 1 in Theorem 1 we obtain p1 and q1 (= 1) such that

1 _ i.
_ q1N1 4%

Since a is irrational, lqlm —- ml at 0, and so we may choose N2 such that
1
m<q“—Pll- (3)

Then, by Theorem 1, there are integers p2, qz such that l g qz g N2 and

lac—fl < l <iz-
g: _ QzNz _ qz

Thus, by (3) 1s epzl s 1/N2 < Iqlm —-p1|, and so 012,122) is diflerent
from ((11,111) Again at is irrational, and so lqzoc —— pg] 72 0, and we may
choose N, so that

l
E<|qzu —Pz|-

By Theorem 1 we can find integers p3, q3 such that 1 s q, 3 N3 and
p, 1 la — — < < —-

I 43 — qa — 43'

Also. Iqaa—paISI/Na<|qza—pz|<|qta—pll, and so (qua) is
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different from (qz, p2) and (q1, p1). Continuing in this way (induction) we
construct an infinite number of solutions to (2). I

Example 3: We observed before that
22 _ 1ln—T —0.00126...<fi

and that
355 1In — ml 3 0.000000268 < 113,-

Moreover, by assuming the statement that [77: — 22| is smaller than
|q7t — p| for any other fraction p/q with 1 s q s 105, we see from Theorem
1 with N = 105 that we must have

22 1 _’n—TlgW—0.0013605...,
which is close to the true order of magnitude of the difference.

The next question we pose is whether we can do better than (2). For
example, can we guarantee that there are an infinite number of integers q,p
such that lot — p/ql < l/q3 or some other function of q smaller than l/q’.
The answer is no in the sense that there are irrational numbers a such that

Mae 0
for all q, p. However one can show that loc— p/ql g l/«/'5'qz alwayshasan
infinite number of solutions; this is called the Hurwitz theorem and cannot
be proved here. We shall give an illustration of (4) in the next example, which
will lead into the main topic of this appendix, namely the proof of Lemma
6.6.2.
Example 4: Let as = fl. Given any integers q 2 l and p, we havep - qa
¢ 0 and p + qac =/—‘ 0. Thus,

(p — ap + qua) =122 — 24' v2 0-
(This, of course, was observed in Section 6.6.) Observe that if n is a nonzero
integer, then [nl 2 1. Thus,

lslpz — Zqzl =|qa —p|lqa+pl-
If la — p/ql g l/q”, then lqa — pl g l/q. Therefore, since q 2 l and a > 0,
we would have p > 0 and p g qa + (l/q). Thus,

11SIa¢—p|lqm+p|£|qa—pl(qa+ qa+7)SIqa—pl-(3q)
forq 2 3. Thus forq2 3, we have

1Iqoc—pIZE:
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so that
_1_.
3q2

Exploiting the idea of Example 4, we shall prove Lemma 6.6.2.
la-llz9

Lemma 5: Let B = 2,./ d + l, where d is a positive integer. Then there
exist an infinite number of integers x and y such that

Ixz —dy‘lSB.
Proof: From Corollary 2 we have an infinite number of integers x and y
such that y 2 l and

WT: —xls%~
Thuslfi-x/yls 1/y‘andlx/ylsvd + l/y‘sfi+ 1.Finally.

IX’-d.v‘|=|y«/d —x|ly«/d+xISIl—~‘:,+x|

=|fi+§|sfi+|§lsfi+fi+1=n l

Exercises

1. Let a” a2, a3, a4, a5, a6 be integers, not all zero, such that la,| g A for
l g 1' g 6. Show by the pigeon hole principle that the linear equations

alx + azy + a,z = 0

“4-75 + asy + 052 = 0

have a solution x, y, z with at least one of x, y, z nonzero such that

l, lyl, IZI S 72A“.
2. Generalize Exercise 1 to a system of linear equations in more variables

as follows: Let
a11x1+ +alnxu=0

aux: + +4.36. =0
be r equations in n unknowns with n > r and with a" integers and
Iaul g A for all i, j. Then there are integers x1, . . . , x,, not all zero,
such that

|x,| g 2(2nA)'/"‘"’ (l g i S n).
3. Let at be a rational number. Show that [got — pl < l/q has an infinite

number of solutions in integers q, p.
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Let d > 0 be a nonsquare integer. Show that there is a constant C
(depending on d) such that

lewd —pl>%

for all integers q 2 l and p.
Use the pigeon hole principle to prove the following result of Dirichbt.
Let a1, . . . , as, be real numbers. Show that there is a constant C > 0
such that for all integers B 2 1 there are integers q, pl, 11;, . . . , p. such
that

Iqai—pxlspf; (1 gign, 1 gq).

Deduce from Exercise 5 that the inequalities lqa, —- p,| < C/q"'
(l g is n) have an infinite number of solutions in integers q2 1,
pl, . . . , p," for some constant C > 0.
A famous result of Thue says that there are only a finite number of
integers q, p such that

l
[q — P] < W5.

Use this result to show that the Diophantine equation
x3 — 2}:3 = 1

has only a finite number of solutions.



Introduction to
Chapters 7—11

In Chapters 1-6, we developed the most elementary facts about the inte-
gers and have used those facts to study a variety of Diophantine equations.
In particular, in Chapter 6, our study included the equations

x2 + y2 = n (1)
x2 — dy2 = l, (2)

associated with the names of Fermat and Pell, respectively. The reader may
have noted in the first 6 Chapters that the methods used to solve Diophantine
equations vary from equation to equation. Therefore, it seems reasonable to
ask if there is some uniform method for solving all Diophantine equations.
It has recently been proved that no such method exists (using the methods
of logic).* Thus, this problem has a definitive, but very unsatisfactory, solu-
tion. Suppose that we restrict the problem to a smaller class of Diophantine
equations. Can a uniform method then be obtained? In some cases, certainly.
Take, for instance, all linear equations of the form ax + by = n, which we
solved in Chapter 2. Our method there was a uniform one, based on the
Euclidean algorithm. Are there other classes of equations which can be

‘The problem offinding such a method was proposed by David Hilbert in 1900 and has
recently been settled by the combined efi‘orts of Martin Davis, Hillary Putnam, and Julia
Robinson, with the final step being taken by the Russian mathematician Matiyashevich in
1970.

191
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handled? For example, let us consider the class of all quadratic Diophantil
equations of the form

ax2+bxy+cy2=n. (3)
This class contains Eqs. (1) and (2) as special cases. As we have seen, fl!
solutions of (1) and (2) are quite different. For example, (1) has only a finite
number of solutions, whereas (2) has an infinite number. Therefore, any uni-
form method for solving (3) must be quite sophisticated in order to detect
the difference between Eqs. (1) and (2). It is our plan to take up the study of
the family of equations (3) in the rest of this book. As we shall see, the theory
of these equations is much more complicated than that for linear equations,
and there are still simple questions about equations of the form (3) which
defy solution. However, we shall go a long way in the study of quadrati:
Diophantine equations in two variables. For example, we shall give an algo-
rithm for determining all solutions of (3) when a, b, c, and n are given.

Although scattered results about quadratic Diophantine equations (cg,
Eqs. (1) and (2)) had been given in the seventeenth and eighteenth centuries
by Fermat, Euler, Lagrange, and others, the first systematic attempt at
tackling the general equation (3) was undertaken by Gauss in 1799 in his
Disquisitiones Arithmeticae. His results are some of the greatest achievement
in the history of the theory of numbers. Gauss not only organized centuries
of number-theoretic thought into a coherent subject; he charted the course
which has guided number-theoretic research up to the present time. In
Chapters 7—1 1, we shall undertake an exposition, in suitably modern language,
of Gauss’ results on quadratic Diophantine equations.

The revolution in number theory which Gauss began centered on a sys-
tematic use of irrational numbers, such as fl, fl, A/——5, and fl.
At first, it may seem philosophically troubling that one can get new and
interesting results about the integers by using numbers which are not integer:
and which seem to have little if any connection with the integers. Neverthe-
less, there is a deep connection. The basic idea is to introduce certain “gen-
eralized integers” and to study the properties of these integers. In turn, theIe
properties yield information about Diophantine equations.

A second independent thread in nineteenth-century number theory was
the work of Ernst Kummer on Fermat’s Last Theorem. Kummer thought
that he could prove Fermat’s infamous conjecture by using properties of
certain generalized integers formed from roots of unity. It turned out that he
was in error about the properties of the generalized integers, and so his
alleged proof was false. However, his later attempts to resurrect his proof
led him to study the generalized integers in a very deep way and led him to
the invention of ideals or ideal numbers.

Finally, it was Dirichlet and Dedekind who fused Gauss’ work on quad-
ratic Diophantine equations and Kummer’s work on Fermat’s last theorem
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into the field now known as algebraic number theory. It is our purpose in
Chapters 7—11 to give an introduction to algebraic number theory for what are
filled quadratic number fields. This should be enough to give the reader a
taste of what this beautiful branch of number theory is about and give him
the background to read further if he is so inclined.

We shall organize the rest of this book as follows: Chapter 7 will be
devoted to the study of one system of generalized integers, the Gaussian
integers. We shall see that we are naturally led to consider the Gaussian
integers from the Diophantine equation x2 + y2 = n. In Chapter 8, we shall
build on Chapter 7 and study the general theory of quadratic numbers and
give the algorithm for solving Eq. (3) mentioned above. In Chapter 9 we
shall complete our theory of quadratic integers, deriving a certain type of
unique factorization theory. In Chapter 10 we shall apply this theory to
certain Diophantine equations other than (3) and outline how the theory
generalizes to cubic and higher-degree numbers. Finally in Chapter 11 we
shall give a systematic account of the theory of determining the integers
n for which (3) can be solved (for a fixed a, b, c). ,

Throughout the rest ofthis book, lowercase italic Roman letters will always
denote rational numbers.

Starting at Chapter 8 we shall assume that the reader is familiar with the
material given in an undergraduate course in abstract algebra (see, for
example, L. J. Goldstein, Abstract Algebra, A First Course, Prentice-Hall,
Englewood Cliffs, N. J., 1973.) and with the most elementary facts concern-
ing vector spaces over the rational numbers.



7
The Gaussian Integers

7.1 Introduction

In Chapter 6, we studied the problem of representing an integer as a sum
of two squares, that is, the problem of determining all solutions of the
Diophantine equation x2 + y2 = .n (for fixed n). Our main result (Iheorem
6.4.5) was a characterization of all positive integers n which are sums of two
squares. Our methods V probably seemed very ad hoc and somewhat un-
enlightening, in that there was little behind them except for a number of
fortuitous accidents and a great deal of algebraic manipulation. In this
chapter, we shall reconsider the two-square problem in a much more natural
setting—the theory of Gaussian integers. By studying the Gaussian integers
and their properties, we shall derive a completely independent proof of the
two-square theorem.

Suppose that n is a positive integer and that x and y are integers such that
x2 + y2 = n. Then, if i denotes the complex number M3, we may factor
x2 + y2 into (x + iy)(x — iy). Thus, we have

(x + iy)(x — iy) = n- (1)
This formula suggests that we look at the set of all numbers of the form

x + iy, x, y integers.
This collection of numbers is called the Gaussian integers. Equation (1)
suggests a fundamental connection between the Gaussian integers and the
problem of representing a positive integer as a sum of two squares.

194
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In this chapter, we shall explore the properties of the Gaussian integers,
with a view toward developing for them an arithmetic similar to that
developed for the ordinary integers in Chapter 2. At the end of the chapter,
we shall return to the two-square problem and shall show how our theory of
arithmetic in the Gaussian integers can be used to give a very natural proof of
Theorem 6.4.5.

Let us begin with a formal definition:

Definition 1: A Gaussian integer is a complex number of the form x + iy,
where x, y are integers and i = A/ —1. The set of all Gaussian integers will be
denoted Z[i].

We shall use Greek letters a, fl, 7, . . . for Gaussian integers.
For example, 1 = l + 0i, 2 + i, and 5 — 3i are all examples of Gaussian

integers. If n is an ordinary integer, then n is also a Gaussian integer, since
u = n + 0-i. We shall see in this chapter that the Gaussian integers possess
most of the arithmetic properties of the ordinary integers. For example, we
shall prove a division algorithm and a unique factorization theorem.

Proposition 2: Let at, 5 be Gaussian integers. Then a + [3, a — fl, and oc-fi
are Gaussian integers.
Proof: Suppose that at = x + iy, fl = w + iz. Then

acifi=(x:|:w)+i(y;|:z)
05-13 = (xw — yz) + i(yw + xz).

The point, of course, is that x :t w, y :1: z, xw — yz, and yw + xz are
integers. I

Note, however, that the quotient of two Gaussian integers is not usually a
Gaussian integer. For example,

1 l _ l — i l —i 1 1
1+i=l+i l——i= 2 2 it

On the other hand, for certain Gaussian integers at, Ila is a Gaussian
integer. For example,

i=4.1

If x is an ordinary integer with the property that l/x is an integer, then
x = :|:l. However, we have just seen that there are other Gaussian integers
with this property.

Definition 3: Let at be a nonzero Gaussian integer. If Ila is a Gaussian
integer, then a is said to be a unit.
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From what we have said above, we see that :I:l, ii are units of Z[i]. We
shall come to the arithmetic significance of units later in the chapter.

Let us recall a few facts about complex numbers. Ifa = x + iy, x, y reel,
is a complex number, then the complex number a’ = x — iy is called tln
conjugate of at. We shall denote the conjugate of at by at’ rather than the more
customary do in order to make our notation easily adaptable to the setting!
more general quadratic fields, which we shall study in Chapter 8.

If a = x + iy, x, y real, is a complex number, then the absolute value ofa.
denoted lot I, is given by

lat! = MW
= A/m’.

For our purposes, it is more convenient to use the square of | a] rather than Ial
itself. Let us define the norm of a, denoted N(at), by

Mac) = In I2
= x2 + ya

= aa’.

A few elementary properties of the norm are summarized in the following
result:

Proposition 4: Let a, ,3 be complex numbers.
(i) N(a) is a nonnegative real number.
(ii) N(ac) = 0 if and only if at = 0.
(iii) N011?) = N(a)N(fl).
(iv) If a is a Gaussian integer, then N(a) is an ordinary integer.

Proof:
(i) Let a = x + iy, x, y real. Then N(a) = x2 + y2 is a nonnegative

real number. In case at is a Gaussian integer, N(a) is an ordinary integer,
whence (iv).
(ii) N(a) = 0 if and only ifx = y = 0.
(iii) NW3) = («may = (dfiXa’fi’) = (aa’Xfifi’) = N(oc)N(fi)-

(Here we have made use of the elementary property of complex conjugation:
(WY = W35) I

The student should view the norm of at as measuring the “size” of a, in
much the same way that the usual absolute value for real numbers measures
the size of a real number. Let us apply the notion of a norm to find all units
in Z[i].
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Reposition 5: Let a be a Gaussian integer. Then at is a unit if and only if
N(¢) = 1.
Proof: First note that at is a unit if and only if 1/0: is a Gaussian integer.
Thus, if at is a unit, both N(a) and N(l/a) are ordinary integers by Proposition
4, part (iv). But then by Proposition 4, part (iii), we have

1 1 _ _N(a)N(7) = N( ~ 7) _ N(1) _ 1,
so that Mac) = ;|:1. But since N(ac) 2 0 by Proposition 4, part (i), we have
N(¢) = 1. Conversely, suppose that N(ct) = 1. Then om’ = l and at’ = 1/06.
But if a = x + iy, x, y integers, we then have at’ = 1/0; = x — iy, and so 1/0;
is a Gaussian integer. I

Theorem 6: The units of the Gaussian integers are i1, ii.

Proof: Let at = x + iy be a unit of the Gaussian integers. Then by Proposi-
tion 5 we have

N(ac) =x2 +y2 =1.
But since x and y are ordinary integers, the only solutions to the last equation
are (x, y) = (i1, 0), (0, i1), corresponding to a = :I:l, ii. I

7.1 Exercises

1. Let d be an integer which is not a perfgt square and let S, denote the
set of all numbers of the form a + b,/ d , where a, b are integers.
(a) Show that the sum, difference, and product of elements of S,

belong to S,.
(b) A unit ofS, is an element 1] ofS, such that 1/1] belongs to S,. Show

that r] = a + bfiis aunit ofS,ifand only ifaz — bzd = 31:1.
(0) Let d < 0. Show that S, contains only a finite number of units.
(d) Let d > 0. Show that S, contains infinitely many units.

2. Refer to Exercise 1.
(3) Determine all units of S_,.
(b) Determine all units of S_,.

3. Prove that the units of S2 are precisely the numbers :l:(l + fl)", n
any integer. (Hint: Refer to Theorem 6.6.7).

7.2 The Fundamental Theorem of Arithmetic in
the Gaussian Integers

Let us now try to build up a theory of divisibility and unique factorization
for the Gaussian integers. With only small changes in detail, we shall parallel
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our discussion after the corresponding discussion for the ordinary integelt
Let us start with the notion of divisibility of Gaussian integers.

Definition 1: Let at and )3 be Gaussian integers. We say that a divide: p (a
at is a divisor of )3), denoted at l [3, if there exists a Gaussian integer 7 such that
[3 = any. If on does not divide B, we write a 1’ ,3.

Note that since every ordinary integer is a Gaussian integer, if a and b It!
ordinary integers and if a divides b (in the sense of divisibility defined in
Chapter 2), then a divides b in the sense ofDefinition 1. Thus, our two uses of
“divisibility” are consistent and cannot lead to confusion.

Example 2:
(i) lla for every Gaussian integer at.

(ii) Since (2 + i)(3 — i) = 7 + i, we have 2 + i|7 + i.

In looking over our development of the results in Chapter 2, we can
hardly fail to notice the central role played by the division algorithm. Let us
now prove an analogue for the Gaussian integers. The division algorithm for
the ordinary integers asserts that if a and b are integers, b 72 0, then we can
divide a by b to get a quotient q and a remainder r such that the remainder is
small compared to [b I. Specifically, a = qb + r, where 0 g r < |b I. It is clear
what we mean by quotient and remainder in the Gaussian integers. But what
do we mean when we require that the remainder be “small compared to lb I”?
Recall that we measure the size of Gaussian integers by their norm. Thus, we
can phrase the division algorithm for the Gaussian integers in the following
form:

Theorem 3 (division algorithm): Let at, [9 be Gaussian integers, p at 0.
Then there exist Gaussian integers y, 5 such that

on = fly + 6
and 0 g N(6) < N03).

Proof: Let on =‘a + bi, fl = c + di where a, b, c, d are ordinary integers.
Then

a_a+bi.c—di_ac+bd bc—ad._ .
T—c+di c—di_cz+d2+cz+dzl_e+fi’

where e andfare the rational numbers

e_ac+bd f_bc—-ad.
—c‘+d2’ _c2+d‘

There exist ordinary integers g, h such that

Ig-eIS%, lh -f|£%-
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Sety=g+hi. Then

%=7+(e—g)+(f—h)i.
so that

a = #7 + {(e - g) + (f - h)i}fi-
Set 6 = {(e — g) + (f — h)i}fl. Then at = fly + 6, and since y is clearly a
Gaussian integer, we see that 6 = or — fly is a Gaussian integer. Moreover,

N05) = N((e — g) + (f - h)i)N(fi)
= N(fi)-{(e — g)2 + (f — h)‘}
S N(fl){i + i}
= iNO?)
< N03),

since N(fl) at 0 (because I? a": 0). -

One of the fundamental consequences of the division algorithm for
ordinary integers was the existence of gcd’s. Let us make a similar use of the
division algorithm for Gaussian integers. First, however, we must define the
notion of greatest common divisor in the Gaussian integers.

Definition 4: Let at and )3 be Gaussian integers. A greatest common divisor
(god) ofa and fl is a Gaussian integer 7 such that

(i) all: and ylfi-
(ii) If 6 is any Gaussian integer such that 610: and 6 I [3, then 6 I y.

Note that this definition of gcd is almost the same as the one given for the
ordinary integers. The only difference is that for the case of the ordinary
integers we required that the gcd be positive. However, that requirement must
be omitted since there is no way to define what it means for a Gaussian integer
such as 3 + i to be positive. We make a sacrifice for this dropped requirement:
Whereas the gcd is unique in the ordinary integers, it is not in the Gaussian
integers.
Example 5: Let a and )3 be Gaussian integers, y a gcd of a and [3. Then
iy, :lziy are god’s of a and [3 (exercise).

Note from Example 5 that we may multiply a god by an arbitrary unit and
get another gcd. The converse of this statement is also true. (See Proposition
7-)
Definition 6: Let a and )3 be Gaussian integers. We say that a and [3 are
associates if there is a unit 6 such that a = 6/3. In other words, a and p are
associates if a is one of [3, —fi, ifl, —ifi.
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Proposition 7: Let or and B be Gaussian integers not both 0. Then any two
gcd’s of ac and [3 are associates of one another.
Proof: Assume that a -/—- 0. Let y, and y, be two gcd’s ofa and ,8. 'I'hen,using
the definition of a gcd, we see that y, la, y, lfl, y, la, y, l [9, so that y, I7, all!
yz l 3),. But since as is nonzero, we see that y, 7/: 0. Moreover, y, | ya and My.
imply that

72 = rm, 7. = 1172,
for Gaussian integers r], 1. Therefore, 7, = min, and 11}. = 1 (since 71¢ 0).
Thus, 1 = 1/1] is a Gaussian integer, and so 11 is a unit. Thus, since y, = 1”,,
we see that y, and y, are associates.* I

Let us now prove the existence of greatest common divisors.

Theorem 8: Let at, I? be Gaussian integers, not both 0. Then a and fl have I
greatest common divisor.
Proof: Let S denote the set of all Gaussian integers of the form

or}. + [371,
where A, n are Gaussian integers. Since 1, 0 are Gaussian integers, we see that
a = a-1+ [3-0 and fl = a-O + [2-1 belong to S. In particular, Scontains
nonzero numbers. Choose y in S such that N02) is a positive integer which is
as small as possible. (We can find y by applying the well-ordering principle to
the set of norms of nonzero elements of S.) We assert that y is a god of a and
5. Since y is in S, we have

2’ = «lo + flno
for some Gaussian integers lo, 110. Therefore, if 6 l at and 6 I [3, we have
at = 60 and fl = 6;, so that y = 6(0/10 + (no) and 6 | 7. Thus, property (ii)of
the definition of a god is true. To prove property (i), we show that every
element of S is a multiple of y. Then, since as and I} belong to S, this would
imply that y | at and y | [3, which is property (i). We first observe that if E and p
belong to S and 0 is any Gaussian integer, then 6 — 0/) belongs to S. Indeed,
ife = all + fin, and p = a1; + ,a, then

5 — 0P = “('11 — 912) + #011 — 9’12)
belongs to S. Now let a) be any element of S. By the division algorithm, we
may write co = yC + p for Gaussian integers (, p, 0 g N(p) < N(y). By the
above, co and y are in S, so that p = to — yC is in S. But by the choice of 1,
N(p) = 0, and so p = 0 and a) = y(. Thus, every element of S is a multiple
of y. I

*Note that the proof of Proposition 7 yields half of the following useful result: Let
a, B be nonzero Gaussian integers. Then ml)? and Bloc if and only if a and )3 are associatu.
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Corollary 9: Let a, )3 be Gaussian integers, not both 0, and y a god of ac and
fl. Then there exist Gaussian integers r], A such that y = am + 13)..

The reader should note the parallel between the proof of Theorem 8 and
the proof of the corresponding result for the ordinary integers. Let us now
define the notion ofprimes in the Gaussian integers; Note that every Gaussian
integer y has the following divisors: iy, :tir, :|:1, ii (exercise).

Definition 10: A Gaussian prime is a Gaussian integer n, which is not a unit
and whose only divisors are associates of 7c and units. That is, the only
divisors of n are in, fight, :lzl, and ii.

The simplestway to locate Gaussian primes is to use the following easy
lemma:

Lemma 11: Let n be a Gaussian integer such that N(n) = p, an ordinary
prime. Then 1: is a Gaussian prime.

Proof: Suppose that 6 l n. Then 1: = 631 for some y, so that N(tt) = N(6)N(y).
But since N(n) = p, a prime, and since N((S), N(y) are positive (ordinary)
integers, we must have either N(6) = 1 or N(y) = 1. Thus, either y or 6 must
bea unit. Thus, 5 must be one of in, iin (y aunit) or :|:l, ii (6 a unit). I

Example 12:

(i) 2 + i is a Gaussian prime, since N(2 + i) = 5.
(ii) Note that not every Gaussian prime 7: has norm equal to an ordinary
prime. For example, 3 is a Gaussian prime (Exercise), but N(3) = 9.

In Chapter 2, we showed that a primep satisfies Euclid’s lemma. Namely,
ifplab, a, b integers, then either pl a or p I b. A similar statement holds for
Gaussian primes.

Theorem 13 (Euclid’s lemma for the Gaussian integers): Let 1: be a Gaussian
prime, a, 5 Gaussian integers. If n | «)3, then nla or nl 1?.
Proof: Assume that n 1’ [3, and let us show that 7: I a. Since the only divisors
ofn are i1, ii, in, and iin and since 1: )( B, we see that the only possibility
for a god ofa and ,B is a unit. Thus, 1 is a god of )3 and 1: by Example 5. Thus,
by Corollary 9, we may write

1 = 7m + #1.,
so that

a = «(11(1) + (0519))"

But since 1r(nac) and (oi/3)}. are multiples of 1:, so is a. Thus, ala. I
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Let us now try to factor a Gaussian integer into a product of Gaussian
primes. Just as we do not try to factor 0, il in the ordinary integers, we do
not try to factor 0, i1, ii in the Gaussian integers.

Proposition 14: Let y be a Gaussian integer which is neither a unit nor zero.
Then y can be expressed as a product of Gaussian primes.
Proof: Let us proceed by induction on N(7). Since 7 9b 0, i], ii, we see
that My) 2 2. If My) = 2, then 7 is a Gaussian prime by Lemma 11. Thus.
in this case y is a product of Gaussian primes. Thus, assume that My) > 2
and that every Gaussian integer of norm less than N(y) can be written as a
product of Gaussian primes. If y is a Gaussian prime, then y can certainly be
written as a product of Gaussian primes. Thus, assume that y is not a Gaus-
sian prime. Then we can write y = «[9, where neither of a, fl is a unit. Then,
1 < N(a), N0?) < N(y). By the induction hypothesis, we may write

“=n1...fl‘

fl = ”I ' ' ' ”n

where 7:1, . . . ,~7L',, 11,, . . . , n, are Gaussian primes. Thus,
y=afi=fll oo-fl'”l ...’,r

is a product of Gaussian primes. This completes the induction. I

Let us now inquire as to whether the factorization into Gaussian primes is
unique. It certainly cannot be if we interpret uniqueness too strictly. For
example, if y = mum, for Gaussian primes 1:1, 7:2, 1:,, then we can also
write
7 = (—a—fl2)7t3 = (—751)fl2(—753) = (iflrx—flzxifla) = (iflrxflzX—iflah
etc. Thus, we can get many factorizations from a given one just by inserting
units, more or less at will. However, note that in all the above factorizations
the first (respectively, second, third) primes are always associates of one
another. This is the brand of uniqueness which we would expect—uniqueness
up to taking associates. More precisely, we can prove the following analogue
of the fundamental theorem of arithmetic:

Theorem 15: Let y be a Gaussian integer which is neither a unit nor zero.
Then 7 can be written as a product of Gaussian primes. Moreover, if

7:“! 75:='Ii ""It
are two expressions of y as a product of Gaussian primes, then s = t, and,
after possible renumbering of 7],, . . . , 1],, we have that 7:, is an associate of
m, 7:; is an associate of m, and so forth.
Proof: By Proposition 14, we need prove only the second statement. Let us
proceed by induction on N(y). Since 3: is not zero and not a unit, we see that
N(y) 2 2. If N(y) = 2, y is a prime, and the result is clear. Assume that
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N(7) > 2 and that the result is true for all Gaussian integers ofnorm less than
My). Suppose that

7:”! ..'ul=”l cunnn

where 711, . . . , 1:,, 111, . . . , r], are Gaussian primes. Without loss ofgenerality,
suppose that s > 1. Then nllnl 12,, so that flllfh - .. 11,. By using
Theorem 13 repeatedly, we see that it, In, for somej. Let us renumber so that
31h“. But since 111 is a Gaussian prime, this implies that 1:, and m are
associates, say 1], = 71:16, 6 a unit. Then, we have

1M2 --- n‘. = 7:1(612) - -- 71.,
so that

752753 ' ' ' 7‘: = (312)”: ' ' ' ’12- (*)
Since Mn.) 2 2, we see that (since 3 > 1)

1 < News, - - - 1:,) < News, - - - m) = N(y).
Therefore, we may apply the induction to the factorization (as) to get that
J = l = t — l and, upon reordering, that 7:2 is an associate of 112, 7:3 is an
associate of 1],, and so forth. Thus, the induction is completed. I

7.2 Exercises

1. Determine which of the following divisibility relations hold:
(a) 1 + 1'12.
(b) 2 + 3i | 5 — i.
(C) 3l(2 - i)(3 + i)-
(d) 3 — 2i|26.-

2. Use the division algorithm for the Gaussian integers to determine the
quotient and remainder when p is divided by at, where
(a) at=5—2i,fi=6+i.
(b) ot=3+15i,fi=187+46i.

3. Show that every Gaussian integer 7 has the divisors iy, iiy, i1, ii.
Let at and [3 be Gaussian integers. Show that if a: | 3, then N(ac) | N03).
Does the converse hold?

5. Make a table of all Gaussian primes it such that N(1z) g 10. (Hint:
Use Exercise 4.)

6. Let a be a nonzero Gaussian integer which is not a unit or a prime.
Show that there exists )3 l a: such that l < N03) g N(a)‘/3.

7. Using Exercises 5 and 6, factor all Gaussian integers of norm < 10 into
Gaussian prime factors.

8. Prove that there exist infinitely many Gaussian primes.



204

10.
*11.

12.

13.

14.

15.

16.

17.

18.

19.
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By imitating the Euclidean algorithm, devise a computational technique
for computing gcd’s of Gaussian integers.
Find gcd(5 + i,2 — i), gcd(2 + 4i, 6 -— 2i).
Prove the analogues of Theorems 3 and 15 for the set of number!
a + b../—2, a, b integers.

Let at, )3, y be Gaussian integers, y at 0. We say that a is congruent to p
modulo y (denoted a E fl(mod y)) if y‘la — fl. Prove the following
properties of congruences:
(a) If a E [3(mod y), then )3 E «(mod y).
(b) a E «(mod )1) for all at.
(c) If a E fi(mod y) and )3 E 6(mod y), then at E 6(mod y).
(d) If at, E fl,(mod y) and at2 E fiz(mod y), then at, :I: a; E

pi i flz(m°d 1’): 311d “1% E fllfl2(m0d 7)-
Let y be-a nonzero Gaussian integer. Define a complete residue system
modulo y to be a set S of Gaussian integers with the property that
every Gaussian integer is congruent modulo y to exactly one element of
S.
(a) Find complete residue systems modulo 3, modulo 1 + i.

*(b) Show that a complete residue system modulo 7 contains My)
elements.

Let y be a nonzero Gaussian integer. A reduced residue system modulo 1
is a collection T of Gaussian integers such that every Gaussian integer u
for which gcd(ac, y) = 1 is congruent to precisely one element of T. Find
reduced residue systems modulo 4, l — i, 2 + i.

Let 7: be a Gaussian prime. Show that a reduced residue system modulo
7: contains N(7r) — 1 elements. (Note: Exercise l3(b).)
Let 7: be a Gaussian prime, and a be a positive integer. Show that a
reduced residue system modulo 7:“ contains N(1r)“ l(N(7r) — 1) elements.
Let ¢(y) denote the number of elements in a reduced residue system
modulo y.
(a) Show that if gcd(y, at) = 1, then at“) E 1(mod y).
(b) Show that if 7: is a Gaussian prime, 7: ,f at, then «”00” E 1(mod 1).
Let T = {051, . . . , 05,} be a reduced residue system modulo the Gaussian
prime 7;. Show that

at, - - - on, E —1(mod 1:).
(This is the analogue of Wilson’s theorem for Gaussian integers.)
Let y be a nonzero Gaussian integer, and at be a Gaussian integer
such that gcd(a, y) = 1. Show that there exists a Gaussian integer u'
such that am" E 1(mod y).
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20. Find necessary and suflicient conditions that the linear congruence
ax E fi(mod y) be solvable for Gaussian integers x.

21. Solve the linear congruences
(a) 2): E l —- 2i(mod 3).
(b) 3x E 1(mod 1 — i).

22. Solve the Diophantine equation 2x + (2 + i)y = 11 — 31' in the
Gaussian integers.

23. Find a necessary and sufiicient condition that the Diophantine equation
ax + fly = y be solvable in the Gaussian integers.

24. State and prove an analogue of the Chinese remainder theorem for the
Gaussian integers.

‘25. Use Exercises 16 and 24 to prove that the number of elements ¢(y) in a
reduced residue system modulo the nonzero Gaussian integer y is just
N(m)"“(N(1t1)— 1) N(n. ““(Mm) — 1), where 7 = 7r? n? is
a factorization of 7 into a product of powers ofdistinct Gaussian primes
in, . . . , m.

7.3. The Two-Square Problem Revisited

In this section, we shall give a new proof for the two-square theorem of
Chapter 6. That is, we shall find all positive integers n such that the Diophan-
tine equation

x2 + yz = n

is solvable. This is equivalent to the problem of determining all Gaussian
integers of norm n, since

x2 + y2 = N(x + iy).
To solve the latter problem, let us explicitly describe all the Gaussian primes.
Since an associate of a Gaussian prime is a Gaussian prime, it suflices to
determine all Gaussian primes up to taking associates.

Lemma 1: Let 7: be a Gaussian prime. Then there is one and only one
ordinary prime p such that 7: I p.
Proof: Note that N(n) is an ordinary positive integer. Therefore, we may
write N(n) =171 - - - p,, where p,, . . . , p, are ordinary primes. Thus, since
N(x) = 7m’, we see that 1: lp1 - - - p,, and by Euclid’s lemma (Theorem 2.13),
we see that 1: |p,, for some i. Thus, 7t divides some ordinary prime. Now we
show that 7: cannot divide more than one ordinary prime, for if 7: |p and 7: | q
for distinct ordinary primes p, q, then we can write 1 = px + qy for ordinary
integers x, y since p, q are relatively prime (as ordinary integers). Thus, since
p and q are both multiples of 7;, 1 is a multiple of 7:, say 1 = 7:1]. But then
1' = 1/1: is a Gaussian integer, and so 7: is a unit, which is a contradiction. I
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From Lemma 1, we see that we can find all Gaussian primes (at least upto
associates) by factoring all ordinary primes p. The case p = 2 is easiest:

2 = ——i(l + i)‘,
and l + i is a Gaussian prime since N(l + i) = 2. Thus, the only Gaussian
primes 1! such that 11' | 2 are associates of 1 + i.

Henceforth let us assume that p is odd and assume that n =x+iy
divides p. Then M] = p for some Gaussian integer 11. But then

p2 = N(p) = N(fl)N(n),
so that N(n) = x2 + y2 equals either p or p2. Since x and y are ordinary
integers, x2 and y2 can be congruent only to 0 or l(mod 4). Thus,

x2 + y2 E 0, l, or 2(mod 4).
Thus, ifx2 + y2 = p, thenp cannot be congruent to 3(mod 4). Consequently,
ifp E 3(mod 4), then x2 + y2 = p2. Therefore,

172 = N(p) = N(n)N(rl) =p‘N(t1),
so that My) = 1 and n is a unit. Thus, 7: is an associate ofp ifp E 3(mod 4).
In this case, p does not factor any further in the Gaussian integers; that is, p
itself is a Gaussian prime.

Finally, assume thatp E- l(mod 4). By Theorem 3.3.5 we then know that
the congruence z2 E — l(mod p) is solvable. Let 2 be a solution. Then
plz2 + 1. Therefore, since it | p, we see that zzlzz + 1. However, 22 +1 =
(z — i)(z + i), so that

7:1(2 — i)(z + 1').

But then, by Euclid’s lemma,
nlz—i or nlz+i. (o)

Notethat’z—iandz+isince

iz:l:ii
P P

are not Gaussian integers. Thus, by (as), 7: and p are not associates. In par-
ticular, N(n) at N(p) =p2 (since 1] is not a unit.) And since we showed above
that N(n) is either p or p2, we conclude that ifp E 1(mod 4), then N(n) = 1:.
Thus, 1m’ = p and p is divisible by 7: and 72’.

To complete the determination of all Gaussian primes, we must decide
whether 7: and n’ are associates. They are not, as a simple case-by-case
analysis will show. Suppose that 7: = x + iy, so that N(u) = x2 + y‘ = p.
Suppose that 71: and n’ are associates, say 71: = en’, where e = l, —l, i, -i.
Recall that n’ = x — iy. Thus, 6 = 1 implies that x + iy = x — iy, so that
y = 0 and x2 = p, which contradicts the fact that p is a prime. Similarly,
E = ——1 implies that x = 0 and y2 = p, which is again absurd. Also 6 =i
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implies thatx+iy=i(x—iy)=y+ix, so thatx=yandp=xz+y2
= 22:”, which contradicts the fact thatp is odd. Finally, 6 = ——i implies that
x = —y, and so again 2):2 = p. Thus, in all cases, 1: = en', for a unit 6, leads
to a contradiction.

Let us summarize the investigations.

Theorem 2: Let p be an ordinary prime. Then p factors in the Gaussian
integers in the following manner:

Ca§e1:p = 2:p = —inz,wheren = l + iisaGaussianprime,N(1r) = 2.
Case 2: p E 3(mod 4): p = 7: is a Gaussian prime, N(7r) = p”.
Case 3: p E 1(mod 4): p = 7m’, where 7: and u’ are nonassociated

Gaussian primes and N(1r) = N(1r’) = p.

Example 3:
(i) 7 E 3(mod 4), and so 7 is a Gaussian prime.
(ii) 5 = (2 + i)(2 — i), with 2 :l: i Gaussian primes.
Let us now turn to the problem of determining what positive integers are

norms of Gaussian integers. Let a: be a nonzero nonunit. Then, we may write
a = n! u a . 7“,

where 1:“ . . . , 7:, are Gaussian primes. But then

N01) = N(7t1) - °- N(7t.)-
Suppose that 1:, |p], . . . , 1:, [17,, where p, is the ordinary prime which 1:,
divides. (The p, may be repeated.) Then

N(a) =1)??? ' ' ' P13

where a, = 2 ifp, E 3(mod 4) and a, = 1 ifp, = 2 or p, E 1(mod 4). Thus,
we see that

N01) = mq --- q» (H)
where m is an ordinary integer and q1, . . . , q, are distinct ordinary primes
equal to 2 or E- 1(mod 4). Conversely, reading the same argument backwards
shows that every integer of the form (#4:) with q,, . . . , q, distinct ordinary
primes equal to 2 or E 1(mod 4) is the norm of a Gaussian integer. Thus, we
have finally rederived our two-square theorem (Theorem 6.4.5).

7.3 Exercises

1. Factor the following rational primes in the Gaussian integers:
(a) 3. (b) 5. (c) 7. (d) 11. (e) 71.

2. Construct a table of Gaussian primes ofnorm 3 50 using the factoriza-
tions of rational primes.
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Show that if p=_ 1(mod 4), p prime, then the Diophantine equation
x2 + y2 =—p has exactly four solutions.
Let p1, . . . , p, be distinct primes, p,—= 1(mod 4). Show that the number
of solutions of the Diophantine equation x2 + y2 = p, ~ - ’ p, is 4'.
Compute all solutions to the Diophantine equations x2 + y2 = 30,
x2 + y2 = 65, and x2 + y2 = 32045.
Determine the number of solutions of the Diophantine equation
x2 + y1 = n, n a given ordinary integer. (Hint: Write n = m‘p, - - - p”
where p1, . . . , p, are distinct primes.)
Use the arithmetic of the Gaussian integers to determine all solutions to
the Diophantine equation x2 + y2 = 2’.
Use the arithmetic of the Gaussian integers to determine all solutions to
the Diophantine equation x2 + y2 = 23. Note that this Diophantine
equation can be written in the form of the Bachet equation y2 = x’ + k.
Use the arithmetic of the Gaussian integers to determine all solutions to
the Diophantine equation x2 + y2 = z" (n 2 2).



8
Arithmetic in

' Quadratic Fields

8.1 Introduction

In Chapter 7, we studied the Diophantine equation x2 + y2 = t, for given
1. Our approach was to factor x2 + y2 into (x — ¢——ly)(x + A/—ly). In
this way, the problem of determining all solutions of the Diophantine
equation is transformed into the problem of determining all Gaussian
integers x + ./ —1y having norm t. We then solved the latter problem by
studying the arithmetic of the Gaussian integers. More specifically, we
derived a theory of unique factorization in the Gaussian integers, which
closely parallels the theory in the integers.

Let d be any integer and let us consider the Pell-type Diophantine equa-
tion x2 — dy2 = t for given t. As was the casein Chapter 7, we can factor
the left-hand side:

xz — dy2 = (x + fiyxx — fly)-
We are immediately led to consider the set of complex numbers of the form
x + yJ7, where x and y are integers. In the case d = — 1, this set of
numbers is just the Gaussian integers. For general d, they form an interesting
setting in which to investigate arithmetic. We now ask to what extent we can
develop factorization theory for this set ofnumbers. In the back 'of our minds,
we hope that we can use such a factorization theory to solve the Diophantine
equation x2 — dyz = tin much the same manner as we proceeded in Chapter

209
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7. Unfortunately, the theory for arbitrary d is a good deal more complicated
than the theory for d = ——1. It will take the rest of the book to give an ex-
tensive but incomplete theory. However, in the present chapter, we shall begin
to study the theory of quadratic numbers, that is, numbers of the form
s + tfi, where s and t are rational numbers. The material of this chapteril
necessary background in order to develop the factorization theory of Chap-
ter 9. However, we do enough in this chapter to reap some direct informa-
tion about quadratic Diophantine equations. Specifically, we shall give an
algorithm for finding all solutions of a Diophantine equation of the form

axz + bxy + cyz = m,
where a, b, c, m are given integers.

8.2 Quadratic Fields

Let D be a rational number and let Q(A/ D) denote the set of all complex
numbers of the form

s + t../ D , s, t rational.

If D is the square of a rational number, then Q(J1.T) consists of just the
rational numbers. Therefore, let us assume throughout this section that D is
not the square ofa rational number. Then Q(,\/l_)) is called the quadraticfield
belonging to D. Note that Q(JD) contains all rational numbers (set t = 0).
In this section, we shall record some of the most elementary facts about
quadratic fields.

First, let us find a better description of the elements of Q(A/D). Write
D = x/y with x, y integers and y > 0, gcd(x, y) = 1. It is clear that x and y
are uniquely determined by D. Then JD = (l/y)J37y. Moreover, if we
write xy = uzd, where u, d are integers and d is not divisible by the square of
an integer, then* JD = (u/y)J71—. Moreover, since we have assumed that D
is not the square of any rational number, we see that d at: 1, 0. Now,

s+tfi=s+u7t¢711

and as t runs over all rational numbers, so does ut/y. Thus, we have

QM?) = Q(«/7).
and we see that it suflices to study the quadratic fields Q(J7), where d is a
nonzero integer, not divisible by a perfect square, other than 1. Such d’s are
called square-free integers. Thus, all the quadratic fields are those corre-

*Here 1/7 is chosen so that the equation is true; note that this is always possible.
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spending to

d: —1: i2: i3: i5, i6: i7: 5:10: ill, $13: $14,

ilS, :I:l7, :I:l9, i2], . . . .

Henccforth, we shall always restrict our attention to quadratic fields written
in the form Q(J7) for d a square-free integer.

We shall always denote the elements of Q(J7) by lower case Greek
letters, such as at, [3, y, 6, . . . .

lemma 1: Let at belong to Q(J d )._Then at can be written in one and only
one way in the form a = a + bJ d with a, b rational. In particular, if
a + bJ7 = a* + b*J7 with a, b, a*, b* rational, then a = a*, b = b*.

Proof: Suppose that a :l— bJ7 = a* + b*J d . If b 7'.- b*, then
a — a*d: (b—* — b)

Thus, (a — a*)/(b* — b) is an integer and d at l is a perfect square, con-
tradicting the fact that d is square-free. Moreover b = b* implies that a = a*.

I

Next, note that if d > 0, then s + tJ7 is a real number, so that Q(J7)
is contained in the set of real numbers. 0n the other hand, if d < 0, then J7
is a complex number but not a real number, so that Q(J7) is contained in
the complex numbers but not in the real numbers.

Since, in any case, Q(J_d ) consists of complex numbers, we may perform
the usual operations of arithmetic on the elements of Q(J_).

Proposition 2: Let a, )3 be contained in Q(J71—). Then at :I: ,b’ and at]? are
contained in Q(,,/ d). Furthermore, if p 72 0, then a/fl is contained in
Q(./ d). Thus Q(,,/ d) is a field containing the field Q of rational numbers.
Proof: Let at = s + tJ7, fl = u + 0J7, with s, t, u, o rational. Then

aifi=(s:|:u)+(t:l;o),,/d
at]? = (su + tvd) + (so + ut)J—d_,

both of which belong to_Q(J d). If I? at 0, then one of u, v 7/: 0 (by Lemma
I). Therefore, u — vJ d 7’: 0 (again Lemma 1). Therefore,

1 1 u — vJ—d u —v
77: u+oJ_du—v,/_= —ud+ —v2d“’d

is contained 111 Q(J_d), so that at/fi = a-(l/fi)‘is contained in Q(,,/ d) by the
first part of the proposition. I

You should observe that we gave explicit formulas in Proposition 2 for the
expressions as + ,8, ac — fl, «)9, 1/13, and a/fi. Thus, for example, if a =
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7—4flandfl=2+3fl,men
a+fi=9—¢T
a—fi=5—7fl

afl=—22+13fl
1 2 37=—fi+fiV?
a 50 29
7=_fi+fi '

If at = s + tfi is contained in Q(4/7), let us define the conjugate a’ of
a to be the number at’ = s — tfl. Note that if d < 0, then the conjugated
at is just the usual complex conjugate of at. However, this is not true if d > 0.
The properties of conjugates are summarized in the following proposition:

Proposition 3: Let a, B be contained in 00/7). Then
(i) (a :l: fi)’ = 06’ fl: .35
(ii) (“fl = “’3'.
(iii) (a/fi)’ = WIT-
(iv) a’ = a if and only if a is rational.

Proof: (i)—(iii) Exercises.
(iv) Leta =s+ tg/ d. Thena’ =ocifandonlyifs+ t,‘/ d =s—tfl

But by Lemma 1, this is equivalent to saying t = —t; that is, t = 0. Thus,
at’ = as if and only if at = sis rational. I

Definition 4: Let at = s + L/7. Then the trace of at, denoted Tr(a). is
defined as

Tr(ac) = a + at’ = 2s.
The norm ofat, denoted N(oc), is defined as

N(a) = aa’ = s2 -— ,d

The norm will be one of the primary tools we shall use in the theory of
quadratic fields.

The relevant properties of traces and norms are summarized in the
following result:

Proposition 5: Let at, I? belong to Q(«/ d). Then

(0 Mac + B) = Tr(a) + Tr(fi); NW3) = N(a)N(fi)-
(ii) .Tr(ot), Mac) are rational numbers.
(iii) N(a) = 0 if and only if a = 0.
(iv) a is a zero of the polynomial X2 — Tr(a)X + N(a).

Proof: (i) and (ii) are obvious by Proposition 3.
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(iii) N(a) = Oif and only if s2 — t‘d = 0, where a: = s + tfi. Assume
that N(a) = 0. If t 7’: 0, then d = (s/t)’, which is a contradiction to the fact
that d is square-free. Thus, t = 0 and s2 = 0, so that s = 0 and a = 0.
Conversely, if at = 0, then N(oc) = 0-0 = 0.

(iv) Set X = on. Then a2 — Tr(a)oc + N(ac) = a2 — (a + a’)ac + acac’ = 0.
I

In addition to the above properties of Q(fl), we need some elementary
facts concerning linear algebra in Q(fi). First observe that Q(,\/_d') is a
vector space over the field of rational numbers Q.* Note that Lemma 1
simply asserts that 1, M7 is a basis of Q(fi). Therefore, from linear
algebra, we have

Proposition 6: Let a, and at, be any pair of linearly independent elements of
Q(,/ d). Then, given any a in Q(,,/ d), there exist unique rational numbers
r,:such that or = rot, + .9052. That is, at is a linear combination of at, and «2.

Example 7: In Q(fl), consider at, = 1 + Zfl, a, = 3 +fl.We show
that (1,, a, is a basis ofQ(fl). Indeed, by Proposition 6, we need only show
that a” a, are linearly independent. If .91 , sz are rational, then sat, + szocz = 0
implies that ,

S 1 + 3S2 = 0

231 + S2 = 0-

Multiplying the first equation by 2 and substracting it from the second yields
—5sz = 0 or s2 = 0. Thus, .91 = 0, and a1, a; are linearly independent.

Now let on = 5 — 6,,/_3'. Let us express an as a linear combination of at,
and «1. Now or = slat, + 32062 is equivalent to

s1 + 33, = 5

231 + 32 = _6-

Solving these equations, .91 = —2§3-, s2 = 155, and so 5 — 6,\/'3' =
—2,1(1 + 2w) + 15% + fl).

8.2 Exercises

1. Prove Proposition 3, parts (i)—(iii).
2. Compute the following:

(a) (3 — 8fl)(6 + 3M3) (b) (1 - W)".
(C) (l + «/-_l)3- (d) (8 - «fl—M4 + #7).

W2,the sum and difference of elements of 00/7) belong to Oct/7),
and the product of an element of Q and an element of 06/7) belongs to 06/7). The
remaining vector space axioms are trivially verified.
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3. Determine whether the following sets are linearly independent. Ifnot,
exhibit a linear dependence relation among them.
(a) 1, «[57 (b) i, «/—2, 2 — 3«/—2. (C) 1.%(inQ(~/T)).
(d) 2+A/—2,2— 3./—2. (e) 1,a+bfl,a,bmfiond

4. Show that a, [3 in Q(./ d) are linearly independent if and only if
at a’
fl [3’

5. For the following values of D, write D in the form 32d, 3 rational, dill
integer not divisible by a square > 1:
(a) D =12. (b) D = —63. (c) D = 334. (d) D = 4,1.

6. For the following values of 0:, find Tr(at), N(at), and a quadratic polyno-
mialpf which a is a zero:
(a) a=—1+J:§. (b) at=5+4fl. (c) at=l+Jfi

7. (a) Show that 1 + fl, 1 ——fl is a basis for Q(fl).
(b) Express 5 + 18¢? in terms of the basis of part (a).

$0.

8.3 The Integers of a Quadratic Field

In Chapter 7, we studied the Gaussian integers, which are contained in the
quadratic field Q(. / — l). The Gaussian integers arose naturally in connection
with the Diophantine equation x2 + y2 = t. Similarly, we have seen that the
Pell-type equation x2 — dy2 = t gives rise to the set of numbers

x + yd'di x, y integers, (0
of the quadratic field Q(fi). In this section, we would like to designate
certain elements of Q(fi) as integers and to begin a study of the properties
of these integers with an eye toward eventually applying what we learn to the
study of Diophantine equations. Certainly the numbers (t) should qualify as
integers. However, as we shall shortly see, there are other elements ofQ(J7)
which have good reason to be considered integers as well. To motivate OlllI
definition of the integers of Q(fi), let us write down a few properties which
we would like integers to have.

1. All elements x + yd7, x, y ordinary integers, are integers ofQQ/V).
2. If a, p are integers of Q(./ d), then a + ,3, at — fl, a-fl are integers.
That is, the set of integers of Q(«/ d) form a ring.
3. If a is an integer of Q(./ d), then a’ is an integer.
4. If at is an integer of Q(./ d) and is a rational number, then a is an
ordinary integer.
Requirements 1 and 2 seem reasonable in the light of (s) and the prop-

erties of the ordinary integers. Requirement 3 merely states that if
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x +yfl, x, y rational, is an integer ofQ(fl), then x — yfiis one also.
The last requirement is inserted to prevent numbers such as a}, g, and 195
from being integers of Q(J7).

Please note that the set of numbers 0:) clearly satisfies requirements 1—4.
We leave the verification as an exercise. Why then should we not take the set
(i) as the set of integers of Q(J7)? The point is that sometimes there is a
larger set of numbers of Q(fi) which satisfies requirements 1—4 and we
would like to take the larger set as our set of integers. How can we go about
locating the largest set of numbers of Q(J7) which satisfies requirements
1-4? It turns out to be easy.

Note that if at is any would-be integer of Q(J—d ), then so is ct’ by require-
ment 3. Therefore, by requirement 2, both Tr(ai) = as + at’ and N(at)=
are integers ofQ(fi). However, both Tr(oc) and N(at) are rational numbers,
so that by requirement 4 both are ordinary integers. This suggests that we
make the following definition:

Definition 1: Let at be an element of the quadratic field Q(./ d). We say that
a is an integer ofQ(J7) provided that Tr(ot), N(a) are ordinary integers. We
denote the set of integers of Q(./ d) by 1,.

Note that Definition 1 allows more integers than just the numbers (it). For
example, (1 + fl)/2 is an integer of Q(fl), since

r,(1+2fl)=1+2«/T+1—2fl=1,
1 + _ 1 — 5 _

”9425) — T— ‘1-
However, we shall see below that this definition does indeed give us a very
reasonable definition of integer. First, however, let us describe precisely the
integers of Q(fi) and then prove that requirements 1—4 are satisfied.

Suppose that at = x + yfi, x, y rational, is an element of Q(fi).
Then at is an integer of Q(J7) if and only if

Tr(a) = 2x, N(at) = x2 — dy2 (l)
are integers. Set 2x = x1, 2y = y1. Then the numbers (1) are just x1 and
(x? — dyf)/4, respectively. Thus, at is an integer of Q(./ d) if and only if

x1 and 3“— dy 1

are integers. If this is to occur, y, must be an integer also. Indeed, x? — dyf
must be an integer, and since x1 is an integer, we must have that dyf is an
integer. But since d is square-free, y1 cannot have any denominator > 1 if
dyf is to be an integer. Thus, if at is an integer of Q(fi), y1 is an integer and

— dy, E 0(mod 4). (2)
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Since a perfect square is congruent to 0 or l(mod 4), we see that if d -=' 2 or
3(mod 4), then x1 and y1 must both be even, so that

=x+y«/_=%+Zzl«/7
has both x = x1/2 and y=—y,/2 integers. If d=— 1(mod 4), then (2) will be
satisfied either for x1 and y1 both even or x1 and y1 both odd. In either can,
we have that (x,— y1)/2 IS an integer, and

ac=x+yA/_=x‘ 2J’___1_+yl(1___2_+«/—)

Thus, we see that if d== 1(mod 4), then the integers of Q(,,/ ) are all of the
form

a + bl—+2“/—d-, a, b integers.

Conversely, every such number is an integer since

Tr(a+ bl—W)=2a+b
and

N(+b1——”’+2“/_)= (“+bl+Tf)(a+b#)
=az+ab+b2—4——1 _d

are integers (since d E l(mod 4)). Finally, notice that we can never have
d E 0(mod 4) since d is square-free. Thus, we have proved the following
result:

Theorem 2: Let d be a square-free integer. Then the set I, of integers of
Q(,/ d) consists of the numbers of the form x + you, where x and y are
integers and

./ d if d E 2 or 3(mod 4),

L+_2_”d if d a 1(mod 4).

Example 3:
(i) I.l = {x + y../ —1 Ix, y are integers} = the Gaussian integers, since
—1 E 3(mod 4).
(ii) I.={x+y‘L2§
On the basis of Theorem 2, it is easy to see that 1,, satisfies requirements

1-4. Requirements 1 and 4 are obvious. If a is an integer of Q(fl) and
d5 2 or 3(mod 4), then a: is of the form x + y./ d, x, y integers, so that

x, y are integers}, since 5 E 1(mdd 4).
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a’ = x — y./ d is also an integer of Q(,,/ d). If d E 1(mod 4), then a is of
the form x + y(l + A/ d )/2, so that

a’ = x+y#=(x+y)+(-y)%
is also an integer of Q(;/7). Thus, requirement 3 holds.

To prove requirement 2, it suflices to prove that if a and fl are integers of
99/7), then so is ac-fi, the case of sums and diflerences being obvious.
However, in case d2 2 or 3(mod 4), a = x +yfi, fl = z + wfi, x, y,
z, w integers, so that .

at]? = (xz + ywd) + (yz + xw),\/7
is also an integer of Q(.,/ d). If (15 1(mod 4), then at = x + y(1 + A/ d)/2,
p = z + w(1 + A/ d )/2, x, y, z, w integers, so that

“fl = xz + yw(#)z + (xw + yZ)M

=xz+yw—4—+(xw+y2+yW)l———+2“—

is an integer of Q(A/ d). Thus, we have proved the following result:

Theorem 4: The set L, of integers of Q(J7) satisfies requirements 1—4.

We shall refer to the elements of I, as integers. When we wish to speak of
what we formerly called integers (e.g., 1, 2, 3, 4, ——5, . . .), we shall use the
term rational integers. Note that by requirement 1, every rational integer
belongs to I, and hence is an integer in our new sense.

A few comments are in order to convince the reader that our definition of
the integers of Q(fi) is the correct one. We may rephrase our definition of
the integers of Q(fi) as follows: Every number y of Q(fi) satisfies a
quadratic equation with rational coeflicients: '

x2+px+q=0. (3)
namely the equation for whichp = —Tr(y), q = N(y). Definition 1 states that
7 is an integer ofQ(fi) if and only ifEq. (3) has rational integer coefl‘icients.
To see that this is a reasonable generalization of the usual notion of integers,
let us compare the situation in Q(fi) with the situation in the rational
numbers. Every rational number r satisfies a linear equation with rational
coefiicients, namely

x—r=Q

And this equation has integer coefiicients if and only if r is a rational integer.
Thus, we see a clear parallel between the integers of a quadratic field and the
rational integers.
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Every rational number r has a denominator. That is, there is a rational
integer n such that nr is a rational integer. A similar property holds for the
integers of Q(fi).

Proposition 5: Let at be any number in Q(./ d). Then there is a rational
integer n such that not is an integer of Q(,/ d).

Proof: If a = x + y../ d and n is a common denominator of x and y, then
not is clearly in 1,. I

8.3 Exercises

1. Determine the integers of Q(.,/ d), where
(a) d = 5. (b) d =11. (c) d = —11. (d) d= —l3.

2. Let d be a square-free integer d E- 1(mod 4). Show that 1,, consists ofall
numbers of the form (x + y./ d )/2, where x and y are rational integers
of the same parity (i.e., both even or odd).

3. Find all integers of‘norm 3 20 in 1.2. In L,.
Let d < 0. Show that there are only finitely many elements of I, having
given norm.

Is the conclusion of Exercise 4 correct if d > 0?

Verify that the set of numbers (4:) satisfies requirements 1—4.
Let d be a rational integer, not a perfect cube, and let Q(.3/ d) denote
the set of all numbers of the form

a + by? + C(WY,
where a, b, c are rationals.
(a) Show that the sum, product, difi‘erence, and quotient ofelements of

Q(£/7) belong to Q0577).
(b) Show that every element ofQ0577) is a zero of a cubic polynomial

with rational coeflicients.
8. (continue Exercise 7) Let us say that an element at of Q03?) is an

integer if at is a zero of a cubic polynomial with rational integer coefi-
cients and leading coefficient 1. '

*(a) Show that the sum, difference, and product of two integers of
Q(£/7) are integers.

(b) Ifoc is any element of QG/V), then there exists a nonzero rational
integer n such that net is an integer.

*(c) Show that the integers of Q(f/7) are the numbers a + by?
+ «WY, where a, b, c are rational integers.
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8.4 Binary Quadratic Forms

Now that we have explained the most basic facts concerning quadratic
numbers and quadratic integers, let us look at the quadratic Diophantine
equation

ax2 + bxy + cy2 = m. (1)

We wish to determine whether rational integers x, y satisfying (I) exist. If so,
we would like to give a procedure for determining all such x, y. The polyno-
min!

f(x, y) = ax2 + bxy + er2 (2)
is called a binary quadratic form (or form for short).

As we mentioned in Section 1, our approach will be to factor (2) (see Eq.
(3)) and work inside the appropriate quadratic field. There are other
approaches to the study of Eq. (1). We shall outline one such approach in the
exercises.*

Before we start studying Eq. (1) in detail, let us make a minor change in the
problem we posed above. Let us allow a, b, c, and m in (1) to be rational
numbers. (But we are interested in determining only rational integers x, y
satisfying (1).) Superficially, this seems to make our problem a more general
one, but it really does not, for if t is a common denominator of a, b, c, and m
then a* = ta, b* = tb, c* = to, and m* = tm are rational integers. Solving
(l) is equivalent to solving

a“x2 + b*xy + c*yz = m*.
We shall see that there are certain technical advantages in dealing with
equations with rational coefiicients rather than just rational integral coefli—
cients.

Example 1: Solving the equation ix“ + 3xy + y2 = g for rational integers
x, y is the same as solving the equation 3x2 + 18xy + 6yz = 4.

The binary quadratic form (2), for fixed rational numbers a, b, c, can be
factored as follows:

f(x,y) = —(ax + b ++—y)(axb+ ——2“/—-_Dy) (3)

where D = b2 — 4ac. (Just multiply it out.)

Definition 2: D = b2 — 4ac is called the discriminant of f(x, y).

‘In many ways, the approach given in the exercises is simpler than the one we give.
However, we chose to present the quadratic fields approach because it is the best method
by means of which to consider the deeper parts of the theory (e.g., genera and composi-
tion). Also, our method has many applications to other types of Diophantine equations.
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If D is the square of a rational number, say D = s‘, then the factorization
(3) reduces to

f(x9y) ="lz—(ax + b _2|_ Sy)(ax+ b Esy)

In this case, the solutions to (1) can be easily found using the theory of linear
Diophantine equations and factorization in the rational integers. We shall
outline a procedure for carrying this out in the exercises. Thus, let us hence-
forth make the following restrictive assumption:

Assumption: D is not the square of a rational number.

This assumption will be in effect whenever binary quadratic forms are
discussed.

It is easy to show that D may be written in the form D = s‘d, where dis a
square-free rational integer 7b 1 and s is a positive rational number. More-
over, such 3 and d are uniquely determined by D. (Exercise: For example,
.3, = (4})2-15 and —12 =22-(—3).) Using such a factorization of D, the
factorization (3) can be rewritten as

f(x, y) = %(ax + b—i—g—fiyxax + _Ig—_;«/_7y)

Let at = a and fl = (b + s,/7)/2, and notice that a and )3 are elements of the
quadratic field Q(J7). Moreover, f(x, y) can be rewritten in the form

f(x, y) = gm. + pyxwx + fi’y)
(4)

= %N(onx + fly).

Therefore, our original Diophantine equation (1) can be restated as follows:
Determine all rational integers x, y such that N(acx + fly) = am. This
suggests that we consider the set

M = {cox + fly | x, y are rational integers.}
ofQ(fi). It is easy to check that at and fl are linearly independent (exercise).
Thus, each 6 in M has a unique expression in the form (f = ax + fly, where x
and y are rational integers. Thus, we have established a 1-to-1 correspondence
between pairs of rational integers x, y and elements 5 = ax + fly of M.
Moreover, our original problem is equivalent to the problem of determining
all 5 in M such that N(E) = am. Thus, we finally arrive at the following
elementary result:

Proposition 3: Let f(x, y) = ax2 + bxy + cyz be a binary quadratic form
with rational coeflicients. Define at and fl and M as above. Ifx, y is a rational
integral solution of f(x, y) = m, then 6 = ax + fly belongs to M and
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NOE) = am. Conversely, if 6 belongs to M and N(6) = am, then there are
unique rational integers x, y such that E = ax + fly and f(x, y) = m.

Proposition 3 suggests the following definition:

Definition 4: Let at, ,6 be any two linearly independent elements of Q(J7).
Let

M = {ax + fly Ix, y are rational integers}.

Then M is called a module of Q(,,/ d) and at, p is called a basis of M. If at, )3
is any basis of M, then we write M = {at, )3}.

Example 5:
(i) Iff(x, y) = x2 + y‘, then the corresponding module Mis{l, J71},

the Gaussian integers.
(ii) Suppose that f(x, y) = x3 + 4xy + 5yz. Using the factorization (3),
we see that

f(x, .v) = (x + (2 + «/ —l)y)(x + (2 — J3»)-
Thus, the module corresponding toflx, y) is M = {1, 2 + J'—_l}. But
it is easily checked that {1, 2 + J—l} = {1, ¢—_l} (exercise), so that
apparently very difl‘erent forms give rise to the same module.

Example 6: Theorem 3.2 says that I, is a module of Q(./ d), namely
Id = {19 (04}-

Let M be a module in a quadratic field Q(./ d). Suppose that we are given
a specific basis of M, say M = {at, [9}. We may then associate to M the form
defined by

f(x, y) = (ax + fly)(a’x + fl’y)
= N(m)xz + Tr(°tfi’)xy + N(fi)y‘-

From Proposition 2.5, we see that f(x, y) has rational coefficients. Also, the
discriminant of f(x, y) is

Tr(stfl’)2 — 4N(at)N(fl) = 4(st — ru)2d,

where at = r + SJF, fl = t + ufi (exercise). Since at, [3 is a basis of
Q(J7), it is easy to see that st —— ru 7b 0. Thus, the discriminant of f(x, y)
is not the square of a rational number. Therefore, we see that from the basis
a, )3 of M, we can construct a binary quadratic form of the type we restricted
ourselves to above. This suggests that modules and forms are, in some sense,
opposite faces of the same coin, with every result about forms implying a
corresponding result about modules and vice versa. Indeed, this is the case,
and it will take us most of the remainder of the book to adequately describe
and exploit the connection between modules and forms. The above discussion
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gives us some motivation for studying the arithmetic ofmodules in a quadratic
field. We shall begin by studying the most elementary properties of modules
and then use them to solve

Problem 1: Let f(x, y) and m be given. Give a procedure for determining all
rational integers x, y such thatf(x, y) = m.

The complete solution of Problem 1 will be given at the end of the current
chapter. In Chapter 9., we shall return to modules, but at this point we shall
delve much deeper into their arithmetic. In particular, we shall develop a
theory of factorization of modules which generalizes the theory of factoriza-
tion in the Gaussian integers. We shall then apply our factorization theory to
the study of various Diophantine equations. In Chapter 10, we shall study the
Bachet equation and Fermat’s last theorem for n = 3. Finally, in Chapter 11,
we shall return to the study of binary quadratic forms, and we shall consider
the following problem:

Problem 2: Let f(x, y) be a given binary quadratic’form. Describe the set of
rational numbers m for which the Diophantine equation f(x, y) = m is
solvable.

Note that Problem 2 is much more difficult than Problem 1. For example,
'if f(x, y) = x2 + y‘, then the solution to Problem 2 is given by the two-
square theorem. However, Problem 1 can be solved for a given integer m by
enumeration since there are only finitely many rational integers x, y such that
x2 + y2 = m. We hasten to point out, however, that Problem 1 is not always
trivial. For example, if f(x, y) = x2 — aly2 (d > 0), then we saw in Chapter
6 that if the equation f(x, y) = m has one solution, then it has an infinite
number—and determining these solutions was no easy task.

For reference purposes, let us state Problems 1 and 2 in terms of modules.

Problem 1': Let r be a given rational number and M a given module.
Determine all 5 in M such that N(f) = r.

Problem 2’: Let M be a given module. Determine the set of rational
numbers which are norms of elements of M.

8.4 Exercises

1. Find the discriminants of each of the forms

(a) x2 + xy + y”. 0)) 2x2 + 3xy — y”.
2. Compute the modules associated to the binary quadratic forms of

Exercise 1.

w
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3. Let a, b, s be rationaLintegers, and d a square-free rational integer.
Show that a, (b + s../ d )/2 is a basis of Q(,/ d ) if and only if as ea 0.

4. Let D = s2 for some rational integer s, and suppose that the binary
quadratic form f(x, y) = ax2 + bxy + cy2 has discriminant D. Let m
be a rational integer. Show that f(x, y) = m if and only if
(20x — (s — b)y)(2ax + (s + b)y) = 4am. Therefore, deduce that the
Diophantine equation f(x, y) = m can be reduced to the case of a
system of two linear equations in two variables.

5. Write the rational number D in the form szd, d a square-free rational
integer, where
(a) D = 64. (b) D = —$§5'. (c) D = ——g. (d) D = 57.

6. Give an example to show that different bases of the same module may
give rise to different binary quadratic forms.

‘7. Let M be any module of Q(./ d). Show that to the module M there
always correspond an infinite number of different binary quadratic
forms, determined by the different bases of M.

8. Let f(x, y) be the binary quadratic form associated to the module
M={a,fi}, where at =r+s./ d, [3 =t+ u./ d. Show that the
discriminant of f(x, y) equals 4(st — ru)zd. -

8.5 Modules

We shall now begin our investigation of the properties of modules.
Throughout, let Q(fi) be a quadratic field, where d is a square-free,
rational integer. The only fact we shall assume as known from Section 4 is the
definition of a module.

Lemma 1: Let M = {41, [9} be a module and let 0, C belong to M. Then
0 i C belongs to M. Thus, M is an additive abelian group.
Proof? Let 0 = cox1 + By“ C = atx2 + fiyz, where x1, x2, y,, y, are rational
integers. Then 0 :1: C = ac(x1 :l: x2) + My, :l: y,) belongs to M. I

Let M = {at, [3} be a module. Then at and )3 are by no means uniquely
determined by M. To put it another way, M may have many different bases.
For example, M = {1, fl} is the same module as {1,fl + 1}. Indeed, if
y = l-x + fly belongs to M, then r = 1-(x — y) + (fl+ l)y belongs
to {1,fl +1}. If 6 =1-x + (fl + l)y belongs to {1,fl +1}, then
6 = l-(x + y) + fl-y belongs to M. Thus, {1, fl} ={l,fl +1}.
The question we wish to examine now is, when is {u, ,8} = {051, #1}?

Thus, let us suppose that at, [3 and a1, [31 are bases of Q(,\/7). Note that
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at and fl belong to {a, [3}. Thus, if {a, [3} ={a1, [3,}, we deduce that a, I
belong to {an [3,}. Thus, we may write

0‘ = “1x: + 513’ 1

fl = “121+ fliwu
where x,, y“ 2,, and w1 are rational integers. Conversely, reversing the roles
of a, fl and a1, [3,, we may write

m=m+m
p. = «z + flw

for rational integers x, y, z, and w. By substituting the second set of equations
in the first set and using the fact that on, [3 is a basis of Q(,,/ d) (this allows
us to compare coefl‘icients of at and fl) we see that

("‘ “)(x y)-(1 °)21 W1 2 w — 0 1
Taking determinants of both sides, we immediately see that

(xlwl _' 21y:)(xw — 2.19:1-
Therefore, since both factors in this last equation are rational integers, we see
that

x1w1_ zlyl = 2'21-
We may summarize our results in the following proposition:

Proposition 2: Let a, fl and a1, ,81 be bases of Q(,,/ d) and assumethat
{an ,3} = {an #1}. Then there exist rational integers x1, y,, 21, and W1 such that

(:)=(:‘: i:)(°‘:)
det (x1 y1) = :i:1.

Zr W1

and

The converse ofProposition 2 is true, but the proof is left for the exercises.
Our next goal is to give a characterization of modules which will be very

useful to us in what follows. The characterization is in terms of the discrimi-
nant, which is a rational number we shall introduce to measure, in some
sense, the “size” of a module. The discriminant will play a fundamental role
in our theory. ‘

Let ac, ,8 belong to Q(fi). The determinant
a 05'

Mac, )3) = p p, = («fi’ - 1306’)2 (l)

is called the discriminant of a, p.



Sec. 8.5 Modules 225

m3:

(i) A(a, fl) is a rational number.
(ii) If a, ,8 belong to 1,, then A(at, fl) is a rational integer.
(iii) at, )3 is a basis of Q(fi) if and only if A(a, 5) at 0.

Proof:
(4') To show that A(at, fl) is rational, it suflices to show that A(a, fi)’

A(a, fl) (Proposition 2.3, part (iv)). But A(ot, fl)’ = ((otfi’ — at’fi)z)’
((afl’ — at’fi)’)z = (05’)? — tat/3’)2 = A(at, [9), as desired.
(ii) If 0:, fl belong to 1,, then A(at, fl) = (at/3’ — at’fl)z belongs to 1,. But

since A(a, fl) is also a rational number, we see from Theorem 3.4 that
A(at, fl) is a rational integer.
(iii) Let at, ,8 be a basis of Q(,\/7). To show that A(oc, [9) st 0, let us
reason by contradiction. If A(ot, ,6) = 0, then at/fl = (ot/fl)’, so that
a/fi = c is a rational number. Therefore, at-l — fi-c = 0, which contra-
dicts the fact that on, I? is a basis of Q(fi). We leave the converse as an
exercise. I

II
II

We now wish to define the discriminant of a module M = {05, )3} to be
Ma, fl). However, this definition of discriminant might depend on the choice
of the module basis at, ,8. Let us show that it does not. If a1, #1 is another
module basis of M, then Proposition 2 implies that there exist rational
integers x, y, z, w such that

(Z)= (2‘ W1)
det(x y) = xw —— zy = il.

2 w

and

But then*

A01. )3) = («13’ — W)2
= ((35% + yflixzui + W31), " (xal + yfll),(za1 + Wfl1))z

= (W — ”Wail/3': — 09331)”
= (all?! — amt)”
= A9“: .81).

Thus, the discriminant A(at, 1?) does not depend on the choice of the module
basis, and we are entitled to make the following definition:

‘This computation reflects the fact that the determinant of the product of two matrices
is the product of their determinants.
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Definition 4: The discriminant AM of the module M = {an [9} is defined to
be the nonzero rational number A(at, [3) given in (1).

Example 5: The discriminant of M = {5, ./ ——7 + 3} is just
5 5 2

= = —10 -— 2 = —700.M ./——7+3 —./——7+3 ( N 7)
By using discriminants, we can give a very useful characterization of

modules.

A

Theorem 6: Let M be a set of elements of Q(,,/ d). Then M is a module if
and only if the following three conditions hold:

(i) M contains a basis of Q(.,/ d).
(ii) If 0, C belong to M, then 0 :l: C belongs to M.
(iii) There is a rational integer k such that kM E 1,.
Moreover, when we choose at, 3 in a module M such that |A(0t, fl)| > 0

and is as small as possible, we have M = {06, [3}.
Proof: If M is a module, then condition (i) is part of the definition of a
module and condition (ii) is Lemma 1. To prove condition (iii) we simply let
M = {(2, fl} and choose (by Proposition 3.5) n, m such that not, mfi are in 1,.
Then we may set k = mn. Thus, a module satisfies conditions (i)—(iii).

Conversely, suppose that M satisfies conditions (i), (ii), and (iii). We
know from Lemma 3, part (iii), that a, [3 in M form a basis of Q(fi) if and
only if |A(ac, B)! > 0. Moreover, from Lemma 3, part (ii), we have that
A(kat, kfl) is a rational integer. But A(kct, kfl) = k‘AQx, fl), and thus, for
every basis at, [3 of Q(fi) belonging to M, A(at, fl) is a rational number
whose denominator divides k‘. Thus, there is a basis of Q(,,/7) in M with
|A(at, 3) | least. It remains to show that any such basis of Q(.J7) is a basis of
M. Let y belong to M. Since at, B is a basis of Q(fi), we may write 7 =
ax + fly, where x, y are rational numbers. Ifx, y are, in fact, rational integer:
for every y in M, then we are done. Thus, assume that x is not a rational
integer. Then we may write x = x1 + x2, where x1 is a rational integer and x,
is a rational number satisfying 0 < x2 < 1. Let us set at* = y — xla,
[3* =13. We assert that or“, [3* is a basis of Q(fi) (exercise). Moreover,
since at, [3, y all belong to M, it is clear that 05*, [3* belong to M by (ii). Finally,

MM. m = 3;, 2,, = I<oc*fi*' — fi*a*’)’l
= |((uxz + fly)fl' - Marx: + fi’y))’|
= lx%(ocfi’ — 1300‘]
= x: I Ac». fl)l
< 1A(a,fl)l
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since 0 < x; < 1. This contradicts the manner in which at, )3 were chosen and
thus completes the proof of the theorem. I

Example 7: Let a1, a1, . . . , a, belong to Q(fi). Suppose that two of the
were linearly independent. SetM = {x1111 + x20:z + ~ -- + x,ac,,|x,, x2, . . . ,
x, are rational integers}. Then the hypotheses of Theorem 6 are easily verified
and M is a module.

8.5 - Exercises

1. Find AM for M={1,,\/'3'}; M={2+fl,5—2fl}; andM=
[./—5/3, a} — {ed—5}.

2. Which of the following subsets of Q(J—¢T) are modules:
(a) {0}-
(b) The set of all rational integers.
(c) The set of all numbers of the form x + (y/2), where x, y are

rational integers.
(d) The set of all numbers of the form x + (y./ d /2"), where x, y, n

are rational integers.
(e) The set of numbers x +yfi + y(3 + 2J7) + we} + fl),

where x, y, z, w are rational integers.

3. Prove the result of Example 7.
Find a basis for the module

M = {Q +fl)x+ «[3—y + (g + 2fl)z| x, y, z rational integers}.
5. Prove the converse of Proposition 2.
6. Complete the proof of Lemma 3, part (iii).
7. Show that {IA/'3'} = {5 + 17A/_3', 2 + 7,\/'3'}. Compute the dis-

criminants of these two bases and verify that they are equal.
Complete the proof of Theorem 6.
Let M be a subset of Q(fl). Associate points in the plane to the
elements of M as follows: Ifa = x + yJ Tis in M, associate the point
on” = (x, yM) (if d < 0) or the point a* = (a, a’) (if d > 0 and hence
a, at’ are real). Let M* denote the set of all points 05* for at in M. Show
that M is a module if and only if M* satisfies the following conditions:
(i) Ifat“, [3* are in M*, then at” :I: R“ are in M*. (ii) Not all points ofM*
are collinear. (iii) There exists a circle about (0, 0) in the plane containing
no points of M*.

10. Continuing the notation of Exercise 9, assume that M = {05, ,8}. Let P
be the parallelogram whose vertices are (0, 0), 41*, fi“, 41* + 19*. Show
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that
area of P if d > 0,1/1 =IA(¢, fl“ {2 x area, ofP if d< 0.

11. Let at, [3, at“ ,61 belong to Q(./ d) and assume that on = ra + sfi and
[31 = ta + ufl for r, s, t, u rational. Show that A011, 3‘) a
(ru — st)zA(ai, [3).

12. Let a, B, y belong to Q(fi). Show that A(ya, yfi) = N(y)"A(a, 3).
13. Let us define the discriminant Ad of 'Q(./ d) to be the discriminant of1..

Show that
A _ d if dE 1(mod 4),

" _ 4d if d E 2, 3(mod 4).
14. (a) Show that the discriminant of a quadratic field is E 0 or 1(mod 4).

(b) Let A be any rational integer E 0 or 1(mod 4). Show A may be
written in the form A = so, where sis a rational integer andA.
is the discriminant of a quadratic field.

15. A rational integer D is said to be a discrimit if D is the discriminant
of some quadratic field Q(fl) (see Exercise 13) ; 'D is said to be aprime
discriminant if D is divisible by only one rational prime. Show that the
prime discriminants are the numbers

—4, i8, (—1)‘P'”/Zp, pan odd, rationalprime.
16. (continue Exercise 15). Show that every discriminant D can be uniquely

written as a product of prime discriminants.

8.6 The Coefficient Ring of a Module

In Section 4, we showed that the problem of solving quadratic Diophan-
tine equations of the form ax2 + bxy + cyz = m could be reduced to the
problem of determining all numbers in a module having a given rational
number as norm. Let us concentrate on a fixed module M and rational
number r. Consider the problem of determining all 6 in M such that

N(§) = r. (1)
Let us now observe that if one solution 5 of (1) is given, then we may

construct other solutions as follows: Suppose that e is a number of Q(J7)
such that“ 6M 9 M and Me) = 1. Then if E is in M and satisfies (1), we see
immediately that 65 is in EM and hence in M and that, moreover, N(e{)

*Here GM is just the set of all numbers of Q(~/7) of the form ea, where a is anelemem
of M.
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=N(e)N(¢’) = l-r = r. Thus, 66 has norm r, and we have a means of
manufacturing new solutions of (1) from known ones. Let us summarize.

Proposition 1: Suppose that .f is in M and that M6) = r, and suppose that
s is in Q(,,/ d) and satisfies 6M 9 M and N(E) = 1. Then 66 is in Mand
N(eC) = r.

EpmpleZ: Let d=2, M={1,fl}, and C =2+_3fl. Then N(§)
= —l4. Moreover, since 6 = 3 — Zfl is such that EM E M (why?) and
N(£) = 1, we have N(e¢’) = —1'4. Indeed, 66 = —6 + SJ? and N(€5)
= (—6)2 — 2(5)2 = —14.

From Proposition 1, we see that the elements 11 of Q(fi) such that
"M E M (at least those ofnorm 1) can be used to construct new elements of a
given norm from known ones. Therefore, it seems reasonable to study this set
of numbers.

Definition 3: The set ofelements 1] of Q(,,/ d) having the property 11M S M
is called the ring of coeflicients (or coefi‘icient ring) ofM and will be denoted
0..

It is clear that every rational integer belongs to GM, for if M = {05, fl} and
n is any rational integer, then any element 32 of M is of theform ax + fly,
where x and y are rational integers, so that ny = oc(nx) + fl(ny) belongs to M.

Let us try to locate some other elements of 01,.

Lemma 4: Let y belong to Q(,,/ d ) and let M = {on [3}. Then y belongs to
0,, if and only if yo: and W? belong to M.
Proof: If 7 belongs to GM, then yM E M. Thus, since as and fl belong to M,
we know you, 7/? belong to M. Conversely, suppose that yet and yfl belong
to M. Let p be any element of M; we must show that 7” belongs to M.
Since M = {41, 3}, p = aux + fly for rational integers x and y. Then w; =
(ya)x + (yfl)y. Moreover, since you and yfl are in M, we may write you =
«x, + fiyl, yfl = aux, + fiyz, where x1, x2, y1, y2 are rational integers. Then

in = (ax; + flyox + (axz + flyz)y
= “(xxl + .7752) + fi(xy1 + ”’0

belongs to M. I

Lemma 5: Let y be any element of Q(,,/ d ). Then 0,, contains ky for some
positive rational integer k.
Proof: By Lemma 4, ky belongs to 0,, if and only if kyoc and kyfi' belong to
M = {41, [3}. Now a, fl is a basis of Q(,,/ d), and ya, yfl belong to Q(J7).
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Thus, there are rational numbers x, y, z, w such that

w=m+w m
yfi = atz + fiw.

Let the rational integer k be a common denominator ofx, y, z, w. Multiplying
(2) through by k, we see that kya and kyfl belong to M, as desired. I

Before delving any further into the structure of 0”, let us record a few
trivial facts.

Proposition 6:
(i) All rational integers are contained in 0”.
(ii) If r), 0 belong to GM, so do 1] :l: 0, "-9. Thus, 0,, is a ring.

Proof:
(i) This has been observed above.
(ii) If r], 0 belong to GM, then "M s M, 9M E M. Thus, if y belongs to
M, then 21y, 0y belong to M, so that (n :I: 0)y = up :I: 0y belongs to M
since the sum or difference of two elements of M is again an element of
M (Lemma 5.1). Thus, (11 i 0)M E M and r] :l: 0 belongs to 0...
Finally, (110)M E 11M 5; M, so that 710 belongs to GM. I

Example 7: Let us compute GM for M ={l, ./ d}. Suppose that q=
s + t d , where s and t are rational numbers. Then I] is in 0,, if and only if
11-1 and m/ d belong to M, that is, if and only if

s+t d =x-l+yfi
td+s«/7=w-l +zj7,

where x, y, z, ware rational integers. Since 1,fl is a basis of Q(.J7), we
see from the first equation that s = x, t = y, so that s and t are rational
integers. From the secondlequation, we see that w = rd, 2 = s, and w and z
are automatically rational integers if s and t are. Thus, 0“ consists of the
numbers of the form s + tA/V, s, t rational integers. That is, 0,, = M.

Example 8: Let us do one more example. Consider M = {3, 2W} in
Q(fl). Then 1] = s + tfl (s, t rational) belongs to on if and only if

3.9 + 3t4/ '7 = x-3 + y-M
14t + 2./ 7 s = z-3 + w-ZQ/ 7

for rational integers x, y, z, w. Comparing coefficients we obtain the four
conditions x = s, 3t = 2y, l4t = 32, and s = w, and we need to determine all
rational numbers s, t such that the corresponding x, y, z, w are rational
integers. First, s = x = w, and s can be any rational integer. Also, y = 3t/2
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and z = 14t/3 must be rational integers, and thus t must be a rational integer
divisible by 2-3 = 6. That is, n has the form n = s + 6t’JT, where s and t'
are rational integers. Thus,

0” = {1, 6”}.

Note that 0,, in Example 8 has a basis of the form 1, fan, where of is a
rational integer (co, = fl). In Theorem 10 we shall show that Example 8 is
typical. As a first step, we need

lemma 9: If y is in GM, then 7 is in 1,. Thus, 0,, is a subring of 1,.

Proof: If y is in GM, and M = {an [3}, then

7a=ocx+fly, yfi=aw+flz,
where x, y, z, w are rational integers. These last equations may be rewritten in
the form

«(x - r) + fly = 0
aw+fi(z—y) =0.

Solving the first equation for [3 and substituting the result in the second
equation, we easily see that (since a -/- 0)

(x-r)(z-y)—wy=0-
In other words, 3; satisfies the equation

yz-(x+2)7+(xz-wy)=0.
The other root of this equation is easily seen to be y’ (use the quadratic
formula), so that

(X— 7)(X*7’)= X2 —(x+Z)X+(xZ— W)-
In other words, Tr(y) = x + z and N(y) = xz — wy are rational integers.
Thus, we are done by Definition 3.1. I

Note that we may immediately deduce from our above discussion and
Theorem 5.6 that GM is a module. We can completely describe 0M:

Theorem 10: There exists a positive rational integer of such that GM =
{1, food}. The rational integer* of is characterized as the least positive rational
integer such that {(0, is in GM.
Proof: We have I, = {1, (0,}, where cod is defined in Theorem 3.2. From
Lemma 5, there is a positive rational integerfsuch thatfee, belongs to 0“. Let
us choose of to be the smallest suchf. Since 1 and fro, are in GM, Proposition
6 implies that every number of the form x + yot’cod, x, y rational integers, is

‘1‘ is called the conductor of 0M.
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contained in 0“. Thus, we see that

{1, fwd} E 0M- (3)
Conversely, let )2 be in GM. Then, since 0,, E I, = {1, (9,} (Lemma 9), we
have y = s + to), for some rational integers s, t. Since 3 is in 0”, we seethat
y - s = to), is in GM. By the division algorithm, we may write t = qf + r,
where 0 g r < f. Then, to), =qaf’a), + rco, is in 0,, as is qfam so that
trod — qaf‘w, = road is in GM. But by the definition of of, we see that r = 0.
Therefore, to), = qfcod, and y = s + qfco, is in {1, fwd}. Thus, we see that

0M S {1, fan}- (4)
From Eqs. (3) and (4), we conclude the proof. I

Example 11: Let M be a module and 0,, be its coeflicient ring. Then by
Theorem 10, GM is a module. What is its coeflicient ring? We know that it is
{1, good}, where g is the least rational integer such that gown, E 0". Writing
0,, = {1, fwd} it is then trivially seen that g = of. Thus, 0,, is its own
coefficient ring.

We shall conclude this section by giving a procedure for computing the
coefficient ring of any module M = {on ,8}. By Theorem 10, this amounts to
determining of from at and B.

Let us first make a useful reduction. Observe that M = «{1, film}. The
following lemma implies that the coeflicient ring of M is the same as the
coeflicient ring of {1, fi/ot}. Therefore, in computing coefficient rings, it
suffices to consider modules of the form {1, y}.

Lemma 12: Let M1 and M2 be modules such that Ml =ocM2. Then
0M1 = 0M2‘

Proof: If y is an element of Q(,/ d), then yM2 9 M2 if and only ifNM, 5
«M2. Thus, y belongs to 6),,l ifand only ify belongs to em. I

Let us now calculate the ring of coefficients of a module of the form {1, 7].
We know that 3) satisfies the quadratic equation Xz — Tr(y)X + My) =0.
Since Tr(y) and N(y) are rational numbers, we may write this equation in the
form

aXz—bX+c=0, (5)
where a, b, c are rational integers, a > 0, and a, b, c have no common
factor > 1.

Lemma 13: Let M = {1, y} be a module. Then 0,, = {1,031}, Where a is
given in Eq. (5).
Proof: Note that l, y is a basis of Q(,,/ d). Therefore, if 0 is any element of
Q(./ d), we may write 9 = x + yr for rational x, y. Now 0 belongs to 0. if
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and only if 0M E M, which is equivalent to 0-1, 9-7 in M. In other words,
0 belongs to OK if and only if x, y are rational integers and

07=xr+y7’=(x+%y)r—%y
is in M. This, in turn, is equivalent to the requirement that x, y, by/a, cy/a are
rational integers. Since a, b, e have no common factor > 1, the only way by/a
and cy/a can be rational integers is if a l y. Thus, x + yr belongs to 0,, if and
only ifx, y are rational integers and al y. Thus, 01., = {1, ay}. I

With y given in (5), we know that y = (b j; A/-D—)/2a, where D =
b3 — 4ac. Moreover, if M = {an [3} and M’ = {at’, ’3’}, it is trivial to check
that 0" = 0M]. The following theorem completes our method for calculating
the coefficient ring of any given module M, since we can always replace M by
M’ if need be:

Theorem 14: .Let M = {a, (b + ./D)/2}, where D = b2 — 4ac is not a
perfect square and a, b, c are rational integers having no common factor
greater than 1. Let D = fzd, where d is square-free. Then we have

0 = {{1, éafl, d4E 2 or 3(mod 4),
{1, fwd}, d E 1(mod 4).

Proof: Set at = (b + ./D)/2a. Define the module M1 = {1, at}. We know
from Lemma 12 that GM = 0m- Moreover, by Lemma 13 we know that
0,, = {1, act}. Thus,

fw{if—fi}
Since D = fzd = b2 — 4ac, we see that

fzd E b2(mod 4).

lf (1 E 3(mod 4), then —f2 E mod 4), and thus of" E b2 E 0(mod 4)
since a perfect square is congruent to 0 or 1(mod 4). Thus, if d E 3(mod 4),
both of and b are even. If d E 2(mod 4), then 2062 E b2(mod 4), so that b is
even; hence, of is also even. Thus, if d E 2 or 3(mod 4),

b+ d b—°§“/_=7+g§-/_’
with b/2 and f/Z rational integers. Thus, if d E 2 or 3(mod 4),

w = {1,M = {1, 951%}-
Finally, if d E 1(mod 4), f2 E b2(mod 4), so that of and b are either both
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even or both odd. Thus,

b+of./d =b—of+fl+,,/d
2 2 2

with (b — 00/2 and of rational integers, so that

GM = {1, flhzfl} = {1, fwd}. I

Example 15: We shall compute GM for M = {3, Zfl}. Here y = 2/373
and 3! satisfies 9Xz — 20 = 0, so that D = 4-9-20 =121-5. Since 55
1(mod 4), we have a), = (1 + fl)/2 and 6M = {1, 1200,}.

8.6 Exercises

1. Determine 0,, if M = {1,fl}; M = {2 +fl, 5 — Zfl}; ll
= {7, 4. / 2}.

2. Let M1, M be modules such that M E M, E Id. Suppose that 0.
= {1, fwd}, 0M. = {1, Irma}. Show that f1 If-

3. Let M be a module and suppose that «M = M for all at in 1,. Show that
0M = [4‘

4. Let M = {1, feed}, where of is a positive rational integer. Show that
GM = M. 'Thus, the possible coefficient rings in QW) are precisely
the modules M = {1, few} for of = 1, 2, 3, . . . . (These subrings of I.
are often called orders.)

5. Let a, b, d be pairwise relatively prime rational integers. Let M =
{(1, b,,/ d}. Show that 0,, = {1, abA/ d}.

8.7 The Unit Theorem

Proposition 6.1 tells us that if we know those elements 6 of on such that
N(e) = 1, then from one element of M ofnorm r we may manufacture other:
in a straightforward way. This procedure will be one of the two crucial steps
in solving our first problem concerning binary quadratic forms, which in
terms of modules amounts to determining all elements of a given module M
having a given rational number as norm. In this section, we shall give a very
precise description of all those 6 of 0,, such that N(e) = 1.

Recall the following definition from abstract algebra:

Definition 1: A unit of the ring OM is an element 6 of 0M such that 6"
belongs to 0M.

The relevance of units to the discussion of this section is seen in
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lemma 2: Let 6 belong to 0”. Then 6 is a unit of 01., if and only if N(e)
2: :l:l.
Proof: If e is a unit, then 6“ is in 0,, E 1,, and thus N(e), N(e“) are both
rational integers. However,

1 = N0) = N(ee“) = N(e)N(e'1),
sothat N(e) = i1. Conversely, ifN(€) = i1,then 66' = :|:1 and e“ = is’.
But it is easy to see (from Theorem 6.10) that if 6 belongs to GM, then so does
6'. Thus, 6“ is in GM. _ I

Example 3: Let 0,, = 12 = {1,fl}. Then 6 = l +fl is a unit since
5" = ——l + J? belongs to GM = [2. However, 1, = 1+2fl is not a
unit of 0,, since 2'1 = —l, + %fl does not belong to GM = 12. Alterna-
tively, N(l + J?) = ——1 and N(1+ Zfl) = —7, so that l + J? is a
unit and 1 + Zfl is not by, Lemma 2.

In this section, we shall first describe all the units of 0M. We shall then
determine which of the units have norm +1.

By Theorem 6.10, 0,, = {1, £01,} for some rational integer of 2 1, where
a), =fl ifd E 2 or 3(mod 4) and = (l + fi)/2 ifd E 1(mod 4). Thus,
every element 6 in GM has the form 6 = x + fayy for unique rational
integers x and y. Thus, 6 is a unit of 0,, if and only if

N(x + fwdy) = i1.
However, since

N(x + fwd) = (x + fwayxx + fairy)
= x2 — fzdyz if d E 2 or 3(mod 4),

= x2 + fxy + #of‘yz if dz 1(mod 4),
we have the following result:

Proposition 4: The number 6 = x + fwdy, x, y rational integers, is a unit
of 0,, = {1, food} if and only if x and y satisfy

x2 — fzdy‘ = i1 if d E 2 or 3(mod 4),

xz+¢fxy+l+daf2 2=:l:1 id 1(mod4).

As is very common in this theory, we must consider the cases d < 0 and
d > 0 separately. The answers are very different.

Case I: d < 0. First assume that (15 2 or 3(mod 4). Since 3:2 — alat’zyz
= x2 + |d| army“ 2 0, Proposition 4 implies that we must study the equation

x2+|d|f2y2=L (1)
lf|d|>1 or f2 >1 and y-/—- 0, then x2 + Idlyzdfz2|d|¢f2y2 >1, and
there are no solutions to (1). Thus, if I d I > 1 or f2 > 1, then y = 0, and so
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x = i1, and the only units are e = 3:]. If |d| =1 and f2 =1, then (1)
becomes x2 + y2 = 1, which has the solutions (x, y) = (i1, 0), (0, :hl), and
so in this case, the units are e = i1, i~/—_l. This completes the case (1 < 0,
d E 2 or 3(mod 4).

Now suppose that d < 0 and d E 1(mod 4). Since
_ 2x2 + .fxy + lf‘ 2 = (x + éy) + Liam“ 20.

we must study the equation
2(x+—<5) +—J'f{ r2y2=1. (2)

Ifld | > 4 and y .-,é 0, then (| d |/4)‘f2y2 > 1, and there are no solutions to (2).
Thus, |d| > 4 implies thaty = 0 and x = i1. Thus, the units are E = i1.
If]d|g4, then d=—3 since d<0 and dEl(mod 4). Ifafz>1and
y :7:- 0, then if?” > 1, and there are no solutions to (2). Thus, 1" > 1
implies that y = 0, and again 6 = i1 are the only units. Finally, if of =1
and d = —3, then (2) becomes (x+ y)2 + %y2 = 1. If lyl 2 2, then
iyz > 1, and there are no solutions. In the other three cases for y one trivially
checks that y = 1 implies that x = 0 or —1, y = 0 implies that x = i1, and
y = —1 implies that x = 0 or 1. A simple calculation then shows that if
d= —3 and f =1, the units are e = i1, (11 :l: ./—3)/2, where all
combinations of signs are permitted.

We summarize in

Theorem 5: Suppose that 0,, = {1, £02,} = 6,, where d < 0. Then the
units of 0,, are e = i1 except in the following two cases:

(i) d = —1, of =1, in which case the units are 6 =1, —1, Jr],
—,,/ —— 1.
(ii) d = ——3, of = 1, in which case the units are 6 =1, —1,(1 + «/—_3)/2»
(1 - M -3)/2, (-l -+ M—3)/2, (-1 — ~/—-_3)/2-

Case 2: d > 0. This case is much more intricate than the case of negative d.
In particular there will always be an infinite number of units. We shall avoid
most of the difl‘iculties by appealing to the solution of Pell’s equation given in
Chapter 6. Specifically we shall use the following result (Theorem 6.6.3):

If do > 0 is a rational integer which is not a perfect square, then the
Diophantine equation

x2 — do)»2 = 1 (3)
has an infinite number of solutions.

To determine the units of 0, = {1, cfew} we require three lemmas.

Lemma 6: There are an infinite number of units in 0;.
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Proof: We make the simple observation that 6 = x + yofg/ d belongs to
6, for all rational integers x, y. (This is just the definition of 0, if d E
2, 3(mod 4), since then a), = A/ d. Ifd E 1(mod 4) and co, = (l + ./ d)/2,
then

36+ ffly =(x— fy) + (2y)ofcoa
belongs to 0,.) Now N(6) = N(x + ffiy) = x2 — (fzd)y2. Setting
d. = fzd, we see that do is not a perfect square. There are an infinite number
of solutions (x, y) of (3). If (x, y) is a solution, then 6 = x + yot’fi is in
0,, and N(6) = 1, so that 6 is a unit of 0,. I

Lemma 7: If 6 is a unit of 0,, then so are —6 and 1/6. If 61, 62 are units of
0,, then so is 61 - 62. In particular, the units of 04, form a group.
Proof: This fact holds for arbitrary rings and is an easy exercise. I

lemma 8: Let B > 1 be a given real number. Then there exists only a
finite number of units 6 of 0, such that l < 6 < B.
Proof: Let 6 be a unit of 0,. From Proposition 2.5 we know that 6 is a root
of the equation

Xz — Tr(6)X+ N(6) = 0
with rational integer coeflicients. Since 6 is a unit, we have M6) = :|;1, and
thus 6 is a root of the equation

Xz — Tr(6)X:|: 1 =0.

Now 6 > 1 and N(6) = 66’ = :|:l, and so |6’| = (1/6) < 1. Thus,
|Tr(6)| = [6 + E'ISIEI + [6’] < B +1.

Hence, 6 must be a root of one of the equations X2 + nX j: l = 0, where n
is a rational integer such that [n] g B + 1. There are only a finite number
of such equations, and each equation can have at most two roots. Thus,
there are only a finite number ofpossibilities for 6. I

By Lemma 6, there is a unit 6 in 0, such that 6 :fi i1. If 6 is negative,
replace 6 by —6, and we still have a unit of 0, by Lemma 7. Thus, assume
that 6 > 0. If 6 < 1, replace 6 by 6‘1 (again a unit of 0, by Lemma 7). Thus,
there is a unit 6 of 0,. such that 6 > 1. By Lemma 8 there is a unique smallest
unit 6, of 0,. such that l < E; S 6. In fact, 6r is the smallest unit of 0,
larger than 1.

Definition 9: The smallest unit of 0, which is larger than 1 is called the
fimdamental unit of 0,, denoted 6,.

Theorem 10: Suppose that 0, = {1, fwd}, where d > 0. Then the units of
0, are the numbers i6} (n = 0, :l:l, i2, . . .).



238 Chap. 8 Arithmetic in QuadraticM

Proof: Let 6 2 1 be a unit of 0,. Since 1 < 6,, we see that e',—»oo
(n —> co), and so there is an integer n 2 0 such that

6} S 6 < 6}“.
Thus,

1 g 66;" < 6,.
By Lemma 7, 66;" is a unit, and it is smaller than 6,, the smallest unit lug
than 1. Thus, 1 = 66?, and so 6 = e}. In general, if e is any unit of 0’, then
one of 6, 6", —E, or (—6)‘1 is a unit 2 1 and thus ofthe form 6} for some
integer n 2 0. I

You should observe the similarity between the proof of Theorem 10 and
the proof given describing the method for obtaining the general solution to
Pell’s equation (Theorem 6.6.7). You should also note that in case d5
1(mod 4) we managed to avoid considering the more complicated Diophantine

_ equation given in Proposition 4 (by virtue of Lemma 6). However, we may
now conclude that if d E 1(mod 4), then x2 + Of’xy + ((1 — d)/4)f’y‘ =1
has an infinite number of solutions in rational integers x, y.
Example 11: In case d E 2, 3(mod 4), the problem of determining the units
of {1, 33/7} is equivalent to solving the Diophantine equations

x2 — fzdyz = :|:1.
If d i 2(mod 8), then reasoning with congruences modulo 8 shows that t1:
equation

x2 — ofzdyz = —1
has no solution. Thus, determining the units is equivalent to solving Pell’l
equation x2 — fzdyz = 1. The fundamental unit 6, is then just
x0 + yoffi, where (x0, yo) is the fundamental solution of the Pell equa-
tion. We shall take up the general problem ofcomputing 6, in a finite number
of steps after we prove Theorem 12.

Using our knowledge of the units of 0M, let us now determine all units of
norm 1. This is easy from what we have already proved.

Theorem 12: Let 0M = {1, fwd} = 0,, and in case d> 0, let E; be the
fundamental unit of 0“. Further, let U+ denote the set of all units of norm
+1. Then, ifd> 0,

U _{{:|:€:f|n=oa i1: i2:-°'} ifN(€:)=lr

* {ie}"|n = 0, i1, 12,” .} ifN(e;) = —1.
If d < 0, all units have norm 1.
Proof: N(:|:6§) = N(€,)" for any integer k. I

Let us finally turn to the problem of explicitly computing the fundamental
unit 6,. in the case d > 0. We require three lemmas to aid in the calculations.
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l‘lllll3i' Let d> 0 and let 6 =x + fwdy be a unit of 0, such that
(>1. Then x>0 and y>0, except for the case d=5, of =1, 6:
(l + «[57/2.
Proof: First note that to, — (of, >‘ 0. Moreover, N(e) = 66’ = i1 implies
that e" = :te’, and thus we have

,_ 16—6 —e:F-€—>0.

Thus, 6 — 6' = (flu), — way > 0, so that y > 0. Also, the facts 6 > 1 and
a" = i1 imply that '

IE’I = Ix + fwéyl < 1-
Morcover, (a; < 0, so that if x 72 0, we must have x > 0. If x = 0, then,
since N(€).= :lzl, we have y‘f‘coda); = :lzl. But, rodeo; is either —d (if
(15 2 or 3(mod 4)) or (1 — d)/4 (if d E 1(mod 4)). Since d > 1, the first
case cannot occur. Thus, d2 1(mod 4). If d > 5, then |y2fzcodwgl > 1.
Thus, we see that d= 5 and yzfz =1, so thatqaf‘ =1, y = i1. Thus,
sincc6> l, we must haves =(l +./5)/2. I

Lemma 14: Let d > 0 and let 6 = x + fwdy be a unit of 0,. Assume that
e > 1 and x at: 0. Then x is the integer closest to the irrational number
-yfa>:.-
Proof: By Lemma 13, x > 0 and y > 0, so that x 21 and y 21 (since x
and y are rational integers). Moreover, (0,, > 1 and of 2 1, and thus 6 =
x + fwdy > 2. Since N(e) = 66' = i1, we see that

Ia=e<e
But 6' = x + foot,y, and therefore

Ix + fwéyl < %-
Thus, the assertion follows immediately. g I

Note, for reference, that

f./dy ifd52,3(mod 4),
_ co' = _ _

“f ‘y {f@y if d E 1(mod 4).

Lemma 15: Let d> 0 and let 6 =x +fa>4y be a unit of 0, such that
e‘ > 1. For each rational integer n 2 1, set
and [7° .7 #6

7 6n = xii + fwdyn'

Then62)=x1<xz<x3<--~and0<y=y1<yz<y3<~u
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Proof: Note that

5" = “P1 = (x! + fdfiXx —1 + fwdyu—i)
(xlxn-l + fzdylyn-l)

+ofa’d(x1yn-1 +J’1xu—1) ifd—=‘20r 3011044)-

(xix —1 + d I lat’zylym)
+ fwxxiyfl + ylxn-l + cIyn—D if ‘15 1(m0d 4)-

Thus, we have explicit formulas for x, and y,I in terms of x = x1, y = y1 and
x,,_,, y,_,. The assertion follows immediately by induction on n. I

We may now give our procedure for computing 6,. Let us exclude the case
of = 1, d = 5. By Lemmas 13, 14 and 15, we have the following:

Algorithm: Inspect each of the numbers x + fwdy, y = l, 2, 3, . . . ,
x = the integer closest to —fco{,y. The first one which is a unit is the
fundamental unit 6;.

Example 16: Let f = l, d = 23. In this case 6, is the fundamental unit of
I”. Since 23 E 3(mod 4), we are looking for a solution to x2 — 23y‘ = ii.
We tabulate our data as follows:

y —y,fa),'g = M233 x N(x + my) = x2 — 23yz

l 4.8 5 25 — 23 = 2
2 9.6 10 100 — 92 = 8
3 14.4 14 196 —- 207 = --11
4 19.2 19 361 — 368 = -7
5 24.0 24 576 — 575 = 1

Thus, 61 = 24 + 5,,/23 is the fundamental unit.

Example 17: Let us compute the fundamental unit for f = 2, d = 3. Again
we tabulate the data:

y —fwéy=my x N(x+2\/'3'y)=x3—12yq

1 3.4 3 9—l2=—3
2 6.9 7 49-48=l

Thus, 62 = 7 + 22/3" = 7 + 4,,/_3' is the fundamental unit of{l, 2J3].
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There is another way of proceeding in the case of > 1. Suppose that the
fundamental unit 6, of I, has been determined. Then the fundamental unit
6, of 0, = {1, fwd} can be determined as follows. Since 0; is contained in 1,,
we see that 6, is a unit of 1,. Therefore, 6; = is: for some integer n.
Moreover, since 6, > 1, e, > 1, we see that e, = 6’; for some n 2 1. In
general, 6, is the first power of e, which belongs to 0;.

In Example 17, we easily compute that e, = 2 + J? is the fundamental
unit 0f13. Now 6% = 7 + 2-2,\/_3_ is clearly in {1, M}. Since 61 does not
belong to {1, Zfl}, we see that e, = 7 + 4J7. Also, 64 = 7 + 4J7.

In closing, we point out that although the above method for determining
the fundamental unit seems very efficient, we have given no upper bound on
how big the first value of y which gives a unit will be. Unfortunately, y may
be very large, even for small d. For example, for of = 1, d = 31, e; =
1520 + 273A/fi; if of = l, d = 94, e; = 2143295 + 221064A/9_4. We have
included a table of the fundamental units of I, for 1 < d < 200 at the end of
the book (see Table 2).

There is a much more efficient method for determining the fundamental
unit. The method relies on the theory of continued fractions, a topic often
covered in an elementary course in number theory. The interested reader
should consult G. H. Hardy and E. M. Wright, An Introduction to the Theory
of Numbers, 3rd ed., Oxford University Press, Inc., New York, 1960and
Y. Borevich and I. Shafarevich, Number Theory, Academic Press, New York,
1966, Chapter 2, Section 7.3.

8.7 Exercises

Show that (1 + m/Z is the fundamental unit of 1,.
2. Compute the fundamental unit of I, where

(a) d=3. (b) d=6. (c) d=17. (d) d=21. (e) d=35.
3. Write a computer program to compute 6,, the fundamental unit of 1,.

Use your program to check as much of Table 2 as you can.
4. Compute the fundamental unit of 0, = {1, food}, where

(a) d=3,f=l. (b) d=3,,f=2.
(c) d=3,,£=4. (d) d=5,,r=1.
(e) d=5,f=5. (r) d=5,,r=7.
Use both the algorithm given in the text and the method which locates
the first power of 6, which lies in 0;. Compare the efliciency of these two
computations. ‘

5. Let R+ denote the set ofpositive real numbers and let G be a subgroup of
R+ under multiplication such that there exists an interval (a, b) about 1
in R+ which contains no element of G other than 1.
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(a) Show that G consists of all powers (positive and negative) of some
element of G.

(b) Can part (a) be used to simplify the proof of the unit theorem?
6. Let 61 denote the fundamental unit of 1,, d > 0.

(a) Show that e, 2 1 + J? if d _=_ 2 or 3(mod 4).
(b) Show that e, 2 (3 + fi)/2 if d E 1(mod 4), d¢ 5.
(c) Show that 61 ——> 00 as d——> 00.

8.8 Computing Elements of a Given Norm in a Module

We are finally ready to give a complete solution of Problem 1’ posed in
Section 4. Namely, we shall give a procedure for determining all elements of
given norm in a given module. When translated into the language of form,
this solution will allow us to solve completely any quadratic Diophantine
equation in two variables. Let M be a module in Q(fi) and let r be 3
rational number. Our object in this section is to determine all 5 in M such
that N(§) = r.

First, let us note that the case a < 0 is trivial, for if M = {11, )3}, with a =
a+bfl, p = c + efi, then N(ax + By) = (ax + cy)z + (bx+ey)‘|d|
for x, y rational. If x and y are rational integers and g is a common
denominator of a, b, c, e, then ax + cy and bx + ey are rational numbers
with denominators dividing g. Thus, if N(acx + fly) = r, we see that r 20
and lax + cy| g J7, [bx + eyl g A/r/ldl. In particular, there are only
finitely many choices for the rational numbers ax + cy, bx + ey. Thus, there
are only finitely many choices for ax + By, and it is easy to determine which
of these have norm r. Henceforth, let us assume that d > 0. I

Let us now transform Problem 1’ into two other problems whichweshnll
be able to solve. Motivated by Proposition 6.1, we make the following
Definition:

Definition 1: We say that two elements a, [i of the module M are associate:
(or are associated with one another) if there exists a unit 6 of 0,, such that
a = 613'.

Example 2: 2 + 3J7 and 4 — J? are associates in M = {IA/'2'}, since
4 —fl =(—1 +¢7)(2+ 3J7),and—l +flisaunitof0M=M

From Lemma 7.2, we see that the numbers 6 of Q(fi) which satisfy the
hypotheses of Proposition 6.1 are just the units of 0M which have norm 1.
Thus, if 5 belongs to M, then cf is an associate of 6. Therefore, we can break
our problem of determining all elements 6 of M having norm r into two
subproblems, namely

Problem l-A: Determine all units of GM of norm 1.
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Problem l-Bz' Find a set S, of elements of M such that
(i) No two elements of S, are associates.
(ii) Each elements of S, has norm r.
(iii) If 6 in M has norm r, then 6 is an associate of some element of 5,.

Of course, Problem l-A is solved by Theorem 7.12. We shall solve
Problem l-B in the remainder of this section.

A set S, satisfying (i)—(iii) in Problem l-B is called a complete set of
nonassociate elements ofnorm r. We shall specify a procedure for finding such
a set. Moreover, it is somewhat surprising that S, is always finite.

First, let us note that if Problems l-A and l-B are solved, then we can
determine all 6 in M having norm r. Indeed, if S, = {61, . . . , 6,} and 6 is any
element of M of norm r, then 6 is an associate of 6, for some i (l g i g t).
Thus, there exists a unit 6 of 0,, such that 6 = 66,. However, since N(6)
= N(6,) = r, we see that

r = N(6) = N(Etft) = N(€)N(6:) = N(€)ro
Thus, if r .-,¢ 0, we see that N(6) = 1. Thus, we have the following result:

Theorem 3: Let M be a module and let r be a nonzero rational number.
Suppose that 61, . . . , 6, is a complete set of nonassociated elements of M
having norm r. If 6 is any element of M of norm r, then there exists a unit 6
of 0,, of norm 1 and an i such that 6 = 66,. That is, the set of all 6 in M such
that N(6) = r is precisely the set of all 66,, where l g i g t and e is a unit of
0,, of norm 1.

We now turn to the solution of Problem l-B.

Lemma 4: Let 6 be an element of M such that N(6) = r. Then there is an
associate 61 of 6 satisfying

1361<6; and i6'—'<I6’1|slrl,
I

where E, is the fundamental unit of 0,, = {1, {0),}.
Proof: Since N(6) = r, we have N(—6) = r. And since an associate of —6
is also an associate of 6, we may assume, without loss of generality, that
6>0. Since €;> 1, we see that 6}—>oo as n—roo and e}—>0 as
n -—> —oo. Thus, there is a rational integer n such that

e} g 6 < 6}“.
Equivalently,

l g 66;" < 6,.
Set 61 = 66;". Then 61 is an associate of 6 and

1S61<6¢P (1)
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Moreover, since
r = N051) = 515,1»

we see that

6’: =-£—1,
so that from Eq. (1),

Jg<lca|s1ri [-
Suppose that 6, is the associate of C constructed in Lemma 4, and suppose

that f, = a + A/ d b, where a and b are rational numbers. Then

(1:51:53, b_ €_d.1«/_f’
so that

la|S%(I€1|+l€’1l)£%(6.r+Irl), (2)
lblsfimflrl) (3)

Note that a and b are rational numbers. What can we say about their denomi-
nators? Quite a good deal, as the following lemma shows:

Lemma 5: Let M be a module. Then there is a positive rational integer 3
such that for all A in M, we have g}. = a + A/ d b, where a and b are rational
integers.
Proof: Exercise. See Theorem 5.6, (iii). . I

Let g be the rational integer of Lemma 5 associated to the module M we
have been considering. Then a and b are rational numbers with denominators
dividing g (since {I = a + “/7b belongs to M). Therefore, a is one of the
rational numbers

1 2 P0, —, —,..., —:
i8 i8 i3

where P is the largest integer less than g(e, + Ir] )/2. Similarly, b is one of
the rational numbers

1 2 Q
0, —, —"°" —,:l:g :l:g ig

where Q is the largest rational integer less than g(€; + |r|)/2fi. Note
that these two sets of rational numbers are finite and depend only on r and
the module M. In particular, we see that there are only finitely many choices
for 61 and that these choices can be enumerated in a simple way. To find
which of the choices for {I have norm r, it suffices to test each of the finite
number of 'choioes. We shall give some examples of such calculations below.
But first, let us summarize our conclusions.
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Theorem 6: Let M be a given module and let r be a given rational number.
Then a complete set of nonassociated elements ofMis finite.* In other words,
there exists a finite set of elements {61, . . . , 6,} of M such that (i) N(5,)
= r (l S i S t) and (ii) every element 5 of M such that N(€) = r is an
associate of some 6, and (iii) no two (E, are associates.

The calculation we have outlined above is a viable solution to Problem
l-B. Let us illustrate this by means of two examples.
Example 7: Let M = I2 = {1,m, and let us determine a complete set of
nonassociated elements of M of norm 7. It is easy to see that e, = 1 + J?
is the fundamental unit of 0" = 12. Moreover, since every element of M is of
the form x + J?y, x, y rational integers, we may take g = 1 in Lemma 5.
Thus, we may select a complete set of nonassociated elements of I2 from
among the elements {I = a + J?b, where from Eqs. (2) and (3)

|a|g%(e,+7)=§.+4212=4.7o7...

mafia—(e,+7)=fi7(s+m=3.328....
Thus, a = 0, i1, :l:2, i3, i4 and b = 0, i1, :l:2, i3, giving rise to a list
of63 elements: 0, ifl, :l:2fl, i3fl, i1, :|:l :lzfl, il :l: Zfl,
:|:l :l: 3fl,:|:2, :l:2:tfl,i2 :l:2fl, :l:2 :l: 3fl, :|:3, :|:3 :l:.\/'2',
:l:3:l:2«/_2_, i3i3fl, :l:4, :|:4:|:~/_2—, i4i2fl, i4i3fl.
These have norms 0, —2, -—8, —18, 1, —1, —7, —l7, 4, 2, —4, ~14, 9, 7, 1,
—9, l6, l4, 8, —2. Thus, every element of norm 7 is an associate of one of
i3ifl. But —3 —fl =(—l)-(3 +«/_2—) and —3+fl=
(—l)(3 — m, so that —3 ——fl and 3 + M? are associates and
—3 + J? and 3 — J? are associates. Thus, every element of M of norm
7is an associate of 3 + J? or 3 —fl. Moreover, 3 + J? and 3 — J?
are not associates, for if they were,

3+ _11 6r:%—7+-7-fl
would be a unit of 0,, = {1, fl}, whereas it does not even belong to 0”.
Thus, every element of M of norm 7 is an associate of precisely one of
3 + fl, 3 —fl. Finally, since N(e,) = N(1+fl) = —1, we see that
the units of GM of norm +1 are precisely the numbers is?" (n = 0, i1,
:l:2, . . .). Thus, the elements I: of M of norm 7 are precisely given by

:l:(1 + «[2743 + «[23, :I:(1 + WW3 - J7)
(n = 0, i1, i2, . . .).

Now that we have, at least in principle, solved the problem of computing
all elements of given norm in a given module, let us return to the problem

’For given r, this set may be empty.
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which initiated our discussion of modules, namely the problem ofcomm
all solutions in rational integers x, y of the Diophantine equation

axz + bxy + cy2 = m, (4)
where a, b, c, m are given rational integers. As we saw in Section 4, we cut
reduce all considerations to the case where D: bz— 4ac is not a perfect
square. Write D= fzd, where of, d are rational integers and dis square-fin.
Then, Eq. (4) 1s equivalent to

N(ax +w» = am.

Thus, we must find all elements of norm am in the module M =
{(1, (b + Ij,",,/ d )/2}. Since we computed the coeflicient ring of this M in
Theorem 6.14, we may directly apply the above method.

Example 8: Let us put together all that we have learned above in order to
determine all solutions x, y to the Diophantine equation

x2 + 3xy — 5yz = 65. (5)
In this case D = 32 + 4-5 =29, d = 29, of =1. Moreover, by Theorem
6.14 we have

M={1’3—+2£9}={1,1#_9}
0M = {l,#—2—9} = I“

By the algorithm presented in Section 7, we have 6, = the fundamental unit
of [2, = 2 + a)“ = (5 + J23)/2. We must determine all elements 6 ofM of
norm 65. If we set C = a + bfl, where a and b are rational numbers, then
as in Lemma 5, we may take a and b to have denominator 2. Thus, if N({)
= 65 and a = a1/2, b = b1/2 with al, b1 rational integers, we see that a.
and b1 satisfy a? — 29b: = 4-65 = 260. Moreover, possibly replacing f
with an associate, by Eqs. (2) and (3) we see that

|a|< %(5——9-+2“/—+65)= 35.10...

1b|g2712.9.(_+4£+65)=65....2
Thus, we must have

ial I S 70

lb! I S 13.
But computing 260 + 29b? for b1 = 0, 1, . . . , l3 and determining which
are perfect squares, we find that the only choices for a, and b1 are

(an bl) = (d217, i1). ($241, :l:7), 6:46, i8),
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so that if 5 belongs to M and ME) = 65, then“ 6 is an associate of one of
(:17 i A/2§)/2, (:|:4l :l: 7¢2’9)/2, or (izs i 4M2—9). But (17 + fits/2
and —(17 + A/2_9)/2 are associates, as are (17 -— J79)/2 and —(17 —
JE)/2, etc. Moreover,

23+4A/2—9 _27+s,/2‘9
(41 — 7272=9)/2 _ 2

and thus 23 + 4” and (41 — 7~/Z_9)/2 are associates. Similarly, 23 —
4m and (41 + 74/2—9)/2 are associates. Thus, if 4" belongs to M and N(§) =
65, then f is an associate of one of (17 :l: A/2_9)/2, (41 :I: 7A/2_9)/2. None
of these four numbers are associates. For example,

(17 + ./29)/2 = (17 + A/T9)‘ = 318 + 34A/2—9
(l7 — :729)/2 N(17 — :729) 260

is not in GM, and so (17 + ./29)/2 and (17 — A/29)/2 are not associates.
Our factorization of (5) was

= 6i,

x2 + 3xy — 5y2 = N(x +fly).

Since

17+3529_ 3+,Cz9 17—,/—29_ _3+./_29

41+7 29_ 3+,/—29 41—7 29_ _ 3+ 29—fC—lo+7T’ _f[_31 7%,

a complete set of nonassociate solutions to the Diophantine equation (5) is
given by

(x, y) = (7, 1), (10, —l), (10, 7), (31, —7).

Since 61 = (5 + A/29)/2 and N(el) = —l, we see that the elements of M
having norm 65 are just given by

4—“ flex—5 f) i(4—1i2”2—9)(—£5 +2 29>"
for n = 0, i1, i2, . . . , and all possible combinations of signs, Thus, we
see that if x0, y0 is one solution of Eq. (5), then other solutions x, y may be
computed from

:l:(x° +yo#_2—9)ff = x +yH+2—9 (It)

:l:(xo +yo§ifZZ_—9)e;2 = x +y3L2@. (n)

‘Note that the numbers listed belong to M. It is possible in some examples to arrive
It (a1, bl): which gives rise to 6 not belonging to M.
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Moreover, starting from the solutions (x0, yo) =(7, l), (10, —l), (10, 7),
(3], —7), all solutions may be computed from these formulas. Since 6} =
(27 + 5M79’)/2 and 6:2 = (27 — 5A/2_9')/2, we see that Eqs. (*) and (a) my
be written

x + y—rS + “79 = :|:(6xo + 25yo + (5x. + 21yo)453 +2 29)
x + y3—+—2“/—2—9 = :|:(21xo — 25yo + (6yo — 5xo)§—+-§“Z—2_9)-

Thus,

y = i(5xo + 21J’o)
or

x = :l:(21xo _ 25J’o)

y = 2|:(6yo _ 530).
By putting in (x0, yo) = (7, l), (10, —1), (10, 7), (31, —-7), we get two more '
solutions. Using, these, we get two more, and so forth. In this manner. we
generate all solutions to our Diophantine equation (5).

8.8 Exercises

1. Determine whether the following elements of I2 are associates:
(a) 5+7,\/'2_ and —13+11fl.
(b) 3+fland13+9fl.
(c) 8 + 154/7 and 3.
(d) 5 + J? and 5 — fl.
Suppose that oil and «z are associates in 1,. Show that I N011) | = |N(a,)l.

3. Calculate a complete set of nonassociates of norm m in 15, where
(a) m=2. (b) m=3. (c) m=11.
(d) m = 44. (e) m = 55.

4. Determine the coefficient ring associated to the binary quadratic form
x2 — xy + yz.

5. Determine all solutions of the following Diophantine equations:
(a) 3x’- + 3xy — 5yz = 55.
(b) xz+xy+yz =3-
(c) x2 + y2 = 3.
(d) x2 — 3y2 = —8.
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Factorization Theory

in Quadratic Fields

9.1 The Failure of Unique Factorization

In Section 8.3, we constructed the integers of Q(J7). As we have already
indicated, we would like to build a theory of factorization for the integers of
Q(fi) which would yield information about Diophantine equations. We
constructed such a theory for the Gaussian integers in Chapter 7. One might
hope that a similar theory could be constructed for 1,. However, as we shall
show in this section, any such hopes are far too optimistic.

Let us first recall the basic definitions from abstract algebra concerning
factorization in the particular case of the integral domain 1,. If a and I?
belong to 1,, then we say that a divides fl (denoted a | ,8) provided that there
exists 7 in I, such that p = my. We call 6 in I, a unit provided that 1/6 belongs
to 1,. We say that a, fi in I, are associates if there is a unit 6 of I, such that
a = fie. We call a in I, irreducible* if a is a nonzero, nonunit and, when-
ever we have a = fly with [3, y in 1,, one of [3 or 1; must be a'unit of 1,. We
say that I, is a unique factorization domain (UFD) if (1) every nonzero,
nonunit a of I, can be written as the product of irreducible elements of
I, and (2) if a =7:l n,=0, 0,, where n,,...,n,,0,,...,0,, are
irreducible, then s = t and we can renumber 7:1, . . . , m, so that n, and 91
are associates, 7:, and 0, are associates, and so forth. Further, recallthat an
ideal of I, is a subset A such that (1) if a, ,8 are in A, then a i [3 are in A, and
(2) ifa is in A and 0 is in I,, then «9 is in A.

‘We prefer to use the term irreducible instead ofprime for technical reasons (see Example
7):

249
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A typical example of a UFD is the Gaussian integers, as we proved in
Chapter 7. We shall show below that I, is not always a UFD. However, itil
true that every nonzero nonunit as of I, is the product of irreducible elements.
To prove this we need two lemmas.

Lemma 1: Let or, [3 belong to I, and assume that a: I fl. Then N(a)lN(fl’).
Proof: If a | B, then [3 = cry for some y in 1,. But then N(fi) = May)
= N(a)N(y), so that N(ac)|N(fi) since N(ac), N03), N(y) are all rational inte-
gers. I

Lemma 2: Let a belong to I, and assume that |N(ar)| = p, where p is I
rational prime. Then at is irreducible.
Proof: Sincep 2 2, we see that or is nonzero and a nonunit by Lemma 8.7.2.
1f“ = #7 with )9, r in la, thenp = |N(oc)| = |N(flr)| = |N(fl)||N(r)|- H0W~
ever, since p is a rational prime, we see that either |N(fi)| = l or |N(y)| = 1.
Thus, by Lemma 8.7.2, either [i or y is a unit. I

Theorem 3: Let at be a nonzero, nonunit of 1,. Then at can be written in the
form or = 7r, - - - m, where 1:1, . . . , n, are irreducible elements of 1,.
Proof: Since at :3 0 is a nonunit, Lemma 8.7.2 implies that |N(a)12 2. If
|N(ac)| = 2, then a is irreducible by Lemma 2, and we may take t =1,
1:, = a. Thus, assume that |N(a)| > 2, and let us proceed by induction on
|N(a) l. Ifac is irreducible, we are done. Thus, assume that as is not irreducible.
Then we may write or = fly, where neither 3 nor y is a unit. Thus, by Lemma
8.7.2, |N(fi)| 2 2, |N(y)| 2 2. Therefore, since

|N(¢)l = |N(fi)||N(r)|,
we have

1 < lN(fl)|, lN(r)| < |N(¢)|-
Thus, by induction, )3 and y can be written in the form

r = a. - - - o.
_ y = ”I . . . ”u!

where 0,, . . . , 0,, m, . . . , 1],, are irreducible elements of I,. Finally,

“=fl7=01 “°0:'Ii ""Iu
is an expression of a as a product of irreducible elements. I

Let us now give an example to show that I, is not usually a UFD.
Example 4: Let d = —5. Then I, consists of all numbers of the form
x + y../ —5, x, y rational integers. In particular, 6 belongs to 1,. Let us
factor 6. A moment’s calculation shows that

6=3-2=(1+.\/—_5)(1—.\/—_5). (1)
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We assert that 3, 2, l + J‘—_5, and l — ./—5 are all irreducible in 1,. For
example, if a] 3, then N(oc)|N(3), and so N(at) |9 by Lemma 1. Moreover, if
C = x + y~/:—_5, then N(oc) = x2 +- 5y2 2 0, so that N(u) is one of 1, 3, or 9.
If Me) = 1, then at is a unit by Lemma 8.7.2. If N(a) = 3, then the Dio-
phantine equation x2 + 5y2 = 3 has a solution in rational integers x, y,
which it clearly does not. Finally, if N(oc) = 9, then 3/05 belongs to I, (since
CB), and N(3/at) = N(3)/N(a) = 1, so that 3/05 is a unit. Thus, if 3 = «[3,
with a and If in I_,, then either at is a unit or )3 = 3/05 is a unit, and hence 3
is irreducible. Similar arguments may be given for 2, l + /\/:5, and
l — J3. Thus, Eq. (1) gives us two factorizations of 6 into products of
irreducible elements. If factorization were unique, 3 would be an associate of
either 1 +A/—5 or‘ 1 — A/ —5. But it is not, since (1 + ,/—5)/3 and
(l — J3)/3 do not eVen belong to I.,, let alone are they units. Thus,
factorization is not unique in I_,.

There are other pathologies, in addition to the failure ofunique factoriza-
tion, which can occur in 1,. We shall content ourselves with exhibiting two.

Definition 5: Given at and ’3‘ in 1,, we call y in I, a greatest common divisor of
a and I? provided that (i) ylacand y|fl,and(ii)if6|a and 5M, then (Sly. We
write y = gcd(a, ,8) to mean that y is a greatest common divisor of ac and [3.

Example 6: Let us show that two elements of I, need not have a greatest
common divisor. For example, let us again take d = —5 and let us set at = 9,
fl = 6 + 3./—5. Let us prove that at and B have no greatest common
divisor. Note that N(at) = 81 = N03). Moreover, as we have seen in Example
4, all norms of elements in 1., are 2 0. Therefore, if y | at and y | [3, we must
have N(y) = 1, 3, 9, 27, or 81 (by Lemma 1). If y = x +i, then we
must have x2 + 5y2 = 1, 3, 9, 27, or 81. These five Diophantine equations
are trivially solved. The only solutions are

(x, y) = (i1, 0), (i3, 0): (i2: i1): (i9, 0): (IE6, 2'23), (2'21, i4),

where all possible combinations of the signs are permitted. The corresponding
7’s are

r = i1, :|:3, i9, :|:2 i f—s, :l:6 a: 3,/_—5, :I:l :I: 4¢—_5.
Of these, the only ones which actually divide both at and I? (calculate a/y,
fl/r and see whether they lie in I_,) are

so that these are the only common divisors of at and ,6. But none is a greatest
common divisor, since i3 does not divide :I:(2 + «/——5) and vice versa. (Do
the division.) Thus, 9 and 6 + 3J3 do not have a greatest common
divisor.
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Example 7: In Chapter 2 of this book, we emphasized that the most bash
property of rational primes was Euclid’s lemma (Lemma 2.4.3), which say:
that if p is a prime and plab, then plaorplb. Note, however, that tln
analogue of Euclid’s lemma is generally false for the irreducible elements d
1,. For example, in Example 4 we showed that 3, 2, 1 + x/——5, and
1 — M: are irreducible elements in 1.,. Moreover, by Eq. (1), we see
that 3l(1 + M'—_5)(l — H), but clearly 3 does not divide either
1+ ,/—_5 or 1 — fl. (Item :I: ,/——5,then (1 :I: M3)/3 wouldbelong
to I.,, which is not true.) Thus, the analogue of Euclid’s lemma is false in I_,.

In Examples 4, 6, and 7, we seem to have destroyed any hope of building
a theory of factorization for 1,. All the customary tools for factoring in the
rational integers and the Gaussian integers have been taken from us. Not
only is factorization not always unique, but numbers do not always have
greatest common divisors, and Euclid’s lemma is not always true. But is the
situation totally hopeless? Is there nothing at all that we can say about
factorization in 1,? Clearly we must look for some new concepts to replace
the concepts of god and irreducible element. These new concepts, originally
proposed by Kummer, will now be introduced.

Let us reexamine closely the two situations in which greatest common
divisors were shown to exist. We showed that the greatest common divisor of
two rational integers a and b (not both zero) exists by considering the set of
all rational integers of the form ax + by, x, y rational integers (Theorem
2.3.3). Let us denote this set by (a,b). We showed that all elements of this set
are multiples of a single positive element d. We then showed that d is a god of
a and b.

The procedure for finding a god of two Gaussian integers at and [3 (not
both zero) was similar to that used for the rational integers. We considered
the set (at, fl) = {a9 + BC 10 and L’ are Gaussian integers}. We then showed
that (at, fl) consists of all multiples of a single element y, that is (11,1?) = yI_,.

We can try to repeat this procedure for the integral domain 1,. Let a and
)3 be elements of 1,, not both zero, and let (at, I?) = {a0 + )3; l 0, C in 1,}. This
set will not generally consist of the multiples of a single element of 1,. Never-
theless, the set will serve as a replacement for the greatest common divisor of
at and [3, as we shall see later in this chapter. Let us first determine some
properties of this set.

Proposition 8: (a, fl) is a nonzero ideal of 1,.

Proof: Since a = tat-1+ [3-0 and fi = d°0 + [3-1 belong to (05,1?) and a
and ,B are not both zero, we see that (ca/3) contains nonzero elements. Let
1. = 0601 + BC“ co = 0602 + #5 belong to (06,3). Then}. :I: co = «(01 :I: 0,)
+ 3(4'1 :I: {2) belongs to (at, [3). If 6 is any element of 1,, then M = «(600
+ [90(1) belongs to (at, )3). Thus, (at, )9) is an ideal of 1,. I
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We now note that {0} is also an ideal of 1,. This trivial ideal will play no
role in what follows. Therefore, we make the following

Convention: Henceforth, all ideals of I, will be assumed to be nonzero.

Proposition 9: a and ,8 have a gcd in 1,; provided that (a, fi) = 71.1 for some
7 in 1,. In this case, 3! is a gcd of at, [9.

Proof: If (at, [9) = yId, then since a and fl belong to (ac,fi) (see the proof of
Proposition 8), we have that at and [3 are multiples of 3:. If 6 l at and 6 | [3, then
a = 60, fl = 64' for some 0, C in 1,. Since 3: = 1-)) belongs to (05,1?) = 3,1,, we
have 7 = am + M. for some n, I. in 1,. Thus, y = 6071 + 64'). = 6(0n + Cl),
sothatdly. Thus,yisagcd ofu and [3. I

Let us recall from abstract algebra that an ideal of the form y], is called a
principal ideal. We have seen above that not every pair of elements at, 1? of
I, has a greatest common divisor. Therefore, by Proposition 9 not every ideal
of I,l is principal. However, from Proposition 9 it is clear that there is a
connection between factorization theory and ideal theory in the integral
domain 1,. The ingenious idea. of Kummer was to develop a factorization for
the ideals of 1,, instead of the numbers in 1,. To give some idea of what this
means, let us look at the example of the Gaussian integers again. Before we
can do this, let us recall the following easily proved fact concerning ideals:

Lemma 10: Let A = cold, B = #1d be two principal ideals of 1,. Then A = B
if and only if or and [3 are associates.
Example 11: Let us first determine the ideals of L1. Let A be any ideal.
Choose at in A such that N(ac) is .positive and as small as possible. Using the
division algorithm in L1 we may show that A = atI_,. Thus, every ideal of1.1
is principal. Let us define the product of two ideals all.“ [3]., by («1.1)-
(31.1) = (afl)I_1. (Check that this definition makes sense; that is, if «L, =
all.“ 131., = 311.1, then (ac/9)I_1 = (a1fi1)I_1.) Let A = 051., be any ideal.
Lemma 10 implies that at is not a unit of 1.1 if and only if A =/_- 1.1. In case at
is not a unit, we may factor at as m = 7:17:2 - - - m, where n1, n2, . . . , 7:, are
irreducible elements of 1.1. Set P, = 1r,,I_1 (i = 1, 2, . . . , t). It is easy to check
that P, is irreducible. That is, ifP, = CD for ideals C, D, then either C = 1.1
or D = 1.1. Moreover, A = P,Pz - - - P,. Thus, we see that every ideal -,é 1.1
can be written as a product of irreducible ideals. Moreover, by Lemma 10
and the fact that 1., is a unique factorization domain, we see that the fac-
torization of A into a product of irreducible ideals is unique up to a
rearrangement of factors. Thus, in the special case of 1.1, the unique factori-
zation of ideals is a direct consequence of the unique factorization for ele-
ments.
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Now we may outline our approach for the remainder of the chapter. We
shall define the product of two arbitrary ideals of Id. Since not every ideal is
principal, the definition given in Example 11 will not suflice. The appropriate
definition will be given in Section 9.3. We shall then develop the properties 4!
this multiplication. In Section 9.4, we shall define the concept ofan irreducibk
ideal. Finally, we shall prove that every ideal of I, (other than I.) can be
written uniquely as a product of irreducible ideals.

One of our primary purposes in developing the theory of quadratic field!
was to study the general quadratic Diophantine equation axz + bxy + cy’
= t. We saw in Chapter 8 that there is a natural connection between modules
in Q(J7) and these equations. On the other hand, we saw in Chapter 7 how
the factorization theory in L1 can be used to study the special quadratic
Diophantine equation x2 + y2 = t. It turns out that it is possible to develop
a general theory of factorization of modules, not just ideals. Such a general
theory has important applications to the study of quadratic Diophantine
equations. But what is the connection between ideals and modules? The
answer is given in Corollary 14, which summarizes the next two results.

Theorem 12: Every ideal A of I, is a module.
Proof: We must show that there are a, )3 in A such that every y in A can be
written uniquely in the form y = cox + fly, for rational integers x, y. This is
not easy to carry out explicitly, and so we shall use the characterization ofa
module given in Theorem 8.5.6. Let y be any nonzero element of A. Since
1, J7 belong to I, and form a basis of Q(¢7), we see that y, yfibelong
to A and are a basis of Q(«/7). This is hypothesis (i) of Theorem 8.5.6.
Hypothesis (ii) of Theorem 8.5.6 is justified by the fact that A is an ideal.
Finally, hypothesis (iii) is verified since A E 1,. Thus, by Theorem 8.5.6.
A is a module. I

Proposition 13: Let A be an ideal of 1,. Then 04 = 1,.
Proof: By Lemma 8.6.9, 0,, E 1,. However, if y e 1,, then yA E A (sinceA
is an ideal). Thus, y e 0,, and 1,, E 04. I

Corollary 14: A subset A of I, is an ideal of I, if and only if A is a module
and 04 = Id'

Theorem 12 and Corollary 14 suggest the following definition:

Definition 15: Let 0 be a ring of coeflicients, and M a module. IfM has 0 as
its ring of coeflicients, then we say that M belongs to 0. If M E 0 and M
belongs to 0, then we say that M is an integral module (for 0). That is, M is an
integral module if and only if M E 0”.
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In the rest of this chapter, we shall consider the following situation. Let 0
be a fixed coeflicient ring. We shall consider the set of all modules belonging
to 0. We shall develop a factorization theory for all integral modules belong-
ing to 0. The modules play the role of generalized rational numbers, whereas
the integral modules play the role of the generalized integers. Factoring prin-
cipal modules (i.e., modules of the form ye) will allow us to draw conclusions
about the factorization of individual elements y of Q(fi). In the special
case 0 = 1,, our factorization theory will concern the ideals of I... This general
form of the theory is most convenient for applications to quadratic Diophan—
tine equations. -

9.1 Exercises

1. Determine which of the following statements is true:
(a) 2—A/—_3|5—2../—3. (b) 2+fl|l6+l3fl.

2. Show that 2 + 3.\/_2_ and 8 + Sfl are associates.
Which of the following elements of I, are irreducible?
(a) 3+5fl. (b) 1+fl.
(c) 3+6fl. (d) 36—fl.

4. Factor the following elements of 1., into irreducible elements:
(a) 17. (b) 6. (c) 35.

5. Show that the division algorithm holds in 1.3. That is, show that if
0:, fl are integers of 1.3, [3 7b 0, then there exist integers y, 6 of L3 such
thatoi = ,3? + 6, 0 g lN(5)| < |N(fl)|.
Use Exercise 5 to show that 1.3 is a unique factorization domain.

Do Exercises 5 and 6 with 1.3 replaced by 13.
Show that the division algorithm does not hold in I_,.

9
9

°
3

9

Give an example to demonstrate that 1.6 is not a unique factorization
domain.

IO. Give an example of two elements of 1.6 which do not have a greatest
common divisor.

11. Give an example to show that the analogue ofEuclid’s lemma is false for
I— 6 o

12. Show that the converse of Proposition 9 is false. (Hint: d = —5.)

l3. Prove Lemma 10.

14. Suppose that every ideal of la is principal. Show that 1,, is a UFD.
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15. Let «I, . . . , at, be nonzero elements of 1,. Let («1, . . . ,a,)=
{a119, + -- - + a,fl,,| fl, belong to 1,}. Show that (oil, . . . , at.) is an ideal
of Id.

16. Find bases for the following ideals of 1,:
(a) (2)- (b) (3 + 5W) (0) (2J3? (d) (1. W-
(e) ' (2, 3)- (f) (5, 10 + 5M3? M7)-

17. Which of the following ideals of I3 are principal?
(a) (2, M37. 0)) (5, l + W).
(e) (7. 7 + NT)- (d) (3, 3M?)-

18. Compute the discriminants of each of the ideals of Exercise 16.
19. Suppose that a, fi belong to 1,, and that A(oc, fl) is a square-free integer

9E 0. Prove that (at, fl) = {09, fi}.
20. Give an example of an ideal {a, [9} such that A(ac, fl) is not square-free.
21. Give an example of a module M E 1,, which is not an ideal of I...

9.2 Generalized Congruences and the Norm of a Module

In this section, we shall introduce the notion of the norm of a module,
which is a rational integer measuring the “size” of a module. The notion of
the norm of a module will be very important in deriving our theory of
factorization.

Recall that in Chapter 3 we introduced the notion of a congruence modulo
a positive rational integer n. Then the number of elements in a complete
residue system modulo n was shown to be It. In this section, we shall general-
ize the notion of congruence by replacing n by a module M. We shall define
the notion of a complete residue system modulo M. Then the norm of M will
be defined as the number ofelements in a complete residue system modulo M.

Let us begin by defining our. generalized congruences. Let M and A be
modules and assume that M E A. We say that two elements a: and [9 of A
are congruent“ to one another modulo M, denoted a E fl(mod M), provided
that at — [9 belongs to M. For example, ifM = yId, where y is an element of
1,, and A = 01., = 1,, and if at, I? belong to 1,, then at E fi(mod M) if and
only if a: — fl is of the form yo for some 6 in Id. Thus, at E fi(mod M), in
this case, is equivalent to ylac — ,6. Thus, our new notion of congruence
generalizes what we are accustomed to think of as congruences.
Example 1: Let M = {4, 3J7}, A = 1,. Then 5 + 34/3— E —3(modM)
since 5 +_3.\/'5' — (—3) = 4-2 + 3.\/'5'-l belongs to M.

*Another way of viewing this is as follows: A and M are abelian groups with M a sub-
group of A. Then a and p are congruent mod M provided that they are in the same coast
of A modulo M. Thus, we are really considering A/M.
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Let us construct a complete residue system modulo M in a manner simi-
lar to that used when we discussed congruences among rational integers.

Definition 2: Let M, A be modules such that M g A. A complete residue
system ofA modulo M is a set S of elements of A such that every element of
A is congruent modulo M to precisely one element of S.

Let us give a concrete method for constructing a complete residue system
of A modulo M. The key to our method is to construct a special basis for the
module M.

Lemma 3: Let A = {on )9} be a module in Q(,,/ d) and let y be any element
of Q(./ d). Then there exists a rational integer a > 0 such that or belongs to
A.
Proof: a, )3 is a basis of Q(M7), so that y = ra + sfl for rational num-
bers r, s. We may choose a to be a common denominator of r and s. I

Let A and M be modules, M E A, and suppose that A = {0%, 17}- Let a
be the least positive rational integer such that act belongs to M (Lemma 3).
Since M E A, every 3; in M is of the form y = ra + S}? for rational integers r
and .9. There must be a y in M for which s .72 0 since M contains a basis of
Q(J7). Possibly replacing such a y by —y, we can find a y in M such that
s > 0. Among all elements rot + sfl in M with s > 0, we may choose one
with s least. The two numbers so constructed give a basis of M.

Theorem 4: Let A and M be modules, M _C_ A, and let A = {05, 3}. Let
a > 0 be the least rational integer such that am is in M and let bat + cfl be
that element of M for which c > 0 and is as small as possible. Then
M = {am bat + cfl}. Moreover, we may always choose bat + cfl so that
Ogb<a
Proof: First observe that the division algorithm for rational integers
implies that if k is a rational integer such that kac belongs to M, then a | k.
Similarly, observe that if y = xac + yfl belongs to M, then cl y. Let y =
xi! + y]? belong to M. Then cly, say y = sc. Then

y — s(bac + cfi’) = (x — sb)a
belongs to M. Therefore, alx — sb, say x — sb = ra. Then

32 = r(aa) + s(boc + cp‘). (1)
Conversely, any number of the form (1) belongs to M since act and bat + cfi
belong to M. Thus, M = {ace bat + cfl}. Note that if we write b = aq + t,
0 g t < a, then M = {dog (bat + cfi) — q(aa)} and (be: + cfl) — q(aa) =
to: + cfl, 0 g t < a. Therefore, we may choose be + cfi' so that 0 g b
< a. I



258 Chap. 9 Factorization Theory in Quadratic fields

We shall apply Theorem 4 most frequently in the case M is an integral
module and A = GM (for example, whenever M is an ideal of 1,). In this case
we have the following result:

Corollary 5: Let M be a module contained in its coefficient ring 0M =
{Lofcod}. Let a > 0 be the least rational integer in M and let b + cafe), be an
element of M for which c > 0 is as small as possible. Then M = {a. b +
cot’cod} and we may assume that 0 g b < a.

We may now exhibit a complete system of residues ofA modulo M.

Theorem 6: Let M, A be modules, M E A, A = {ca )3} and let M =
{a115, boa + cfi}, where a, b, c are as in Theorem 4. Then a complete residue
system of A modulo M is given by

xoc+yfi, 0gx<a, 0gy<c. (2)
In particular, such a system contains ac elements. -

Proof: All the numbers listed clearly belong to A. First we show that no
two can be congruent modulo M: If 0 g x, x, < a, 0 g y, y1 < c, and

X“ + yfl E x10! + ylfi(m0d M),
then (x — x1)ai + (y — y,)fl belongs to M, so that

(x - x1)“ + (y - y'1)fi = “a“ + ”(bat + GB)
for some rational integers u, '0. But then, y — y1 = vc, x — x1 = ua + ob.
Since 0 g y, yl < c, the first equation shows that o = 0 and y = y1. Then
the second equation shows that x = x1 since 0 g x, x1 < a.

Now we show that any number in A is congruent to one of the numbers
(2): Ify =x1a +y1fl belongs to A, writey1 =qc+ywith0gy< cand
x1 —qb =pa+x with 0gx<a. Then 3; —(xa+yfi) =p(aa)+
q(bac + Cl?) belongs to M and thus

y E xac + yfi(mod M). I
Definition 7: Let M, A be modules, M E A. We define the index ofM in A,
denoted (A :M), to be the number of elements in any complete residue system
ofA modulo M. If M is an integral module (that is, M 9 0M), then we define
the norm ofM, denoted N(M), to be the positive integer (0M :M).

We leave it to the reader to show that any two complete residue systems
of A modulo M have the same number of elements, so that the index (A:M)
is well defined)“

Using Theorem 6, we can obtain a neat formula for (A :M): Let A =
{(1, B}, M = {aa, bot —l—- cfi}, where a, b, c are chosen as in Theorem 4. Then

*Of course, this number is just the number of cosets of M in A.
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ace"
A = = (a ' —— a, 2

A fl fl, fl 5)

_ aa aa’ 2
1'” ba+cfi bac’+cfi’

= (a6)z(¢,3' — 0"13)2 = (A 3M)‘AA,
by Theorem 6. Thus, we have derived the following formula:

Theorem 8: Let M, A be modules, M E A. Then the number of elements in
a complete residue system of A modulo M is just

(A:M)=,‘/%-

In particular, if M is an integral module, then
AN M = __M .( ) "/ A9,.

From Theorem 8, we get the following useful corollary:

Corollary 9: Let M, A, B be modules, M E A E B. Then

(B:M) = (B:A)(A : M).
Proof: Exercise. I

Our theory of factorization will be based on the properties of the norm.
It is very important for us to define the notion of the norm of a module for
all modules, not only integral modules. Note that the second formula of
Theorem 8 makes sense for any M. This suggests the following definition:

Definition 10: Let M be any module with coefficient ring 0M. Set
K—

N M = M -( ) rm
Then N(M) is called the norm ofM.

Theorem 11: Let y be a nonzero element of Q(,\/7) and let 0 be a coeffi-
cient ring in Q(./ d). Then the norm of the module 70 is just |N(y) |.
Proof: The coeflicient ring of W is 0 (Lemma 8.6.12). Moreover, by
Theorem 8.6.10, 0 = {1,of’wd} for some rational integer of > 0. Therefore,
70 = {7, Mara}, so that

7 7’
A =

’° lrfaza 2”w
= (w'flwa - 60.9))2

1 1 2 , 2A.) = | m m = (ma — we».
Therefore, N(M) = (Am/A9)“2 = W] = IN(y)I. l

2
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Example 12:
(i) Let M = {2 + 2M3? 6 + 2W} = (2 + 2fl)I,. Then N(M)
= |N(2 + 2%” = 8. Since M is contained in 0" =13, we know
from our above discussion that the number of elements of I3 in a complete
residue system modulo M is 8.
(ii) Let M = 3, 2 + W}. Then, by Lemma 8.6.13, we have 0,, =
{1, M}. Then, from Definition 10,

l l 2
I 2-

N<M>= 2+1“? 21’“? =%-
,2fl 44/?

Note that N(M) is not an integer in this caSe. However, M is not con-
tained in 0”.

Let us observe a very useful property of the index (A : M).

Proposition 13: Let M, A be modules, M E A. Then (A : M) = 1 if and only
if M = A. In particular, if M is an integral module, then N(M) = 1 if and
only if M = 0”.
Proof: (A : M) = 1 if and only if a complete residue system ofA moduloM
contains one element, which is equivalent to saying that 0 is a complete
residue system modulo M. Thus, (A :11!) =1 if and only if every y in 0,, sat-
isfies y E 0(mod M); that is, y belongs to M. Thus, (A : M) =1 if and onlyif
A = M. I

Throughout this section, we have made extensive use of the special basis
for the module M which was described in Theorem 4. Note that it is fairly
easy to find such a special basis for a given integral module M. Let us assume
that M E 0,, = {1,330,} and that M = {05,13}. Then we have as =a. +
bofwd, fl = co + eofa), for rational integers a0, b0, co, co. Moreover, a
typical element of M is of the form

“x + fly = (“ox + coy) + (box + 90.?)d
for rational integers x, y. We have seen in Chapter 2 that the least positive
rational integer of the form box + eoy is just r = gcd(bo, e0). Then, by deter-
mining r and solving the linear Diophantine equation box + eoy = r, we can
find values x0 and y0 for x and y. In this way, we may determine the b and c of
Corollary 5, namely 0 = r and b = aoxo + coyo. Moreover, we may compute
a using Theorem 6, since ac = N(M), and thus

_N(M)_1 ,“"T—‘EVKf
Then a basis for M is {a, b + cfwd}.

K
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10.

9.2 Exercises

Determine whether the following congruences modulo M =
{2,1 +fl} hold (here take A = 1,):
(a) 3 E 5 + fl(mod M).
(b) 325 —,\/._3_(modM).
(c)- 17 + 2,\/_3' £13 + 8fl(mod M).
Determine N(M) for the following modules M:
(a) M = {2, «/_3_}-
(b)M={l+«/T,1-«/7}-
(c) M = {11, 3 + Zfl}.
(Note: In each example you must first determine 0M.)
Determine bases of the form {(1, b + cofcod} for the following modules
M
(a) M={l +fl,1—¢T}.
(b) M = {105 + 20%, 137 + 25%}.
(Note: In each case, determine 0,, and observe that M E 0“.)
Prove Corollary 9.
Determine complete residue systems of 0M modulo M for M one of
the modules of Exercise 3.
Determine all integral modules M of norm 15 belonging to 0 ={1, 3(1),}.
Prove that any two complete residue systems have the same cardinality.
Let A be a given module. Prove that there exist only finitely many
modules M _C_ A with a given index (A :M). Conclude that there are only
finitely many integral modules of given norm belonging to a given
coeflicient ring 0.
Let 0 be a given coeflicient ring and let y be in 0. Find a complete residue
system of ye in 0.
Let M .C. A be modules. Let n = (A :M). Show that nA E M.

9.3 Products and Sums of Modules

We are now ready to define and prove the basic properties of products of
modules.

Definition 1: Let M1 and M2 be two modules of Q(fl). The product
Ml ofM1 and M2 is the set ofall sums ofthe form

“151 + “zfiz + ‘ ' ' + “up”, (1)
where a1, . . . , an, belong to M1 and £1, . . . , [3,, belong to M2.
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Example 2: Let M1 = 71‘, M2 = 614. Then it is clear that M,M, = (76)!“
so that multiplication of principal-ideals corresponds to multiplication of
elements of Id.

Let us express M1M2 in terms of bases for M1 and M2.

Proposition 3: Let M1 = {051,131}, M2 = {052,132} be modules in Q(fl).
Then M1 M2 is the set of all numbers of Q(A/ d) of the form

xifliflz + xzmifiz + xsazfll + x4fiifiz: (2)
where x1, x2, x3, x4 are rational integers.

Proof: Exercise. I

So far, we have not verified that the product of two modules is, again, a
module. Let us rectify this omission now.

Corollary 4: Let M1, M2 be any modules of Q(A/ d). Then MIM, is a
module in Q(J7).
Proof: Let M1 = {091, [31}, M1 = {sin fig}, and let us apply Theorem 8.5.6.
There are three conditions to check:

(i) M1 M2 contains a basis of Q(. / d): By Proposition 3, M1M, contains
«10:2, filaz. And since a; .72 0, these two elements are a basis of (IQ/7)-
(ii) The sum or difference of two elements of the form (2) is again of the
form (2) and hence belongs to MlM2.
(iii) Let n > 0 be a rational integer such that nail, naz, nfli, nfi, belong
to 1,, (Lemma 2.3). From (2), we see that n?M1 M2 5 1,.

Thus, MlM2 is a module. I

Example 5: Set M1 = {2, 21«/_5_}, M'z = {6, 7«/—5_}. Then MIMI Consists
of all sums of the form

12x1+ 21-6flxz + 2-7,\/Tx3 + 21-7-5x4
=(12x1+ 21-7-5x4) + (21-6x2 + 2-7x3)~/_5_,

where x1, x2, x3, x4 run over all rational integers. Since gcd(12, 21-35) = 3,
12x1 + 21- 35x4 runs over all multiples of 3. (See the proof of the existence of
a gcd.) Similarily, 21- 6x2 + 2-7x3 runs over all multiples of 14. Thus,
Ml = {3, 14$}.

Proposition 6: Let M, M1, M2, M, be modules of Q(J7). Then

(i) MIMI; =M2M1. I

(ii) (M1M2)M3 = M1(M2M3)-

(iii) MOM = OMM = M.
Proof: Parts (i) and (ii): Exercises.

Part (iii): OMM consists of all sums of the form 0513, + - - - + «J,



Sec. 9.3 Products and Sum ofModules 263

where a“ . . . , at, belong to GM and [31, . . . , ,6, belong to M. From the defini-
tion of 0“, we have (1,19, belongs to M (l g i g n), so that every element
of GMM is in M. But 1 belongs to GM, so that any at = 1-0: in M belongs
to OHM. Thus, OMM = M. By part (i), MOM = M. I

Definition 7: Let M be a module of Q(./ d). The conjugate module M’ of
M is the set of all a’ such that a is in M. Equivalently, if M = {ot, ,8}, then

Mr = {$1, fir}.

We leave it to the reader to show that M’ is a module having the same
coefficient ring as M (i.e., 0M, = 0”).

Our whole subsequent development hinges on the following fundamental
fact:

Theorem 8: Let M be a module, and 0,, its ring of coefficients. Then

MM’ = N(M)0M.

To prove Theorem 8, it is convenient to make the following

Definition 9: Let M1, M2 be modules of Q(M7). We say that M1 and M2
are similar if there exists an at -/—- 0 in Q(,/ d) such that M, = aMz.

Often, computations can be made simpler by replacing a module by one
similar to it. Fortunately, in doing so, the coefficient ring does not change, as
We have already observed in Lemma 8.6.12.
Proof of Theorem 8: Assume that we know Theorem 8 for modules of the
form {1, y}. Then we may deduce it in general as follows: Suppose that
M = {ca 1?}, M1 = {1, 19/05}. Then M = «M1 so that M, M1 are similar. By
the assumed special case of Theorem 8, we have

MIMI! = N(M1)0M; = N(M1)0Mr
since M, M1 are similar. Therefore,

MM’ = acat’M’1 = am’N(M,)OM
= IN(a) I N(M1)0M (since :|:l belongs to GM). (3)

However, by Definition 2.10
N(M) = (erg:)1/2

and AM = («fi’ — W)2 = («002(03/00 — (ft/05’»z = N(¢)‘AM., so that

mm = |N(a)| (fi—gfl)“
= |N(a)] (37%)“ (since 9,, = 01.4,)
= |N(0‘)| N(M1)-
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Thus, by (3), MM’ = N(M)0M, and the general case of Theorem 8 is proved
from the special case.

Let us now prove Theorem 8 for modules of the form M = {1, 7}. We
know that y satisfies an equation of the form

ayz+by+c=0, (4)
where a, b, c are rational integers with no common factor > 1 and a > 0.
Now M’ = {1, y’}, and hence MM’ coincides with the set of all sums of the
form

x+yr+zy’+wyy’=x+yy+z(—y-%)+w(%),

where x, y, z, w are rational integers (Proposition 3) and where a, b, c are
defined in Eq. (4). Thus, MM’ consists of all numbers of the form

%(ax — bz + cw + uay),

where u = y — 2. As x, z, w run over all rational integers, so does ax — bz
+- cw, since a, b, c have no common factor > 1. Thus, MM’ '= (l/a){l, a7}
= (l/a)0M by Lemma 8.6.13. Finally,

(fl)1/2

II
al

t—
-

Thus, MM’ = N(M)0M, and we are done. I

Let us observe that in the course of the above proof, we established the
following useful fact:

Corollary 10: Let M = {1, y} be a module and suppose that y satisfies the
quadratic equation a}!2 + by + c = 0, where a, b, c are rational integers
with no common factor > 1 and a > 0. Then N(M) = l/a.

Let us draw some more or less immediate consequences of Theorem 8.

Corollary 11: If M1 and M2 both belong to the coeflicient ring 0, then so
does M1M2.

Proof: Suppose that M1M2 has coeflicient ring 0*. Then by Theorem 8,
we have

(MiMzXMiMz), = N(M1M2)0*-
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However, it is easy to see that (M1 Mz)’ = M’IM’2 (exercise), so that

(M1M2)(M1M2)I =(M1MI1)(M2 ,2)

= N(M1)0N(Mz)0
= N(M1)N(Mz)0.

Thus, we see that 0 = «0*, where a = N(M1Mz)/N(M,)N(M2) belongs to
Q(./ d). Thus, 0 and 0* are similar. But 0 = {1,ot’wd}, 0* = {1,of’*oo,,} for
appropriate rational integers of, 06*, and it is easy to see that if of at at”,
then 0 and 0* cannot be similar (exercise). Thus, of = of" and 0 = 0*. I

Corollary 12: Let M1 and M2 belong to the same coeflicient ring 0. Then
N(MIM2) = N(M1)N(Mz)-

Proof: From the proof of the preceding result, we have that
N(M,M,)o = N(M,)N(M2)0.

Thus, 0 = r0, where r = N(Ml)N(M2)/N(M1M2) is a rational number.
Write 0 = {1, food} for some rational integer of. Then, since r-l = r is in 0,
we see that r = a + bfa), for some rational integers a, b. Since 1, fa), is a
basis of Q(fi), we see that b = 0 and r = a, and so r is a rational integer.
Similarly, 0 = (l/r)0 implies that l/r is a rational integer. Thus, since both r
and l/r are rational integers, we have r = 3:1. But r > 0, so that r = l and
MM1M2) = N(M1)N(Mz)- I
Remark 13: It is easy to find a basis for the product of two modules M1 and
M, belonging to the same ring of coeflicients 0 ={1,fwd}. Without loss of
generality,* assume that M1 and M2 are integral and thus, by Corollary 2.5,
can be written in the form M, = {a,, b, + cgf’wd} (i = 1, 2), (1,, b,, c, rational
integers. In Section 2, we described a procedure for writing a module basis in
this form. Let us suppose that MlM2 = {a, b + cfmd}. Our purpose now is
to give a procedure for determining a, b, c. By the definition of the product of
modules, M1 M2 consists of all the numbers of the form

950102 + yal(b2 + Czofwd) + za2(b1 + ciofwd)

+ W(b1 + clfwas + 021,011):
where x, y, z, w are rational integers. Assume, for the sake of simplicity, that
d E 2 or 3(mod 4), so that a), = A/ d . Then the typical element of M1M2 is
just

(xalaz + yalbz + zazbl + wblbz + wclczfzd)

+(ya1c2 + 20201 + w(b1c2 + clbz))fwd’
where x, y, z, w are rational integers. By Corollary 2.5, we may calculate c as
the smallest positive integer of the form yalcz + zazcl + w(b,cz + clbz). ‘But

'For if d; arerational integers such that dilll; E 0,then (d{M1)(dzMz) = {a, b + cfau}
implies that M1M2 = {ad;1d51, bdildil + cdildilfwa}.
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this integer is just the greatest common divisor of a,c2, a,c,, b,c2 + c,b,,
which can be calculated using, say, the fundamental theorem of arithmetic or
the Euclidean algorithm twice. Thus, c can be calculated. Moreover, y, z, n
can be calculated as solutions to the linear Diophantine equation

ya,c, + zazc, + w(b,c2 + c,b,) = c.
(see Exercise 16 in Section 2.3). Therefore, we may calculate b from

b = xalaz + yalbz + zazbl + Wblbz + WC1C2fzd,

where x can be taken to be any rational integer. Finally, since N(M,M,)
= ac by Theorem 2.6, we may compute a from

a = iN(M,M2) = iN(M,)N(Mz)
C C

1 A 1 1/2 A 1/2
=?(T‘Z) (TM)

2
and

a: a1 2l l
= ’ A = I

. bi + crofwd b: + emf“); o ifwd fwd
For example, let M, = {2, 1 + W}, M2 = {3, l + W}, both modules

belonging to the coeflicient ring I7 (exercise). In this case a, = 2, b, = l,
c, = 1, a2 = 3, b, = l, c, = 1. We immediately see that c = gcd(2,3,2) =1.
Therefore, we may set x = 0, y = —1, z = 1, w = 0. Thus, an immediate
calculation shows that b = 1. Since N(M1) = 2, N(M2) = 3, we know that
N(M,M,) = 6, so that a = c'1N(M,M,) = 6. Thus, M,M2 ={6,1+ fl}.

AMI

In the above discussion, we developed the properties of multiplication of
modules. Let us now introduce the sum of two modules and develop some of
the fundamental properties of this operation.

Definition 14: Let M, and M2 be modules in Q(./ d). The sum M, + M, is
the set of all sums a: + 3, where a belongs to M, and [3 belongs to M2.

Example 15: Let M, = {2, 34/ 7}, M2 = {3, 64/ I7 }. Then M, + M2 con-
sists of all sums of the form '

2x, + 3flxz + 3x, + 6flx4 =(2x1‘i' 3x3) + (3x: + 6x4Wa

x,, x2, x3, x, rational integers. But since gcd(2, 3) = 1, gcd(3, 6) = 3, we see
that 2x, + 3x, runs over all integers and that 3x, + 6x, runs over all multi-
ples of 3, so that M, + M, = {1, 3«/ 7}.

It will turn out that the sum of M, and M1 is usually their greatest com-
mon divisor (see Section 4). Therefore, it is a good idea to establish some of
the properties of addition of modules.
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Theorem 16: Let M, M1, M2, M3 be modules in Q(fi).
(i) M1 + M2 is a module in Q(J7).
(ii) M1; M1 + M2, M, E Ml + M,.
(iii) M1 + M2 = M2 + M,.
(iv) M: + (M2 + M3) = (M1 + M2) + M3-
(V) M(M1 + M2) = MM1+ MMz-
(vi) If M1 and M2 belong to 0, then M1 + M2 has coeflicient ring

containing 0.
(vii) If M1 and M2 belong to 1,, then so does M1 + Mz (i.e., if M1 and
M2 are ideals of 1,, then so is M1 + M2).

Proof: Parts (ii), (iii), and (iv) are completely trivial.
Part (i): We may verify that the conditions of Theorem 8.5.6 are satisfied.

The details are similar to the arguments given in Corollary 4 and are left to
the reader.

Part (v): Exercise.
Part (vi): Let y belong to 0. Then yMl S M,, yMz E M2. Let a + I? be

an element of M1 + M2, at in M1, ,6 in M2. Then you and #3 are, respectively,
in M1 and M2. Thus, y-(a '+ I?) = N + 1’13 is in M1 + M2. Thus,
)r(M1 + M2) 9 MI + M,, and y is in the coeflicient ring of Ml + M,.

Part (vii): By part (vi), ('31,,1+M, 2 1,. However, by Lemma 8.6.9 I, 2
OHM," so that 03mm = 1,. I

It is not generally true that if M1 and M2 belong to 0, then M1 + M,
belongs to 0. We shall give a counterexample in the exercises. However, if
0 = {1: fwd}: M1, M2 integral: andifn(N(Ml)s f)=19 n(N(M2)9 f) =1:

then M1 + M2 has the coefficient ring 0 (see Section 9.4).

9.3 Exercises

1. Calculate M1M2 and M1 + M2 (that is, give a basis) if
(a) Ml={2’fl/3_}9Mz={3efifl}' _

Let M = {a, [3}. Show that M’ = {a', fi’}.
Let M1 and M2 be modules. Show that (M1M2)’ = M’IM’z.
Prove that GM = GM, for any module M.

Prove Proposition 3.

Prove Proposition 6, parts (i) and (ii).

N
P

‘P
'P

‘P
P

Prove Theorem 16, part (v).



268 Chap. 9 Factorization Theory in Quadratic Edi

8. Show__that if M1 = flu and M2 = 61', for y, 6 nonzero elements in
Q(I\/ d), then MIMI; = 7514.

9. Check that MM’ = N(M)0M in the case M = {5,2 + ./ —1}.
10. Determine GM for M one of the modules of Exercise 1.
11. Use Corollary 10 to compute N(M) in the case M is one of the modules

of Exercise 1.
12. Suppose that A and B are modules belonging to 0. Does A + B new

sarily belong to 0? (Hint: Try A = {4, 1 + fl}, B = {2, 1 + 2m.)
13. Let A, B be modules belonging to 0, such that A, B S 0. Show that

A n B 2 AB.
14. Let A and B be modules belonging to 0 such that A + B = 0. Show

that A n B = AB.
15.. Show that if {1, food} is similar to {1, Offlod}, then f = at“.
16. Extend the comments of Remark 13 to provide a method for com-

puting the product of two modules M,, M, of Q(fi), when
_ w. =(1+ «70/2.

17. Show that {1,fl}{3,fl} = {1,fl}. Since {1,fl} is a coefficient
ring, why does this not violate Proposition 6, part (iii)?

9.4 The Fundamental Factorization Theorem

At last we are ready to state and prove our unique factorization theorem
for modules belonging to a given coeflicient ring 0 in Q(,,/ d).

Definition 1: Let M be an integral module belonging to 0. We say that M is
prime if and only if, whenever M = M1 M2, with M1 and M1 integral modules
belonging to 0, we have either M1 = 0 or M2 = 0.

Since 0 plays the role of 1 under multiplication (Proposition 3.6, (iii)),
we see that M is a prime module if and only if the only integral modules
belonging to 0 which are factors of M are 0 and M.

Theorem 2: Let p be a rational prime and let M be an integral module
belonging to 0. If N(M) = p, then M is prime.
Proof: Assume that M = M1M2, where M1, M, are integral modules
belonging to 0. Then 12 = N(M) = N(Ml) = N(M,)N(M2) (Corollary
3.12). Since M1 and M2 are contained in their ring of coeflicients 0, N(M,)
and N(Mz) are positive integers. Thus, since p is a rational prime, either
N(Ml) = l or N(Mz) = 1. Thus, by Proposition 2.13, either Ml =0 or
M2 = 0. I
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Corollary 3: Let M at 0 be an integral module belonging to 0. Then M can
be written as a product of prime modules.

Proof: By Proposition 2.13, N(M) is a rational integer greater than 1. Let us
proceed by induction on N(M). IfN(M) = 2, then M is prime by Theorem 2.
Thus, we may assume that N(M) > 2 and that every integral module of
norm < N(M) can be factored into a product of prime modules. If M is a
prime module, we are done, so assume that M is not prime. Then we may
write M = MlM2, where neither M1 nor M2 equals 0. By Proposition 2.13,
we then have N(M.) > 1, N(Mz) > 1, so that 1 < N(Ml), N(Mz) < N(M).
By induction, we may write M1 and M, as products of prime modules.
Therefore, we may write M = M1 M2 as a product of prime modules. This
completes the induction. I

Note: You should compare the proof of Corollary 3 with the proofs
of Lemma 2.4.2 and Theorem 1.3.
Thus, we see that prime modules belonging to 0 are the building blocks

from which all integral modules belonging to 0 can be constructed. Our main
result will be that the analogue of the fundamental theorem of arithmetic
holds for integral modules M belonging to 0 = {1, £03,} and which satisfy
the additional condition gcd(N(M), of) = 1. We shall prove in this case that
the factorization of M into a product of prime modules is unique.

Theorem 4 (Fundamental Theorem): Let M ¢ 0 be an integral module
belonging to 0 = {1, fwd}. Assume that gcd(N(M), of) = 1. Then M can be
written in the form

M = 191 . . . p"

where P,, . . . , P, are prime modules belonging to 0. Moreover, this repre-
sentation is unique up to the order ofP,, . . . , P,.

Note that if 0 = 1,, then of = l, and the above theorem applies to all
integral modules belonging to [4, namely to all ideals of 1,. Before we can
prove Theorem 4, we shall need some auxiliary facts. Our proof of the fun-
damental theorem will be modeled on the proof of the fundamental theorem
of arithmetic given in Chapter 2. Recall that a central role in that proof was
played by Euclid’s lemma, which asserted that if a prime p divides ab, then
p l a or p lb. This result, in turn, rested on the concept of and the existence of
greatest common divisors. Our proof of Theorem 4 will be derived from
analogous facts concerning integral modules belonging to 0.

Definition 5: Let A, B be integral modules belonging to 0. Then we say
that A divides B, written A |B, if there is an integral module C belonging to
0 such that B: AC.
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Theorem 6: Let A and B be integral modules belonging to 0. Then AIB if
and only if A 2 B.
Proof:

(i) Suppose that A|B. Then B = AC for some integral module C
belonging to 0. Since A belongs to 0 and C is integral, B = AC 9 A0 E
A. Thus, B E A.
(ii) Suppose that B E A. By Theorem 3.8, we see that AA’ = N(A)O,
so that if a = N(A)‘1, we have

A-(aA’) = 0.

Therefore, since A 2 B, we see that

o = A-(acA’) 2 B-(acA’). 0)
Let C = B-(atA'). By Lemma 8.6.12 acA’ belongs to 0, and thus by Cor-
ollary 3.11, C belongs to 0. Then by (*), C is an integral module. Finally,
since AA’ = N(A)0, we have

AC = AB(aA’) = BfiMA’) = B0 = B,
so that A l B. I

Definition 7: Let A and B be integral modules belonging to 0. We call an
integral module D belonging to 0 a greatest common divisor of A and B pro-
vided that

(i) D|AandD|B.
(ii) Whenever C is an integral module belonging to 0 such that CIA and
013, we have CID.

As was the case with the rational integers, we must prove the existence
and uniqueness of the greatest common divisor. The uniqueness will be left
for the exercises. The existence is considerably more delicate than in the case
of the rational integers, owing to difficulties which can arise if of > 1. It is
because of these difliculties that we shall prove the existence of a greatest
common divisor only under an additional hypothesis, namely gcd(N(A), f)
= l. The following lemma is a technical device to be used in our proof
of the existence of a greatest common divisor:

Lemma 8: Let 0 = {1, food} be a ring of coefficients of Q(fi), and let M
be an integral module belonging to 0 such that gcd(N(M), of) = 1. Let M, be
a module of Q(fi) such that M .9 MI E 0 and M10 E M1. Then M,
belongs to 0.
Proof: Let 01 denote the ring of coefficients of M1. Since M10 9 M1, we see
that 0 E 01. Let 0, = {1, flood}. Since fwd belongs to 01, we see that f, lf.



Sec. 9.4 The Fundamental Factorization Theorem 271

It suffices to show that of | 061. For then f = of, and 0 = 01. Note that
M E MI E 0, so that by Corollary 2.9, we have

N(M) = (OzM) = (0:M,)(M1:M). ‘
Set a = (0 : M), b = (M1 :M). Then N(M) = ab, and the hypothesis
gcd(N(M),of) = 1 implies that gcd(a, f) = 1, gcd(b,f) = 1. Since (0 : M1)
= a and since 1 belongs to 0, we see that a-l = a belongs to M1 (Exercise 10
in Section 2). But then, since flood belongs to 0, and since 01 is the ring of
coefficients of M1, we see that of1m, belongs to M1 and hence to 0. There-
fore, since 6 = {1, 0130),}, we see that flafl. But since gcd(a, of) = 1, we
have of | of, and we are done. I

Theorem 9: Let A and B be integral modules belonging to 0 = {1, fwd} and
assume that gcd(N(A), f) = .1. Then A + B is a greatest common divisor of
A and B.
Proof: First, observe that M1 = A + Bis a module such that A E M1 E 0.
Moreover, by Theorem 3.16 part (vi), we know that the ring of coeflicients
of M1 contains 0, so that M10 E M1. Thus, since gcd(N(A), of) = 1, Lemma 8
can be applied with M = A to yield that M1 = A + B belongs to 6. Since
A + B 2 A, B, we know from Theorem 6 that A + BlA, A + BIB. More-
over, if C | A and C | B, for some C belonging to 0, then again by Theorem 6,
we have C 2 A, C 2 B. Therefore, if a: is in A and fl is in B, then a and B
are both in C, and hence on + [3 is in C. Thus, A + B E C, so that by The-
orem 6, we have C|A + B. Thus, A + B is a greatest common divisor of
A and B. I

From the preceding result, we can deduce our analogue ofEuclid’s lemma.

Corollary 10 (Euclid’s lemma): Let P, A, B be integral modules belonging to
0 = {1, fwd}. Assume that P is prime and that gcd(N(P), of) = 1. If P|AB,
thenPIA orPlB.
Proof: Suppose that P does not divide A. Let M be a greatest common
divisor of P and A (from Theorem 9). Since P is prime and M 1P, we have
M =P or M = 0. But since MIA, and P does not divide A, we see that
M = 0. Therefore, by Theorem 9,

0 = P + A.
Therefore (Theorem 3.16, (v)),

B =03 =(P+A)B=PB+AB.
Since P|AB, we have AB = CP, so that*

B=PB+PC=(B+C)P. (1)

‘Note: We are not done yet. We must show that B + C belongs to 0.
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Since PP’ = N(P)0, we have
BP’ = PP’(B + C) = N(P)(B + C),

so that by Lemma 8.6.12 the coefficient ring of B + C is the same as the
coeflicient ring of BP’, which equals 0 by Corollary 3.11. Thus, B+ C
belongs to 0. Moreover, Eq. (1) implies that P] B. I

Now that we have the analogue of Euclid’s lemma, we may prove our
fundamental theorem with great ease.

Proof of Theorem 4: Let us reason by contradiction. Suppose that there
exist modules whose norm is relatively prime to of, whose factorization into
prime modules is not unique. By the well-ordering principle, there exists such
a module M, the number of whose prime module factors is as small as pos-
sible. Suppose that

M=P, ---P.=Q, Q.
are two factorizations of M with t as small as possible. If t = 1, then M is a
prime and we immediately see that s = 1 and Q, = P,. Thus, :2 2.
Note that P, l M. Therefore, P, | Q, - - - Q,. Since gcd(N(M), of) = 1, we have
gcd(N(P,), of) = 1. By Corollary 10, we see that P, | Q, for some i
(l g i gs). Therefore, if, say P,|Q,, then Q, =P,A for some integral
module A belonging to 0. But since P, and Q, are prime modules, A = e,
and thus P, = Q,. Thus, we have

1’e "'P:=P1Q2 Qn
so that

N(P1)_1PI1P1P2 ' ' ' Pt = N(P1)_1PIIPIQZ ' ' ' Q:-
However, by Theorem 3.8, we have N(P,)“P’,P, = B, so that

0122 1": =0Qz Q.-
Thus,

M, :1): "'P:=Qz Q:-

Since t 2 2, M, is a module at 0 with two distinct factorizations into prime
modules belonging to O, a contradiction to the way in which M was chosen.

In the case 0 = 1,, the modules belonging to 0 are precisely the ideals of
1,. Also, of = l, and so the fundamental theorem applies to all integral
ideals. Therefore, as a consequence of the fundamental theorem, we deduce
the following result for ideals:

Corollary 11: Let A be an ideal of 1,, A =/: I,. Then A can be written
uniquely as a product ofprime ideals, where uniqueness is meant up to rear-
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rangement of the factors and where a prime ideal is interpreted to mean a
prime modu1e* belonging to 1,.

This, at last, is our theory of unique factorization in 1,. If I, is a unique
factorization domain, then the unique factorization of ideals is equivalent to
the unique factorization of the elements. Indeed, I, has unique factorization
if and only if all ideals of I, are of the form yI, (y in 1,) (exercise). Therefore,
the uniqueness of factorization of integers in 1,, is the same as the unique
factorization of ideals. If I, does not have unique factorization, the facto-
rization of ideals acts as a substitute for the factorization of elements.

9.4 Exercises

1. Are the following ideals prime (considered as modules belonging to
L)?
(a) 3L,. (b) 7L3. (c) 612. (d) {2, fl}.

‘2. Write the following modules as products of prime modules:
(a) M={5,2+fl}. (b) M={3,8—7fl}.

3. Let 0 be a ring of coefficients, a, ,6 elements of 0. Show that are | fie if
and only if alfi.

4. Find the god of the two modules M1 ={161,74+fl}, M2 =
{35, 20 + Sfl}. (Ana: {7,4 + J17.)

5. Suppose that A, B are integral modules belonging to 0 and that
gcd(of,N(A)N(B)) = 1, where 0 = {1, food}. Further, suppose that

A =HP'P, B: 111"»
are expressions of A, B, respectively, as products of prime modules.
Show that

A + B = gcd(A, B) = H P”,
where c, = the smaller of a, and by.

Show that the god of two modules is unique.
Let A, B be integral modules belonging to 0 such that A + B belongs to
0. Show that A and B have a god and that gcd(A,B) = A + B.

8. Let P be a prime module. Show that N(P) = p or p2 for some rational
prime p. (Hint: PP’ = N(P)0.)

9. Let M be any integral module belonging to 0 = {1, {(0,}. Show that M
can be written uniquely in the following form: M = P1 - - - P,A, where

'See Proposition 5.1 to check that this use of the word prime ideal is consistent with
the terminology of abstract algebra.
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P, is a prime module belonging to 0 such that gcd(N(P, , at’) = 1 all
A is an integral module belonging to 0 such that the only primes divid-
ing N(A) are primes dividing of.

10. Let 0 ={1,afco,} be a coeflicient ring of Q(¢7) and let M be an
integral module belonging to 0 such that gcd(N(M), of) = l.
(a) Prove that MJ, = Mo is an integral module belonging to I. such

that N(Mo) '= N(M).
(b) Prove that Mo 0 0 = M.
(c) Prove that if M* is another integral module belonging to 0 and

such that gcd(N(M*), of) = 1, then (MM*)0 = Mo(M*).,.
11. (Exercise 10, continued) Let Mo be any ideal of I, such that

gcd(N(Mo), of) = l.
(a) Show that Mo n 0 = M is an integral module'belonging to 0 such

that N(M) = N(Mo).
(b) Show that ifP.) = Mo is prime, then so is P = P0 0 O.
(c) Show that ifM = Mo 0 0, then M-I, = M0.
(d) Prove that the procedure of passing from Mo to M preserves

multiplication of modules.
12. Use Exercises 10 and 11 to show that the prime modules P of 0 =

{1, food} such that gcd(N(P), of) = l are precisely the modules P, n a,
where P0 is a prime ideal of I, satisfying gcd(N(Po), of) = 1.

13. Use Exercise 12 to give an alternative proof of Theorem 4.

9.5 The Prime Modules Belonging to 0

Let us fix a coefiicient ring 0 = {1, fwd} of Q(J7). In this section, we
shall give an explicit description of all prime modules P which belong to O
and which satisfy gcd(N(P), of) = 1.

Let us begin by proving a property of prime modules which should be
familiar from the reader’s course in abstract algebra.

Proposition 1: Let P be a prime module belonging to 0 such that
gcd(N(P), of) = l, and let a, fi belong to 0. If a)? belongs to P, then either G
isinPorflisinP.

Proof: If 0:}? belongs to P, then («my belongs to P for any 7 in 0. Thus,
«#0 E P, so that Plaflfl by Theorem 4.6. But 05/30 = (a0)(fl0), so that by
Corollary 4.10, either P I at) or P] [30. Suppose, for example, that Pl «0. Then
at) E Pby Theorem 4.6. Since 1 belongs to 0, we see that 05-1 is contained
in P. I
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Caution: Proposition 1 shows that a prime module P which belongs to 0
and for which gcd(N(P), of) = l is a prime ideal of the ring 0. However, not
every prime ideal of 0 is a prime module belonging to 03"

Let P be a prime module belonging to 0 such that gcd(N(P), of) = 1. If at
is any nonzero element of P, then om’ = N(a) belongs to P and is a nonzero
rational integer. Thus, P contains nonzero rational integers. If n belongs to
P, 56 does —n, and so P contains positive rational integers. Letp be the small-
est positive rational integer in P. Then p is a rational prime, for ifp = ab,
1 < a, b < p, a, b rational integers, then ab belongs to P. By Proposition 1,
either a or b belongs to P, contradicting the manner in which p was chosen.
Thus, p is a rational prime and p0 E P since P belongs to 0. Thus, P |p0 by
Theorem 4.6. Moreover, N(P)lN(pO) and N(p0) = p2, so thatp if. Thus,
we see that P | pt)for some rationalprime p, p 4' f.

Conversely, let p be any rational prime such that pi’ of. By our funda-
mental theorem, we may write

pf) = P1 . . . P”

where P,, . . . , P, are prime modules belonging to 0. Then

p2 # N(P0) = N(P1) - - - N(P:)-
Since N(P,) > 1 (l g i g t) (Proposition 2.13), we see that is 2. In fact,
there are precisely three cases:

Case I: t = 1, p6 = P1, N(P,) =p’. In this case, we say thatp is an inert
prime (with respect to 0).

Case 2: t= 2, p0 =P1P2, Pl $Pz, N(P1) =N(Pz) =P. In this case, we

say thatp is a decomposedprime (with respect to 0).

Case 3: t = 2, p0 = P,P1 = P§, N(P,) = p. In this case, we say that p is
a ramifiedprime (with respect to 0).

Note that we are defining the concepts of inert, decomposed, and rami-
fied primes only for p such that pi’f, for otherwise, our fundamental
theorem tells us nothing about the factorization ofp0 into prime modules.

Suppose that p is a decomposed prime. Then p0 =P,Pz for prime
modules P1, P2, P, -,é P2, N(P,) = N(Pz) = p. By Theorem 3.8, we have
PIP’l = N(P,)O = p0. Therefore, since P,P’1 =P,P2, our fundamental
theorem implies that P’l =Pz. Thus, p0 =P,P’,. Ifp is a ramified prime, then
p0 =Pf and PlP’l = N(P1)0 =p0, so that P1 =P’1. Thus, we have the
following result:

‘Note, however, that when 0 = 14, then the two concepts are the same.
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Theorem 2: Let P be a prime module belonging to 0 such that gcd(N(P),[)
= 1. Then there is a rational prime p, p l’ of such that P lpo. Conversely, ifp
is a rational prime such that p 1’ 56, then there are three possibilities:

(i) p is inert. Then p0 = P is a prime module and N(P) = p1.
(ii) p is decomposed. Then p0 = PP’, where P and P’ are distinct prime

modules and N(P) = N(P’) = p.
(iii) p is ramified. Then p0 = P“, where P is a prime module suchthat
P =P’ and N(P) =p.

Let us explicitly compute the prime module P in parts (i)—{iii) of Theorem
2. This will, by Theorem 2, allow us to explicitly determine all prime modules
having norm relatively prime to of.

Let A (respectively, A) denote the discriminant of 0 (respectively, 1.).
Then a trivial calculation shows that

A = oso
and

A _{ d idl(mod4),
° _ 4d idZOr 3(mod 4).

Note that Ao E 0 or 1(mod 4), so that A E 0 or 1(mod 4). Next, note that

A + 25K: {fwd + {fig—fl +w ifdsl(mod4),
2 fwd + 2f2d if dEZOr 3(mod 4).

Since f2(d — l)/2 + oflf — l)/2 (resp. Mat") is a rational integer if
d E 1(mod 4) (resp. d E- 2 or 3(mod 4)), we see that

o: {1,M‘TA/_K}.

The choice of this basis for 6 allows us to avoid having to make too many
case distinctions in our calculations.

Let p be a rational prime such-that p 4’ of. We shall now explicitly factor
p0 into prime modules belonging to 0.

First, suppose that p is decomposed or ramified, so that p0 = PP’,
N(P) = p. Since N(P) = p, a complete residue system modulo P contains p
elements. We assert that such a complete residue system is given by 0, l, . . . ,
p — 1. Indeed, if two of these integers, say a, b (a > b), are such that
a E- b(mod P), then 0 < a — b < p, and a — b belongs to P. Thus, (a — b)0
E P. By Theorem 4.6, we see that P I (a — b)0. Therefore, N(P) l N((a — b)0),
so that p|(a .— b)‘, which contradicts the fact that p is prime and 0 <
a — b < p. Thus, 0, 1, . . . , p — 1 is a complete residue system modulo P.
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Therefore, there exists a rational integer r such that

AAZE E r(mod P).

Thus, (A + fi)/2 — r belongs to P, so that (2r — A) — MK belongs to
21’. Thus, (2r — A — fix) g 2P, so that 2P|(2r — A — fix) by
Theorem 4.6. But then N(2P)[N((2r — A —fl)0), so that 4p|(2r — A)z
— A. In other words,

(2r — A)2 E A(mod 4p).
Thus, ifp0 = PP’, N(P) = p, then the congruence x2 E A(mod 4p) has the
solution x = 2r — A (recall that p ,f f has been assumed).

Conversely, suppose that the congruence x2 E A(mod 4p) is solvable.
Let us consider two cases:

Case 1: p ,f A. Note that x and A have the same parity, so that x + A is
even, say x + A = 2r. Let P denote the module

.-.,,.{_£}
Let us first use Lemma 8.6.13 to show that 0,, = 0. In the notation of Lemma
8.6.13, we have y = (r — (A + MK)/2)/p, so that Tr(y) = (2r — A)/p = x/p
and N(J’) = ((2r - Amp)z - A/4lvz = (1/1I7)((xz - A)/4p)- Since x2 E
A(mod 4p) and p 1’ A, we have p l’ x and (x2 — A)/4p is a rational integer.
Thus, the a in Lemma 8.6.13 is just p and

0,={1,ay}={1,r—AL2‘/—K—} ={l,é—+ZLK-}=O.

From Theorem 2.6, it is clear that N(P) = p, so that by Theorem 3.8, we have
PP' = N(P)0, = p0. However, P’ = {p, r —- (A — J13/2} and P 7': P’.
(For example, r — (A + JA)/2 belongs to P and not to P’ (exercise).)
Thus, we conclude that ifp 1’ A and x2 E A(mod 4p) is solvable, then p is
decomposed. -

Case 2: p l A, p Ii’ of. The congruence x2 E A(mod 4p)-is always solvable in
this case. Our argument will proceed as in Case 1, except we shall set r = 0.
Unfortunately we must consider the cases p odd and p = 2 separately.

(i) p odd. Set
P: {p,A+¢K} = {p,A+,gA —A} = {p,A—2«/K} =P’.

Again using Lemma 8.6.13, we show 0, = 0. Here 12 = (A + A/K)/2p,
Tr(y) = A/p, N(y) = A(A — 1)/4p2. Since A E O, 1(mod 4), we see
A(A — 1)/4p is a rational integer. Since pIA = so and p *f, we see
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pk A(A — 1)/4p. Thus the a in Lemma 8.6.13 is justp and 0 = {1, a7]:
{1, (A + fl)/2} = 0. Moreover, Theorem 2.6 implies N(P) = p. Thus
from Theorem 3.8 we see P2 = p0. That is, ifp IA, p )( of andp add, ”up
is ramified.

(ii) p = 2. Since p if f, of must be odd and A, E0(mod 4). Then A.
= 4d, where d E 2 or 3(mod 4), d square-free. We leave it to the reader to
show that p0 = P”, where

{2, E} if as 2(mod 4),

{2.1+ g} id 3(mod 4).

Again, P is ramified.

We may summarize our analysis in the following theorem:

' Theorem 3: Letp be a rational prime such thatp ,f of.
(i) Assume that p i’ A. Then p is decomposed if and only if the con-

gruence x2 E A(mod 4p) is solvable. Otherwise, p is inert. In the casep is
decomposed, say p0 = PP’, then

P={p,r—AL2£},

where x = 2r — A is a solution of x2 E A(mod 4p).
(ii) Assume that p | A. Then p is ramified. Ifp0 = P, then

{AM—+1} ifp is odd,

P: {ZN/g} ifp=2,dE2(mod4),

{2,1+4/§} ifp=2,dE3(mod4).

We can state the results of Theorem 3, part (i), as follows: Assume that
p is odd. Note that x satisfies the congruence x2 E A(mod 4p) if and only if
x2 E A(mod p) and x2 E A(mod 4). Assume that we are given an x satisfying
x2 E A(mod p). Then p — x satisfies the same congruence. Since A is con-
gruent to 0 or 1(mod 4) and since p is odd, we see that either x2 E A(mod 4)
or (p — ac)? E A(mod 4). Thus, x2 E A(mod 4p) is solvable if and only if
x2 E A(mod p) is solvable, that is, if and only if e) = +1. 0n the other
hand, assume that p = 2. Since p l’ A, we must have A E 1(mod 4), and so
A E 1 or 5(mod 8). By Theorem 3, p is decomposed if and only if x2 E
A(mod 8) is solvable. But since a perfect square is congruent to 0,. l, or
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4(mod 8), we see that this last condition is equivalent to A E 1(mod 8).
Thus, we can restate Theorem 3 as follows:

Theorem 4: Let 0 be a ring of coeflicients of discriminant A, p a rational
prime such thatp ,f A. Then p is not ramified in 0.

(i) Ifp is odd, then 17 is decomposed if and only if 6) = +1.
(ii) If p = 2, then p is decomposed if A E l(mod 8) and inert if
A E 5(mod 8).

Corollary 5: Let 0 be a ring of coefficients of discriminant A, p a rational
prime, p I of. Ifp ramifies, then pl A, and, conversely, every prime dividing
A and not of ramifies in 0.

By using Theorems 3 and 4, we have completely settled the question of
determining how a rational prime p, p 4’ of, factors into prime modules in 0.
We may use the law of quadratic reciprocity to give a very elegant formula-
tion of our law of factorization.

Theorem 6: Let piand q be rational primes not dividing of, and assume that
p _=. q(mod A,). Then p and q factor in the same way in 0. That is, p is rami-
fied (resp. inert, decomposed) in 0 if and only if q is.
Proof: Without loss of generality, assume p .-/_- q. Thus, at most one ofp, q
can be even. Let us consider separately the two cases p, q both odd and p =
2, q odd.

Case 1: p, q odd. Recall that A = of‘ZAo. Since p Eq(mod A), we see
that pl implies p = q. Thus, we may assume that pl’Ao, qJ'Ao. By
Theorem 4, it suflices to show that

But

so that it suflices to show that

a _ (As .
(p) _ q )

The simplest approach to proving this is to make use of the generalized
Legendre-Jacobi symbol, Exercises 9—18 in Section 4.4: Let n an odd rational
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integer > 1, and let a be a rational integer such that gcd(a,n) = 1. We define
the symbol

(%)=(%> (i)?
where n = p? -- - p,“ is the decomposition of n into powers of distinct
primes. Then this symbol has the following properties for rational integer:
a, a’ with gcd(a,n) = gcd(a’,n) = 1 and n odd:

I

(.1) = (i) if a E a’(mod n) (I)

,, (Elm) m
<“—‘>=1n

(1X1!) = (_l)((n—l)/2)((m-1)/2) $23332? and odd, (4)
m 71

(ii!) = (_l)(n-1)/2 (5)

(%) = (_l)(u‘—l)/8. (6)

Let us break Case 1 into two cases.

Case 1’: A0 E 0(mod 4). Then A,J = 4d, where d E 2 or 3(mod 4), d
square-free. In this case,e) = 6%) = e)(a = @-
Then, since 1) E q(mod 4d), the first form of the law of quadratic reciprocity
(Theorem 4.4.1) implies that if d > 0, then

fl _ Q .
(p ) _ (q)

If d < 0, then we have p E q (mod 4|dl) and, in particular,'p E q (mod 4),
so that (—71) = (—71) - Hence

e) = e) = (W) = (W) = e) =<—;>-
Case 1”: A0 E 1(mod 4). Then A0 = d, d square-free. Suppose that
A0 = ell, where e = :|:1. Since A, E 1(mod 4), we see that lIE
1(mod 4) ife = +1 and |Ao| E 3(mod 4) ife = —1.
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6%) = (%)(J%)
l |=(_1)((«-n/2)((y—1)/z)( p ) (by Eq.(5)) '

= (—1)'((e-l)/2)((p—l)/2)+((|Aol-1)/2)((p-1)/2)( E I) (by Eq. (4))
o

=(_1)((p-l)/2)((e-1)/2)+((l|-1)/2)( P )
0

. 6—1 [A |—1= (fl) “WT+—°2—
is even.)

(A?) = (lAqo |)'
And since p E q(mod A0), we see that

(RP—0T) = (11%)
Au _ a .
(7) _ (a)

Case 2: p = 2, q odd. Since p Eq(mod A0), We see that A0 is odd, so
that A0 = d, d E 1(mod 4) and square-free. Since pfof, we see that of is
odd, so that A EAo(mod 8). By Theorem 4, p is decomposed if Ao E
l(mod 8) and inert if Ao E 5(mod 8). On the other hand, q E 2(mod A0).
Set A0 = 6l |, E = i1. Then, sinceqis odd,

e) = W)

Similarly,

by Eq. (1). Therefore,

= (_l)((€—l)/2)((q-l)/2)(| Ago I) (by Eq. (5))

= (—1)((e-1)/2)((q-1)/2)+((ll-l)/2)((a-l)/2) [A1] I) (by Eq.(4))
0

=(_l)(((e-1)/2)+((l|-1)/2))((4-1)/2)( q )
0

= (_1)(((e—1)/2)+((|4..l-0/2))(q—n/z)( 2 ) sinceq E 2(mod A0»
0

= (—1)<IAol'—1)/a (since‘ E1 + l2! —1

is even and by Eq. (6))

_ +1 if A0 E 1(mod 8),
— —1 if A0 a 5(mod 8).
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Thus, q is decomposed if A0 E 1(mod 8) and inert if Ao E 5(mod 8) by
Theorem 4. I

Example 7: Let 0 = {1, cos}. Here A = A0 = 5, of = l. The 0111e
prime is 5, and the factorization of primes is determined by their respective
residue classes modulo A0 = 5. By Theorem 4, since Ao E 5(mod 8), we see
that 2 is inert. Now suppose that p is odd and that p 72 5. To determine
whether p is inert or decomposed, we must determine (%). But from our

discussion in Chapter 4,
+1 ' E , .

(i) = (15,—) = {—1 35:32:31:
Thus, an odd prime p is decomposed ifp E 1 or 4(mod 5) and inert ifp E 2
or 3(mod 5). Thus, for example, 17 is inert, but 101 is decomposed.

9.5 Exercises

1. Factor the ideals 21,, 5L5, 31.7, 111.” into products of prime ideals.

Find all prime ideals of norm g 20 in 1.5.

3. Determine whether the prime p ramifies, is inert, or is decomposed in
1,, where
(a) p = 5. (b) p =11.
(c) p = 7. (d) p = 41.

4. Determine which primes are ramified, inert, or decomposed in I“ and
I_17 I

*5. Give an example of a primepIA such that p0 is not the square of a
prime module belonging to 0.

*6. Give an example to show that unique factorization into prime modules
does not necessarily hold for modules whose norm is not relatively
prime to of.

7. Determine whether p = 2, 3, 5, 7 are inert, ramified, or decomposedin
0 = {1, fan}, where f =1, 2, 6, 12, 21.

9.6 Finiteness of the Class Number

As an application of our factorization theory we shall now prove one of
the fundamental theorems in this theory, namely the finiteness of the class
number of a coeflicient ring. This result will be extremely valuable in our
treatment of binary quadratic forms in Chapter 11 and in our attack on the
Bachet equation in Chapter 10.
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Let us fix a quadratic field Q(J7) and a ring ofcoeflicients 0 = {1, food}
contained in Q(,,/ d). Let us begin by dividing the modules belonging to 0
into classes.

Definition 1: Let M1, M2 be modules. We say that M1 and M; are similar
provided that there is a nonzero y in Q(,,/ (:1) such that M1 = yMz. Write
MI ~ M2.

Proposition 2: Similarity of modules is an equivalence relation.
Proof: Exercise. I

Let [M] denote the set of all modules similar to M. If M belongs to 0,
note that every module in [M] also belongs to 0 (Lemma 8.6.12). The collec-
tion of modules [M] is called the similarity class of0 determined by M.

Definition 3: The number of distinct similarity classes of 0 is called the
class number of 0, denoted he. In the case 0 = 1,, the ring of all integers of
Q(fl), the class number of 0 is also called the class number ofQ(fl) and
is denoted h.

A priori, the class number of 0 may be infinite. However, we have the
following fundamental theorem:

Theorem 4: he is finite.

To prove Theorem 4, we shall require several lemmas.

Lemma 5: Let M be any module belonging to 0. There exists a rational
integer k at 0 such that kM g 0. Thus, any module M belonging to 0 is
similar to, an integral module.
Proof: Let g be the positive integer of Lemma 8.8.5, so that gM E 1,. Then
we may set k = ofg. I

Lemma 5 shows us that, insofar as similarity is concerned, we may restrict
ourselves to integral modules belonging to 0.

Lemma 6: Let M g 0 be an integral module belonging to 0. Then there
exists a nonzero y in M such that

IN(?)| S N(M)|Ael-
Proof: Since 0 = {1, fwd}, we easily see that A, =ot’2d or 4f‘d according
to whether d E 1(mod 4) or d E 2 or 3(mod 4). Consider the following set
of elements of 0:

a + bfco, (0 g a, b g [N(M)‘/z], a, b rational integers).
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There are ([N(M)‘/z] + 1)2 such elements, and they are all different. But
since

([N(M)1/2] + 1)2 > N(M),
there are more than N(M) elements in the set. However, since there are only
N(M) residue classes modulo M (see Definition 2.7), two of the elements
must be congruent modulo M. In other words, there exist rational integers
a, a’, b, b’ such that

0 < a, b, a’, b’ <[N(M)1/2]
and either a at a’ or b 72 b’, satisfying

a+bfwd=a +bfwd(m0dM).

Sety =_ (a — a’) + (b — b’),fco,,. Theny 7b 0 andy1s 1n M. Ify =r + sfa)‘,
then M = |a - a’l S N(M)“, IS] = II) — b’l SN(M)"’, Thus, in the
case d E 2 or 3(mod 4), we have

|N(1')|=lr2 — of‘dszl S N(MX1+ f‘ldl) <-N(M)-4f‘d= N(M)|Ao|-
In the case d E 1(mod 4), we have

|N(7)| = r2 + rsr+ and—1132

g N(M)(1 + or + :21?) < N(M)ot" ldl = N(M)|Aol- I
Proposition 7: Every module belonging to 0 is similar to an integral module
M such that N(M) g |A° [.
Proof: As remarked above, we may restrict ourselves to consideration of
integral modules M1 belonging to 0. By Theorem 3.8, we have

MlM’ = N(M,)o, (l)
where M’ is the conjugate module of M1. Since M’ E 0 and N(M’ )——
N(M,) (exercise), Lemma 6 shows that there exists a nonzero y in M’ such
that

IN(7)| S N(M1)| A0 I- (2)
Since y is in M’1 and since 0 is the coefl‘icient ring ofM’1, we see that ye E M’..
Thus, since W has 0 as its coeflicient ring, Thedrem 4.6 implies that there
exists an integral module Mz belonging to 0 such that M3M2 = y0. Using
Eq. (1), we see that

(MIMII)M2= N(M1)Mz= M1(MI1M2)_— M170_— 7M1-
Thus, M2 = (y/N(M,))Ml is similar to M1. Moreover, using (2), we obtain

NNW”: ”(MIL)” )= filliN‘M‘)
=| N(ZNN(M)SlAei-
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From Proposition 7, we see that in order to prove the finiteness of he, it
suflices to establish the following result:

Proposition 8: Let C be a fixed positive number. Then there exist only
finitely many integral modules M belonging to 0 and such that N(M) g C.
Proof: Let M be any integral module belonging to 0. We showed in Corol-
lary 2.5 that M has a basis of the following very special type: M =
{a, b + coffin}, where a > 0 is the smallest rational integer in M and
b + cfcod is the number in M with c > 0 least and 0 g b < a. Moreover, we
showed in Theorem 2.6 that N(M) = ac. Thus, N(M) g C implies ac g C,
and so there are only a finite number of possible values of a and c. Since
0 S b < a, there are only finitely many p0ssible values for b. Thus, there are
only finitely many different modules M = {a, b + cfcod} such that
N(M) S C- I

Theorem 4 is now completely proved.
Note that Propositions 7 and 8 actually provide us with a method for

computing the class number of 0 = {1,06%}, for by Proposition 7, every
module belonging to 0 is similar to an integral module with

N(M) S Me I. (3)
If we specialize to the case where of = 1, then such an M may be factored
into a product of prime modules, say M = P1 - - - P,. However, from
Theorem 5.2, we know that N(P,) = p, or p}, where p, is a rational prime.
Condition (3) is equivalent to

N(M) = N(Pl) - - - N(P.) S IAe [-
Thus, we need only consider products of prime modules for which

P1“"P:S|Aol- (4)
There are only finitely many such prime modules, and we even described
them in Theorem 5.3. Thus, we can find all integral modules satisfying (3).
From these we can then determine which are similar and eventually arrive at
a set of integral modules belonging to 0 such that every module belonging to
0 is similar to one and only one module of the set. This is for of = l. Modi-
fications will be given in the exercises for of > 1.

The above procedure is quite viable computationally. However, Proposi-
tion 7 is very clumsy because |Ao| is usually quite large. But [As] can be
replaced by a much smaller number. Namely, we have

Proposition 7’ (Minkowski): Every module belonging to 0 is similar to an
integral module M such that

N(M) g LEI/3.1m.
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The main advantage of Proposition 7’ is that |A°| is replaced by
[A0 I“, which is much smaller. We shall outline a proof of Proposition 7’ in
the exercises. However, let us use Proposition 7’ to calculate a few examples.

Example 9: Let d = 29, f =1. Let 0 = 129 = {1,(1 + J23)/2}. We shall
compute the class number h“ of 0. From Proposition 7’ we see that every
module is similar to an integral module (= ideal) M, where

N(M)s~/—331Ael“z =x/T2/3—fi<4.
since A, = 29 (because 29 E 1(mod 4)). Thus, M has norm 1, 2, or 3. If M
has norm 1, then M = 12,. Moreover, since 21A,, and 29 E 5(mod 8),
Theorem 5.4 implies that 2 is inert. Also by Theorem 5.4 we see that 3 is
inert since (23) = (—232) = (é) = —1. Since 20 has norm 4 and 30 has

norm 9, we see there are no modules of norm 2 or 3. Thus, every module
belonging to 0 is similar to 0. That is, h0 = 1.

Let us do another example.
Example 10: Let d = —6, of = 1. Since —6 E 2(mod 4), we see that
A0 = —24. From Proposition 7’ we see that every module (= ideal) of
0 = [.6 is similar to a module M such that

N(M) sigma/2 < 3.
Therefore, M has norm 1 or 2. If N(M) = 1, then M = I.,. Since 2|Ao, we
see that 2 is ramified:

20 = Pg.
Finally we must determine whether P2 and 1.6 are similar. IfP2 = y1_5, then
writing y = a + b./ —6 for a, b rational integers, we must have a2 + 6b“
= N(y) = N(yI_6) = N(Pz) = 2. However, it is trivially checked that
a2 + 6b2 = 2 cannot be solved. Therefore, P2 is not principal. Thus, every
module is similar to L6 or P2 and they are not similar, and so we conclude
that L6 = 2.

The following easily proved theorem shows the close connection between
the class number of 0 = I, and the presence (or absence) of unique factoriza-
tion in 1,.

Theorem 11: Let h, denote the class number of 1,. Then h, = 1 if and only
if L, is a unique factorization domain.
Proof: Exercise 20. I

We shall close this section by observing that the set of similarity classes
of modules belonging to 0 forms a group in a natural way.
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First let an denote the collection of all modules belonging to 0. Among
the modules of m, we have defined the operation of multiplication of mod-
ules. By Corollary 3.11 the product of two modules in an belongs to m. From
Proposition 3.6 we know that this operation is commutative and associative
and that O is the identity. Finally, from Theorem 3.8, we see that if M is in
em and M1 = (l/(N(M))M’, then MM1 = 0, and so M1 is an inverse for M.
Thus, an is an abelian group with respect to multiplication of modules.

Now let (P denote the subgroup of 2m consisting of all ye such that y 7': 0
belongs to Q(fi). We observe that the quotient group fill/(P is just the set of
all similarity classes of modules belonging to 0 (exercise). Denote a, = Em/(P.

Definition 12: 99 is called the ideal class group of 0.

Theorem 13: 5., is a finite abelian group of order he with respect to the
operation [Ml][Mz] = [M1 M2]. Note that the identity is [0] and that

[Ml'1 = [M’]-
The ideal class group is of major importance in number theory. We shall

make use of it in Sections 10.1 and 11.5.

9.6 Exercises

1. Let M be any module ofQ(fl). Show that N(M) = N(M’).
Prove Proposition 2.

3. Determine whether the following modules are similar:
(a) M: ={1m/3'},Mz ={3+«/'3',3 +3«/'.3—}-
(b) M ={lm/10}, M2 ={2.«/l_0}-
(C) M: ={2+«/'3',1+«/—5_},M2 ={(7+ 5fl)/2,4+«/_3'}-
(d) ‘M, = {2, 3J7}, M2 = {5, 3.\/'2_}.
Verify that h.l = 1 using the Minkowski bound.
Compute the following class numbers: h_2, h,, h,, hm, h_,.

Verify that h_23 = 3.
Compute the class numbers of the coeflicient rings 0, in Q(,\/——l) for
of = 2, 3, 5.

8. Determine a y satisfying Lemma 6 for M = {100, 50 + A/—2}. For
M = {100, 49 + «/—l}.

9. Give an example of an element in I1° which does not have unique fac-
torization. Do the same for [.10.

""10. Prove the following: Let n > 1 be a rational integer. Let 1,, be the
integers in Q(A/ d). Then for any ideal M there is an ideal M1 similar to

3
9

9
'?



288

11.
12.
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M such that gcd(n,N(M1)) = 1. (This allows us to adapt the method for
computing he for of = 1 given in the text for f > 1.)
Prove Proposition 8 for 1,, using unique factorization.
Prove that for an arbitrary coeflicient ring 0 there can only be a finite
number of distinct factorizations for any given module M associated
with 0.

Exercises 13—19 constitute a proof of the Minkowski theorem (Proposi-
tion 7').

Definition: Denote the Euclidean plane by R“. Let A0, 1!?u be in R2 and
assume that they are linearly independent. By a lattice A we mean the collec-
tion of points in R2 of the form aAo + bBo such that a, b are rational inte-
gers. Call A0, B0 a basis of A.

13.

14.

15.

16.

Let A1,, Bi, belong to A. Show that A1,, B’o‘ is also a basis of A if and
only if there are rational integers r, s, t, u such that ru — st = i1 and

A’o = e + .930

3’0 = tAo + “Bo.

Define the determinant of A to be the absolute value of the determinant
of the 2 x 2 matrix (A0, Bo) (denoted det A).
(a) Show that the number det A is the same for any possible choice of

bases.
(b) Show that det A = ]] Ao ||-|] B0 II sin 0, where 0 is the angle between

A0 and Bo, 0 < 0 < 180°, and where ||A° II is the length oo.
Now choose two points X, Xz in A as follows: Let X1 be the smallest
nonzero vector in A. Let X2 be the smallest vector in A linearly inde-
pendent of X1 (i.e., X2 7’: tXl for all real t).

(a) Show that X1, Xz is a basis ofA.
(b) Show that for all rational integers a, b with b at 0 we have

llllgllaXl+bX21L
(0) Let 0 be the angle between X! and Xz, where 0 < 9 < 180°. Use

part (b) with a = 1, b = 31:1 to show that, in fact, 60° g 0 g 120°.
(Minkowski’s theorem) Use Exercises 15(a) and (c) and 14(b) to show
that

”LIPn dezA.
That is, for any lattice A in R2 there is an X at: 0 in A such that

n X[[2 g 2%? det A.
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17.

18.

19.

20.

Let M be a module in Q(../7) for d < 0. Thus, M is a subset of C, the
complex numbers. View C, as usual, as R2 via the real and imaginary
parts of a complex number.
(a) Show that M is a lattice.
(b) Show that det M = §|AM I“.
(c) Show that there is a y 7’: 0 in M such that

]N(J’)IS—3—IAMIM-

(d) Note that part (c) is the best possible for M = [.3 (i.e., the
constantfl/3 cannot be any smaller).
Let M be a module in Q(A/'d_) for d > 0. Let M* be the subset of R2
consisting of all pairs (at, 06’) such that on belongs to M.
(a) Show that M* is a lattice.
(b) Show that det M* = |AM I“.
(c) Show that there is a y :2 0 in M such that

|N(y)l sasflmulm.
(Hint: Exercise 16 guarantees that there is a y .—,¢ 0 in M such that
7‘ + 7" S (WBNAMI “2)
Let 0 be a coefficient ring. Show that every integral module belonging to
0 is similar to an integral module M belonging to 6 such that

MM) 3 “4-37 Me I“.
Prove Theorem 11. (Hint: That ha 2 1 implies 1,; is a unique factoriza-
tion domain, is a standard fact from algebra. Conversely, by unique
factorization of ideals, it suflices to show that all prime ideals P are
principal. First show that if p in 1., is a prime element, then pld is a
prime ideal. Do this by writing pla = AB so that pIdEA n B and then
show by contradiction that A Epld or B Epld. Now show that there is
a prime element p in P. Conclude that P = pId.)
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Applications of the

Factorization Theory
to Diophantine Equations

10.1 The Diophantine Equation y2 = x3 + k

In this section, we shall use the methods of quadratic fields to study the
Bachet equation y2 = x3 + k, where k is a given rational integer. We de-
scribed the history of this Diophantine equation in Chapter 3. The important
fact to recall is that Mordell proved that the Bachet equation always has a
finite number of solutions (x, y). Explicit bounds for solutions (x, y) in terms
of k have very recently been obtained by Alan Baker and Harold Stark.
These results are far beyond the scope of the present book, but we can verify
them for special classes of k, using the machinery of Chapters 8 and 9. Our
most striking result will be that the only solutions to y2 = x3 — 74 are given
by x = 99, y = 3985. The methods of this section provide the reader with
a fairly typical example of the way in which the theory of quadratic fields
can be applied to solve Diophantine equations. The reader should compare
the results of this section with the results on the Bachet equation obtained
using more elementary ideas in Section 3.3 (k = 23), Section 4.5 (k = 45),
and Exercise 12 in Section 3.3.

Let us write the Bachet equation in the form

(y+«/k)(y-A/k)=x3 (l)
and interpret this equation as an equation involving elements of Q(,,/7c_).
For simplicity let us make the following assumption throughout this section:
k is square-flee. Equation (1) implies the following relation among ideals of
1*:

0' + M k)1k-(y - 4/7)Ik = (x103. (2)
290
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We shall show that for certain values of k, the ideals (y + A/kfl,‘ and
(y -— fly, have no prime factors in common, so that, by the unique factor-
ization theorem (Corollary 9.4.11), we may conclude that both (y + dk)Ik
and (y — fly, are cubes of ideals. But it is very diflicult for these ideals
to be cubes because of the very special form of y + J73, namely that the
coeflicient of W is 1. An analysis of the various possibilities leads to a
determination of all solutions of the Bachet equation. Unfortunately it is
not known (as of this writing) how to carry out such an analysis for general
k. However, we shall show how various restrictive assumptions about k
suflice to make the analysis possible.

The basic tool to be used in our study of the Bachet equation is the ideal
class group of I,” defined in Definition 9.6.12. It allows us to prove the follow-
ing basic lemma:

Lemma 1: Let A be an ideal of I,” and h, the class number of Q(./ k).

(i) A"t is a principal ideal.
(ii) Let m be a positive rational integer such that gcd(m, h,,) = 1. Then,

if A’" is a principal ideal, A is also a principal ideal.
Proof: Let 5,, denote the ideal class group of I, (See Definition 9.6.12).
We observe that an ideal B is principal if and only if [B] = [1,]. Since the
order of 9,, is h, and the identity of 9,. is [1,], we know from elementary
group theory that [A]"* = [Ik], so that [A]"' = [A"*] immediately gives part
(i). To show part (ii) we need to show that [A]’" = [Ik] implies that [A] = [1,].
This again is an elementary fact from group theory. Indeed, gcd(m, h,) = 1
implies that there are rational integers x, y such that mx + h,y = 1, and so

[A] = [Arm =<[A1m>*<[Ar~=)’
= [Ik]x[Ik]y = [[1:1- I

Let us' consider three possible restrictive conditions on k:

Case 1: k < — 1, k E 2 or 3(mod 4), 3 ,fhk. We immediately conclude from
Theorem 8.3.2 that 1,, = {1, J7}. Moreover, since k E 2 or 3(mod 4), the
relation y2 = x3 + k implies that gcd(x, 2k) = 1. For if 2|x, then y2 E
k(mod 8); but y2 E O, 1, or 4(mod 8) and k E 2, 3, 6, or 7(mod 8), which
gives a contradiction. Further, if p is an odd prime such that plx and plk,
then ply and p2 l y2 — x3, so that pzlk, a contradiction to the assumption
that k is square-free. Thus, gcd(x, 2k) = 1.

Let us now prove that the ideals (y + Mk)!” (y —fl)1, have no
prime factors in common. Let P be a prime ideal of 1,, such that

P|(J’+«/-F)Ik and Pl(y—fi)lk-

By Theorem 9.4.6, y + J? and y —fl belong to P, and thus

2f=(y+«/7)—(y—fi)
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is in P, and also
x3 = (y + Wm —fl)

is in P. But then PIA/71,, and Plx’Ik. But x3I,, = (k)3 and P is a prime
ideal, so that PIk. Therefore,

N(P) |N(2«/7¢_Ik) = 4|k I, . N(P) |N(x1k) = x2,
which implies that gcd(x2, 4k) > 1, contradicting the fact that gcd(x, 2k) = 1.
Thus, we have proved that (y + fiflk and (y — ,/ k )I,, have no common
prime factors.

From Eq. (2) we can now deduce that each of the ideals (y + fl)!”
(y — ./ k)I,, is the cube of an ideal (by unique factorization of ideals). In
particular, there exists an ideal A of 1,, such that

(y+./k)I,,=A3. (3)
Let us now use the hypothesis 3 ,{’ h,,. From Eq. (3), we have

[AP = [lie],
so that from Lemma 1, [A] = [1k] and A is a principal ideal, say A =
(a + b,,/ k )I,, for rational integers a, b. Then (3) can be rewritten

(y + A/ k)Ik = (a + bA/k)31k.

By Lemma 9.1.10, we can deduce that

y+,/, =¢'(a+b./k)3 (4)
for some unit 6 of Ik. However, since k < —1, k E 2, 3(mod 4), we see that

= —2 or k < —3, so the only units of 1,, are i1 (Theorem 8.7.5).
Thus,

y+f = i(a+bfi)3.
By multiplying this last equation out, we see that

y = :|:a(az + 3b2k)
1 = ;|:b(3a2 + bzk).

The last equation immediately implies that b = :l:l and 3a2 + k = $1. In
particular, k must be of the form

k = :l:l — 3a2 (5)
or there are no solutions. If Eq. (5) holds, then

y = :l:a(az + 3k).
We may obtain .7: from

x=N(a+-b,\/k) =az —k.
Thus, we have proved the following result:

Theorem 2: Let k be a negative, square-free rational integer, kEZ or
3(mod 4), k 7': —1. Assume that 3*hk. Then the Diophantine equation
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y: = x3 + k can be solved if and only if there is a rational integer a such
that k = i1 — 3a1. In this case, there are two solutions (x, y) = (a2 — k,
:ta(az + 3k)).

Let us find some specific values of k to which Theorem 2 applies. If
|k| g 100, k = :|:1~ 3az, then a is one of l, 2, 3, 4, 5. Moreover, ifk E 2
or 3(mod 4) and is square-free, the only possibilities are k = ~2, ~13, ~26,
~74. Referring to Table 3, we see that h.26 = 6, so that ~26 must be
eliminated. All of k = ~2, ~13, ~74 have corresponding class numbers
not divisible by 3. Thus, we obtain

Corollary 3: The solutions of
(i) y2 = x3 ~ 2 are given by (x, y) = (3, :5).
(ii) y2 = x3 ~ 13 are given by (x, y) = (17, :|:70).
(iii) y2 = x3 — 74 are given by (x, y) = (99, $985).

Ifk = ~5, —6, ~10, ~14, ~17, ~21, ~22, ~30, ~33, ~34, ~37, ~41,
~42, ~46, ~57, ~58, ~62, ~65, ~66, ~69, ~70, ~73, ~77, ~78, ~82,
~85, ~86, ~89, ~93, ~94, or ~97, the equation y2 = x3 + k has no
solutions.
Proof: The list of k given includes all square-free, negative k, |k| g 100,
k E 2 or 3(mod 4), 3 *hk, k not of the form i1 — 3a2. (Again, consult
Table 3.) I

Let us now give an example of the above sort of analysis for k’s which are
positive.

Case 2: k' > 0, k E 2 or 3(mod 4), 3 ,{l h,,. The main difficulty in this case
is caused by the presence of nontrivial units in 1,. Let 60 be the fundamental
unit of -I,,. Then any unit 6 of 1,, is of the form iez. The reasoning of the
previous case works up to and including Eq. (4). Suppose that E = ie’a.
If N(6.,) = 1, write n = 3m + r, r = —l, 0,1; if N(eo) = ~1, write n =
3m + r, r = ~2, 0, 2 (possible since ~2, 0, 2 is a complete residue system
modulo 3). Then, in either case,

y + M k = 66(:|:6’6‘(a + b,/ k))’- (6)
Let 7]., = so if N(e°) = +1, 1]., = 6% ifN(€o) = —1. Since ie’a'(a+ b,,/ k)
belongs to Ik, 6 in Eq. (4) may be replaced by one of no", 1, 110. That is, (4)
may be rewritten in the form

y+«/k =rl(a+b«/k)’, (7)
where n = no, 1, or ”51. Suppose that 710 = u + v,/ k. Then u2 — k?)2 =
+1, and u > 0, 'v > 0 by Lemma 6.6.6.

If 11 = 1, then from Eq. (7), we deduce that l = b(3a2 + kbz), so that
b = ;|:l, k = i1 ~ 3a-2. If |a| 2 1, there are no solutions since k > 0. If
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a = 0, there are no solutions since k E 2, 3(mod 4). Thus, since ”3' =
u — v k , we see that n = u :l: m/ k. Multiplying out Eq. (7) and equating
the coefficients of A/ k , we obtain

u(3az + kb2)b :l: v(a2 + 3kb1)a = 1 (8)
or

:toa3 + 3ua2b :l; 3'vkab2 + ukb3 = l. (9)

Recall that u, '0 are known. (We can compute them in a finite number of
steps for given k.) We must examine Eq. (9) for solutions (a, b). In general,
this is a quite delicate task. However, in some cases, congruence considera-
tions suflice.

For example, let k = 7. Then h-, = l, u = 8, 'v = 3 (see Table 2 at the
end of the book). Then (9) becomes

:|:3a3 + 24a2b :l; 63abz + 56b3 = l. (10)

By examining congruences modulo 3, Eq. (10) reads 56b3 E 1(mod 3) or
E —l(mod 3). However, by (10), read modulo 9, we obtain that

:l:3a3 + 6azb + 2b3 E 1(mod 9).
Since b E —1(mod 3) implies that b3 E —l(mod 9), we obtain

:|:3aa + 6a2b E 3(mod 9),
so that ia“ + 241% E 1(mod 3), which implies that ia’ ~ 2a2 E 1(mod 3)
(since b E —l(mod 3)). However, checking the three cases, a E l, 0,
—1(mod 3), we see that the last congruence is always impossible to satisfy.
Thus, the Diophantine equation y2 = x3 + 7 has no solutions.

Case 3: k = —31. In this case, we avoid the difliculty k > 0, but we have
the additional difl‘iculty that 3 |h_,,, since from Table 3 at the end of the
book, h- 3 1 = 3. Let us show how even an example of this sort can be handled
by the methods of the theory of quadratic fields. Let us assume that

y2 = x3 — 31. (11)

First assume that x is odd. If x E 1(mod 4), then (11) implies that y2 E
2(mod 4), which is impossible. If x E —l(mod 4), we may write (1 l) in the
form

yz+4=(x—3)(x‘+3x+9),

and x2 + 3x + 9 E —1(mod 4), so that x2 + 3x + 9 has a prime divisor

p such that p E —1(mod 4). But y2 E —4(mod p), and so ($1) = 1. How-

ever, (—T4) = (g) = —1 since p E —l(mod 4). Thus, x E —1(mod 4)

and x must be even, say x = 2x1. It then follows from (1 1) that y is odd. We
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may write (1 l) in the form

J’__+A2/——31y_:___A/:3_= (12)

Since —31 E 1(mod 4), we see that 1.31 = {1, (l + A/——31)/2}. Thus, since y
is odd, we have that (y i ,/ —3l)/2 belongs to 1-3,. Moreover, by using the
same argument as in Case 1, we can show that the two ideals

#141, #1.“
are relatively prime. We leave the details as an exercise.

Since —31 E 1(mod 8), we see that 2 is decomposed in L,1 (Theorem
9.5.4). In fact, we proved that

21—31 =P2P’z: P2={231+w}s
where a) = (l + ./ —31)/2. We assert that P2 is not principal, for if P; =
71.“, then N(y) = N(P2) = 2, but if y = a + bro (a, b rational integers),
then 2 = a2 + ab + 8bz, which is impossible (exercise).

Writing Eq. (12) as an equation involving ideals, we see that the unique
factorization theorem implies that (note that 2* (y i «/—31)/2)

132143 = 71-31, (13)
where A is some ideal of 1.31 and y is one of (y :l: A/ —31)/2. But, since h.31
= 3, Corollary 3 implies that A3 is principal. Thus, by'(l3), P2 is principal,
which contradicts what we just proved. Therefore, the Diophantine equation
y2 = x3 — 31 has no solutions.

' 10.1 Exercises

1. Show that the Diophantine equation x2 + xy + 8yz = 2 has no solu-
tions; ,

2. Show that the Diophantine equation y2 + 4 = x3 has as its only solu-
tions (x, y) = (2, i2), (5, ill) (Fermat).

3. Find all solutions of the Diophantine equation y2 + 3 = x5.
4. Let k be a square-free negative integer such that k = 2, 3(mod 4) and

5* h. Find all solutions of y2 + k = x5.
5. Find all solutions of y2 = x3 — 1.

10.2 Proof of Fermat's Last Theorem for n = 3

In the first half of this book, we stated Fermat’s Last Theorem, which as-
serts that for a given integer n 2 3, there are no solutions of the Diophantine
equation x'l + y'l = z'l in rational integers x, y, z with xyz rt 0. In this sec-
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tion we shall give a proof of this assertion in the special case n = 3. Our
proof will rest on the arithmetic properties of L3, the ring of integers in
Q(«/ -3)-

From Theorem 8.3.2, noting that (0., = (l + ./ —3)/2, we have

{fur}
LetC = (—1 + A/—3)/2. Then it is easy to verify that C3 = 1. It will be v
more convenient to deal with C than with w_,. Since C3 =1, we see that
(C — 1)(C2 + C + 1) = 0. Therefore, since C 7/: 1, we have

r+c+1=o m
Equation (2) is very helpful in computations. We use the above relations
involving C to factor x3 + y3 in [.3 as

X’ + y3 = (x + y)(x + Cy)(x + W)-
Now let us prove the basic fact about the arithmetic of 1.3.

Theorem 1: I.3 is a unique factorization domain (UFD).

Proof: By Theorem 9.6.11, it suflices to show that h.3 = 1. By using Min-
kowski’s bound (Proposition 9.6.7’) we see that every class of ideals of 1.,
contains an integral ideal A such that N(A) g (fi/Bk/T = 1 (since the
discriminant of 1., is —3). That is, N(A) = 1, and so A = 1.3, which is the
principal ideal 1-1.3. Thus, every ideal is principal and h.3 = 1. I

A direct proof of this result, which exactly parallels the proof that 1., is
a UFD, can easily be given (exercise).

It is necessary to know the units of 1.3. We recall the following from
Theorem 8.7.5

Lemma 2: The units of 1.3 are precisely the numbers i1, 3|:(l — ./—3)/2,
:|:(1 + ./——3)/2, that is, 3:1, :|:C, in

The result we are going to prove is

Theorem 3: The Diophantine equation
x3 + ya = 23

has no solutions in rational integers x, y, z, where xyz 7‘: 0.

We note that since x3 + y3 = z3 is solvable if and only if x3 + y3 +
(—z)3 = 0 is solvable, Theorem 3 is equivalent to the insolubility of x’ +
y3 + z3 = 0.

Our proof of Theorem 3 will involve a descent argument (see the discus-
sion in Chapter 6 concerning x‘ + y‘ = 2‘). However, it is necessary to use
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the factorization of x3 + y3 in I.3 given above, and consequently our descent
argument will give us new solutions to our equation with x, y, z lying in 1.3.
Thus we are forced to prove the more general

Theorem 4: The equation
€3+n3+93=0 (3)

has no solutions for f, r], 0 in 1., with 5119 9k 0.

Actually the statement made immediately above the statement ofTheorem
4 is not quite accurate. The descent argument is based upon how divisible the
three numbers 6, r], 0 are by A. = 1 — C. We shall eventually wind up proving
a more general assertion than Theorem 4 (Theorem 7). The point we want to
emphasize is that we do not prove Theorem 7 because it is more general:
We are forced to prove Theorem 7 just to be able to prove Theorem 3.

Lemma 5: Let ,1. =1 --§=(3 — A/—3)/2. Then N0.) = 3, so that J. is a
prime in 1.3. Moreover 1.13.
Proof: It is trivial to compute that N0.) = M’ = 3. Thus, also, AIS since
J.’ is in L3. I

We recall the concept of a congruence given at the beginning of Section
9.2. We change the notation slightly. Let y belong to 1.3. We say a is
congruent to [3 mod y if

a E 13(m0d 71—3),
and write a E fi(mod y). That is, or E fi(mod y) if and only if y | or — B. We
assume the properties of congruences given in Section 9.2.

Lemma 6: For any at in 1.3 we have a E —1, O, 1(mod 1.).
Proof: Since N(/'l) = 3 and N(}.I_3) = N().), we know from Theorem 9.2.11
that any complete residue system in 1., mod 1L3 contains three elements.
Thus, it suffices to show that no pair of the three numbers —1, 0, 1 are con-
gruent mod 1. That is, we need to prove that A does not divide 1, 2. But this
is clear since i. | a (for some rational integer a) implies that NO.) | a2, and 3 .l’ l
and 3 ,l’ 4. I

If Hat, then as E il(mod A). Thus, a = i1 + x}. for some 1c in I_,.
Thus,

a3 = :I:1 + 31c}. :I: 3x212 + K313
= :|:1 _ {2101.3 :F {any} + k3]? (since 3 = _;2;_2).

Thus, 1 .l’ a implies that
a3 E il(mod A3). (4)

Let us divide the proof of Theorem 4 into two cases.



298 Chap. 10 Applications of the Factorization Theory to Diophantine Equatio-

Case 1: Equation (3) has no solutions in integers 6, t], 0 in I_, such that
6119 at 0 and 1*6t10.

Case 2: Equation (3) has no solutions in integers 6, t], 0 in 1., such that
6110 -/- 0 and £46110.

The first case turns out to be very easy. We proved the similar assertion
for 6, t], 0 rational integers at the end of Section 3.2.

Proof of Case 1: Assume that 6, t], 0 satisfies (3) and that “’6110. Then
none of 6, t], 0 are divisible by A, and so by Eq. (4), we have

0 =63 +113 +03 E i1:|:1:|:1(mod}l3).
If all the signs are the same, we obtain i3 E 0(mod A3), or 13 [3. But N(l’)
= N(fi.)3 = 27, N(3) = 9 and 27 ,{’ 9. If two of the signs are different, then
two of the terms cancel, and we obtain 331 E 0(mod 13). That is, l3 l 1. But
11 is a prime, so this is also absurd. I

Proof of Case 2: Now we assume that 6, t], 0 is a solution to (3) with 6110
--/= 0 and A | 6t10. Then, since A. is a prime, 1 divides one of 6, t], 0. If}. divides
two of 6, t], 0, it must divide the third since 63 + n3 + 03 = 0. But we may
assume that 6, t], 0 have no common factors since if y is a common factor of
6, t], 0, then 6/y, tl/y, 0/y is another solution to (3). Henceforth, we shall
assume that 6, t], 0 have no common factors. Then we see that A divides
precisely one of 6, t], 0. Without loss of generality we may assume that M9,
I. 4’ 6, H1]. Write 0 = 13¢ for some rational integer s _>_ 1, where 11¢.
Now we have

63 + "a + 13r¢3 = 0, gn¢ 7'; 0: A*€”¢' (5)

Our descent argument goes as follows. If Eq. (5) has solutions, then it
has solutions for a least value of s 2 1. But given an s such that (5) has a
solution 6, 71, ¢ we shall find another triple 6, 11, in satisfying (5) with .9 replaced
by s — 1. This contradiction shows that Eq. (5) has no solutions, and thus
Theorem 4 is true.

Actually we do not quite manage to replace a given 6, 11, 45 with another
triple satisfying (5). Instead, given 6, 7], ¢, we may replace them with another
triple satisfying

53 + ”a + 613"'“¢3 = 0,

where e is some unit. This further complication forces us to prove the even
more general

Theorem 7‘: Let E be a unit of 1., and lets 2 1 be a rational integer. Then
the equation

:3 + '13 + ems = o, (6)
has no solution for 6, 1], (15 in 1.3 with 6t]¢ 7': 0 and A ,f 6n¢.



Sec. 10.2 ProofofFermat’s Last Theorem for n = 3 299

Proof: If Eq. (6) does have solutions, then let s 2 1 be the least integer such
that f, 1], d1, 6 exist satisfying (6). Without loss of generality we may assume
that f, 7], «)5 have no common factor except units. Then, since 3 2 l,

E3 + n3 E f3 + n3 + 61.3%]? E 0(mod 1).
Therefore, one of 4", r] is congruent to l and the other to —l(mod A) (see
Lemma 6). Without loss of generality assume that f E 1(mod J.) and r} E
—l(mod A).

We assert that s22. Let 5 =1 +14% and r] = —1 +113 for at, ,8 in
I_,. Then

6 + n3 = 3m + I?) + 311w — 52) + mm + #3)
= —Czl3(a + fl) — (2140:” — 132) + 1.30):3 + [33) (since 3 = —{‘1‘)

E l3(—C’(a + 13) + a3 + £3)(mod .14). (7)
Moreover, since C E 1(mod A),

—C‘(oc + B) + a3 + I93 E (a3 — a) + (#3 — fiXmod ID- (8)
Now we note that in general we have (see Lemma 6)

y’ E 7(m0d A). (9)

It follows from (7), (8), and (9) that
f3 + 113 E 0(mod 1‘).

But 6’ + n3 = —-6).3’¢3, so that 11¢ implies that PM”. Thus, s 2 2 as
desired.

Let

{1 = 6 ‘5' C", ’11 = ((6 ‘5' (2:1), 01 = 41(62— fl), (10)

Since 5 E 1(mod 11), E —l(mod A), C E 1(mod A), (2 E 1(mod A), it is
easily seen‘ that f1, m, 01 are in L3. Moreover, 61, 111, 01 are pairwise rela-
tively prime. For example, if ”If, and filth, then

5+Ctl €+C2fl_ul 2. — A —C'I

nlC(€1—Cfl)_§+€‘n= _5’

and so nln and 7:16. Since Ah] and Hi, we see that gcd(}., 7:) = l (J. is a
prime). Thus, by (6), 2:3 I 613153 implies that 1:3 | W, which implies that 7r|¢
(since 1., is a UFD). But then 7: is a common factor of f, 11, ¢ whose only
common factors are units. Thus, the only common factors of 61 and m are
units. Similarly, gcd(§1, 01) = gcd(1]1, 0,) = 1‘.

We now factor 63 + 113. (The whole point of working in 1.3 is that this
may be done.) We have

63 + 113 = (f + (”X15 + {’11l + 11) = —e}.3'¢3,
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so that
61mm = "Elm-n¢3- (11)

Furthermore, recalling from (2) that l + C + (2 = 0, we see that
€1+m+91=oo (12)

From (1 l), the fact that L, is a UFD, and the fact that 6 1, m, 0, are pairwise
relatively prime, we see that there exist elements at, ,6, y and units 61, 63, e,
such that

E; = 610:3, m = 62/33. 1 = 6373- (13)
Since .9 2 2 and since i1, r], and 0, are pairwise relatively prime, Eq. (11)
implies that ,1, divides precisely one of f1, 111, 01. Therefore, 1 divides precisely
one of the a, [3, y, say My. Then (1 l) and (13) imply that

Y = 1”» H u- (14)
Moreover, by (l l), (12), (13), and (14), we see that

“a + 64fl3 + 6513(l—1)fl3 =1), (15)

where e, and e, are units of 1.3. Since s _>_ 2,
a3 + €4fl3 E 0(mod 13). (16)

But by (4) and the fact that i. 1’ a, A )( [3, we see that
ii i e, E 0(mod 23). (17)

But 6, = i1, :hC, icz. A simple verification shows that if (17) holds, then
64 = +1 or —1. In the former case, (15) implies that

“a + p: + 65130—1)”: = 0, (18)

while in the latter case
a3 + (—/i)3 + 6,}.3"‘“a3 = 0. (19)

In either case, (18) and (19) contradict the original choice of s. Thus, a con-
tradiction is established, and Theorem 7 is proved. I

10.2 Exercise

1. Show that the Diophantine equation x3 + y3 + az3 = 0 has no solu-
tions, where a is a prime E 2 or 5(mod 8).

10.3 Norm Form Equations

In Chapter 8 we considered the theory of quadratic Diophantine equa-
tions in two variables as an outgrt of the theory of quadratic fields.
That entire discussion may be generalized to include other Diophantine
equations called normform equations. To develop this theory, it is first neces-
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sary to study general algebraic number fields, which are generalizations of
the quadratic fields studied in Chapters 8 and 9. In this section, we shall give
an outline of some of the basic results concerning norm form equations and
algebraic number fields. We shall include no proofs since we intend this
section to be a point of departure for further study rather than a complete
exposition.

Let us begin by describing the object which generalizes a quadratic field.
Note that every quadratic field is of the form Q(6), where 6 =fl and d
is a rational integer. Moreover, 6 satisfies the equation x2 -— d = 0. Let us
generalize this as follows: Let 6 be a complex number which satisfies an equa-
tion of the form

P(x) = x” + dflxu-l + + do = 0, (1)
where d3, . . . , (1,- 1 are rational integers. Note that if we can factor P(x) into
Q(x)R(x), where Q(x) and R(x) are polynomials with rational coefficients,
then

0 = P(5) = Q(5)R(5),
so that either Q(6) = 0 or 11(5) = 0. Thus, by successively factoring, we may
suppose that P(x) is irreducible over the rationals; i.e., P(x) cannot be written
as a product of two polynomials with rational coeflicients and positive
degrees.

Let us define the algebraic numberfield Q(6) to be the set of all complex
numbers of the form

a0 + a16 + - - - + a,,_16"‘1, a0, . . . , a -1 rational.

The following properties of Q((S) are not too hard to check:

Lemma 1:

(i) Let a belong to Q(6). Then a can be written in the form
on = a0 + ala + -- - + a,_16"‘1, a0, . . . , a,,_l rational,

where an, . . . , a -1 are uniquely determined by a.
(ii) Let a, I? belong to Q(6). Then a :l: [3, «,8, ah? (/3 9b 0) all belong to

Q(5)-

Let us now generalize the notion of the norm. To do this, we require the
following result about the complex numbers:

The Fundamental Theorem of Algebra: Let f(x) be a nonconstant poly-
nomial with complex coeflicients. Then f(x) can be written in the form
f(x) = ao(x — a1) - - - (x — as"), where an, at], . . . , a, are complex numbers.

From the above result, we see that

P(x) = (x — 6‘“)(x _ 5(2)) . . . (x _ 5m).
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Since P(6) = 0, it is clear that 6 = 6‘” for some i (l g i g n). Suppose that
6 = 6‘“. Then, ifat = a0 + a16 + --- + a,,_16"'1 belongs to Q(6), set

mm = a0 + (115(1) + , , . + an_l(6(i))n-l. (2)

Then a”) = at, am, . . . , a“) are called the conjugates of a. Let us define the
norm of at, denoted Mac), by

Mac) = a“) --- a0". (3)
The following properties of the norm may be proved:

Lemma 2: Let a, [3 be in Q(6). Then
(i) N(a) is a rational number.
(ii) If at = a0 + a16 + - - - + a,,_16”"‘ with all a, rational integers,

then N(ac) is a rational integer. '
(iii) N(a) = 0 if and only if a = 0.
(M NW?) = N(¢)N(I3)-
Now let us turn to the generalization of the notion of a module. Let us

say that oil, . . . , at,” are linearly independent if and only if whenever

“i“! +' a2“: + ° ' ' + and»: = 0:
for rational numbers a1, a2, . . . , am, we have

a1 =a2= ... =am=0_

If on, . . . , at,” are not linearly independent, then we say that oil, . . . , a. are
linearly dependent. Call 051, . . . , at," a basis of Q(6) if and only if every a in
0(6) can be written uniquely in the form

at = aldl + azaz + -- - + and”,

where a1, . . . , a," are rational numbers. It is easily shown that oil, . . . , a. in
Q(6) form a basis of Q(6) if and only if m = n and a1, . . . , a, are linearly
independent. (This is just elementary linear algebra.) For example, 1, 6, . . . ,
6"‘1 is a basis of Q(6).

A module in Q(6) is a subset M of Q(6) consisting of all numbers of the
form

a = x1d1+ x2“: + ' ' ' + xnam (4)

where x1, x2, . . . , x, range through all rational integers and a1, a2, . . . , a,
is a fixed basis of Q(6). In the above circumstances, we write

M={d1, a2, . . - , an}.

It is easily seen that the conjugates a‘ 1’, . . . , at“) of a in (4) are given by

a‘" = x1065” + xzué" + ~-- + m5." (1 S i S n)-
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Thus, for all a in M,

N(a)=(x1ai"+ + xnaé")(x1a§” + + and”)- --
(xla‘r’ + + mt”)

is a rational number. N(a) is also a polynomial in x,, . . . , x,l of degree n.
Set.

f(x1, . . . , x" =N(d).

Since for arbitrary rational integer values of x,, . . . , x", f(x,, . . . , x,,) is a
rational number, we can see that f(x1, . . . , xn) must have rational coeffi-
cients. We call f(x,, . . . , x”) a norm form. If n = 2, f(x1, x2) is simply
a binary quadratic form.

Example-_3: Let 6 = 37, which satisfies the polynomial x3 — 2 = 0.
Consider

M = {1, 6, 62}.
Then M is a module of Q(6). We shall consider the norm form

f(xn x2, x3) = N051 + 7‘215 + x362)-
We first determine the conjugates of 6. Set

; =fiffl.

Then (3 = 1. Thus,

63 = 2, (C6)3 = 2, and (€36)3 = 2.

Since 6, £6, (’6 are easily seen to be different, we must have

96’ - 2 = (x - 5)(x - (5)06 - (’5)-
We may set 6‘“ = 6, 6‘” = (6, 6“” = (36. Thus,

f(x1, x2: x3)

= (x, + x25 + x36‘)(x1 + 352:5 + sWXxl + 352416 + 753(52)-
Using the relations C + {2 = —1 and C3 = 1 and 6 = (77 we can easily
show that

f(x1, x2, x3) = xi + 2x: + 4x3 — 6x1362363-
Assume that we are given a norm form f(x,, . . . , x”) obtained

from a module M in a field Q(6). Let m be a rational number. We say
that f(x,, . . . , x,,) represents m if and only if there exist rational integers
x,, . . . , x, such that

f(xl9---sxn =7”, (5)

that is, provided the Diophantine equation (5) can be solved. We may ask
the same questions here that we asked concerning binary quadratic forms in
Section 8.4. Namely, (i) give a procedure for solving (5) or (ii) determine all
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m such that (5) is solvable. Problem (i) may be solved by imitating the
methods of Section 8.8, which sufficed to solve problem (i) in the case n = 2.
Problem (ii) has not been solved in general, and there are many open prob-
lems concerning it.

We shall now outline some of the results concerning problem (i). We let

0 = {r in Q(6)lrM E M}.
Then 0 is called the ring ofcoeflicients of M. Just as in the case n = 2 we have

Lemma 4:

(i) For any numbers y“ 72 in 0, y, :I: y, and ylyz belong to 0.
(ii) 0 is a module in Q(6).
(iii) There is a unique coefiicient ring I, in Q(6) such that 0 S I, for

every coefl‘icient ring 0.

The coefficient ring I, is called the ring of integers of Q(6). It is charac-
terized as the set of all y in Q(6) satisfying a polynomial equation of the form

y"+cn_1y"“+ +co=0.
where c,,_,, . . . , co are rational integers. (See the quadratic case.)

We call 6 in 0 a unit if and only if there is an 61 in 0 such that 661 = 1.
It can be shown that e is a unit if and only if N(€) = i1. Suppose that
N(E) = 1 and that 6 is in 0. Let x1, . . . , x, satisfy (5); that is, for at given in
(4), we have N(a) = m. Then

N(eot) = N(6)N(ac) = N(at) = m,

so that eat =y1a1 + - - - + y,,ac,l gives a new solution to (5) with x1 = y.,
. . . , x, = y,,. Also, it may be shown that all these solutions are different.
We call two solutions (x1, . . . , x.) and (y,, . . . , y,) associates if and only
if they correspond to at = x10;l + - - - + xuot, and fl =y1a, + - - - +y.a.,
respectively, with at = 63 for some unit 6 of 0. Then it can be shown that

Theorem 5: There are only a finite number of nonassociate solutions of

f(x1,...,x,, =m- (6)

For completeness we shall describe the units of 0. Once this is done then
the solution of problem (i) is given by first finding the units of 0 and then
finding the finite number of nonassociate solutions of (6).

Let us number 6 = 6‘”, 6‘”, . . . , 6"" in such a way that 6‘”, . . . , 6‘"
are real numbers (s 2 0) and 6“”, . . . , 6"” are complex numbers but not
real numbers. Since 6 satisfies (1) with rational integers do, . . . , d."1 it is
easy to see that for any root 6‘" of P(x), 67’ is a root of P(x) (7‘5 denotes
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the complex conjugate of 6‘"). Thus, there is an even number of the complex
numbers 6"“), . . . , 6"”; say there are 2t of them. Set r = s + t — 1.

Lemma 6: There are numbers C, 61, . . . , 6, in 0 such that C" = l for some
integer k > 0 (we may suppose that k > 0 is least) and such that for every
unit 6 in 0 there exist unique integers 6, n1, . . . , n, such that 0 g t < k and

e = (lane? ... 5;". (7)
Example 7: If we specialize to the case n = 2, 6 = fl, then there are two
cases (see Theorem 8.7.10 and 8.7.5):

(i) d> 0. Here s =2, 1 =0, and so r = 1. Also C = —1. Thus, any
unit 6 has the form 6 = :l: 61‘.

(ii) d < 0. Here s = 0, t = 1, and so r = 0. We showed before that there
is one case (d = —3) where C = (—1 —|—- fl)/2 and one case ((1 = —1)
where; = ./—1; in all other cases C = —1.'

Example 8: Let us continue Example 3, where 6 = (‘77. The conjugates
of 6 are 6, £6, (26. Now {—6 =06, and {6 and {26 are complex. Thus,
i=s=1andr=s+t—1 =1. Also§= —1, since6is real. Thus,just
as in the real quadratic case, the units of any coefficient ring 0 are all of the
form 6 = is? for some fundamental unit 61.

It is an easy matter to determine which units 6 in (7) have Me) = +1
by taking into account the values of N(C), N(€1), . . . , N(e,). Thus, we may
conclude that

Theorem 9: Let f(x,, . . . , x,,) = N(xlat1 + - - - + x,ot,,) be given as above.
Let M = {an . . . , a,} and 0 be its associated ring of coeflicients. Let m be
a given rational integer. Let 71, . . . , y. be a complete set of nonassociate
numbers in M such that My) = m. Then for rational integers x1, . . . , x,,,
we have *

f(x1,...,x,, =m
if and only if

x1a1+ +xfln=€71
for some i, l g i g u, and some unit 6 as given in (7) with N(€) = 1.

Corollary 10: Assume that n > 2 or n = 2 and that 6 is real. Then if

f(x1,-..,x..)=m '
has a solution, it has an infinite number of solutions.

Now let us remark on the equivalence classes of modules. If M1, M; are
modules in Q(6), we say that M1 is similar to M; if and only if there is a y
in Q(6) such that yM1 = M2. -
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Theorem 11: Let 0 be a coeflicient ring of Q(6). Then there are only a finite
number of nonsimilar modules whose coefficient ring is 0.

The number h of nonsimilar modules whose coeflicient ring is 0 is called
the class number of 0. If 0 = 1,, then h is called the class number of 0(6).

The study of Q(5) and the arithmetic of its integers may be pushed much
further than we have suggested above. The resulting subject is called algebraic
number theory. We have given some motivation for studying it, and we hope .
that many of you will. Some suggested readings are The Theory ofAlgebraic
Numbers by H. Pollard (Wiley & Sons, New York, 1950), Number Theory
by Z. I. Borevich and I. R. Shafarevich (Academic Press, New York, 1965)
and Algebraic Number Theory by S. Lang (Addison-Wesley, Reading, Mass,
1971).



11

The Representation
of Integers by Binary

Quadratic Forms

11.1- Equivalence of Forms

Let us now turn to the second problem about binary quadratic forms
which was stated in Section 8.4.

Definition 1: Let f(x, y) = axz + bxy + cyz be a binary quadratic form
and let m be given. If the Diophantine equation f(x, y) = m is solvable (in
rational integers x, y), then we say that f(x, y) represents m.

We may phrase the problem we shall consider in this chapter as follows:

Problem: Determine all numbers which f(x, y) represents.

Often, we can solve this problem by clever observation and known results.
For example, let f(x, y) = 2xz — ly + By. At first, it seems very difli-
cult to determine which integers f(x, y) represents. However, note that

f(x. y) = (x — 2y)2 + (—x + 3y)z = X2 + Y2,
where

X=x—2y, Y=—x+3y. (1)

Thus, _we see that for any rational integers x and y, f(x, y) is a sum of two
squares, X2 and Y2. Moreover, ifXand Yare any two given rational integers,
then we can find x and y such that f(x, y) = Xz + Y2, since from Eq. (1) we
may set y = X + Y, x = 3X+ 2 Y. Thus, f(x, y) represents the same integers

307
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as the form g(X, Y) = X2 + Y2. And the integers represented by this form
are described in Theorem 6.4.5. Thus, we have solved our problem for the
form f(x, y) = 2x2 — ly + 1351‘.

Let us consider further the phenomenon exhibited in the above example.
There are two facts which explain the example: (i) The form f(x, y) was
obtained from the form g(X, Y) = Xz + Y2 by making the linear substitu-
tion (1). (ii) The linear substitution (1) has the following property: As 1:, y
run over all rational integers, so do X, Y.

Let us consider linear substitutions of the form
X=rx+sy, Y=tx+uy, (2)

where r, s, t, u are given rational integers. By solving Eqs. (2) for x, y, it is
easy to see that fact (ii) holds for Eq. (2) if and only if m — st = i1. A sub-
stitution with this property is called a unimodular substitution. For various
technical reasons, we shall restrict ourselves to those unimodular substitu-
tions whose determinant ru — st = +1. Henceforth, the term unimodq
substitution will be used only to refer to substitutions (2) for which ru — it
= +1.

We may now generalize our above example. Suppose that f(x, y) and
g(x, y) are binary quadratic forms and suppose that there exists a unimodu-
lar substitution of the form (2) such that

f(x, y) = g(rx + sy, Ix + W) (3)
Then it is clear that the numbers represented byfare the same as the numbers
represented by g. Equation (3) is useful in transforming the problem of
representation of numbers by f into the corresponding problem for g. This
is useful if we know something about g, as we did in the above example,
where g(x, y) = x2 + y‘. This idea will be the principal theme in this section.
Equation (3) suggests the following definition:

Definition 2: Letfand g be binary quadratic forms. We say thatfis equiva-
lent* to g, denotedfk g, provided that there exists a unimodular substitu-
tion

X=rx+sy, Y=tx+uy
such that

f(x, y) = g(rx + sy, Ix + 10').
From the above discussion, we have the following result:

Proposition 3: Letfand g be equivalent binary quadratic forms. Thenfand
g represent the same numbers.

*Note that some authors define equivalence of forms to mean that Bq (3) holds for
r, s, t, u satisfying ru — st= i1. In such circumstances, our notion of equivalence'is
called strict equivalence or proper equivalence.
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Assume thatf and g are equivalent with respect to the unimodular sub-
stitution X = rx + sy, Y = tx + uy (as in Eq. (3)). Suppose that g(x, y) =
a):2 + bxy + cyz, f(x, y) = Ax2 + Bxy + Cy”. Then, a simple computa-
tion shows that

A = g(r, t)
C = g(S, u) (4)
B = 2ars + b(ru + st) + 2cm.

Moreover, a further calculation shows that

B2 — 4AC = (ru — st)‘(b2 — 4ac)
= b2 — 4ac

since ru — st = 1. Thus, we have proved

Proposition 4: Letfand g be equivalent binary quadratic forms. Thenfand
g have the same discriminant.

The notion of equivalence of forms will be basic to everything that follows
in this chapter. Therefore, let us state and prove a few more elementary prop-
erties of equivalence.

Proposition 5: Equivalence of forms is an equivalence relation.
Proof:

(i) Reflexivity. fRfwith respect to the substitution X = l-x + 0-y,
Y = O-x + 1-y.

(ii) Symmetry. Suppose that f(x, y) = g(rx + sy, tx + uy), where
r, s, t, u are rational integers such that ru — st = 1. Then

g(x, y) = g(r(ux — sy) + S(—tx + ry), t(ux - sy) + u(-tx + ry))
= f(ux — sy, —tx + ry).

Thus, g m f.
(iii) Transitivity. Suppose that f(x, y) = g(rx + sy, tx + uy), g(x, y) =

h(r’x + s’y, t’x + u’y). Then

f(x, y) = h(Rx + Sy. Tx + Uy),
where R = r'r + s’t, S = r’s + s'u, T = t’r + u't, U = t's + u'u.
Moreover,

RU —— TS = (ru — ts)(r’u’ — t’s’) = 1.
Thus, fz h. I

Definition 6: Letfbe a binary quadratic form. Denote by {f} the equivalence
class offwith respect to z. Then {f} is called the class of forms determined
byf. Thus, {f} is the set of all forms equivalent tofand consists ofall the forms
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f(rx + sy, tx + uy), where r, s, t, u are rational integers such that m — st
= 1. By Proposition 3, the numbers represented by all forms in a class are
the same. Let us call these the numbers represented by the class. Also, by
Proposition 4, all forms in a class have the same discriminant, which we call
the discriminant of the class.

If we are interested only in the problem of representation of numbers by
forms, we may study the problem only for one form selected from each class -
of forms. Is this any simpler than our original problem? Indeed it is, by
virtue of the following amazing and deep theorem of Gauss.

Theorem 7 (Gauss): The number of classes of forms having a given discri-
minant is finite.

According to Gauss’ theorem, we may list the classes of forms of dis-
criminant D in a finite list, say {f1}, . . . , {f,}. In terms ofquadratic Diaphan-
tine equations, this means that in order to determine the representability of
a number by forms of discriminant D, it suffices to study its representability
by f1, . . . , f,. Thus, our original problem, although not completely settled,
is reduced to a finite series of questions. To give the reader some idea how
this can help, consider the following example. The form x2 + y2 has dis-
criminant D = —4. We shall prove that there is only one class of forms of
discriminant D = —4. Thus, the form s — 10xy + l3y2, which has dis-
criminant D = 100 — 4-2-13 = ——4, is equivalent to x2 + yz, and the
rational integers represented by 2):2 — 10xy + 13y2 are given by the two-
square theorem. Note that we did this example once before. But with the aid
of some information about the classes, we are able to establish the equiva-
lence of 2x2 — 10xy + 13yz with x2 + y2 without exhibiting the linear sub-
stitution which effects the equivalence. Thus, we can replace some of the
accident and luck present in our preceding analysis with what seems to be
the initial step of a general method. This is precisely Gauss’ plan.

But Gauss’ method is even more powerful than the above might suggest.
Let us illustrate its power by giving yet another proof of the two-square
theorem (Theorem 6.4.5). The essential part of the two-square theorem is
the statement which asserts that ifp is a prime and p E 1(mod 4), then

x2 + y2 = p
is solvable in integers x, y. Let us prove this statement using the fact that
every form of discriminant —4 is equivalent to x2 + y‘. Ifp is a prime such
that p E 1(mod 4), Theorem 3.3.5 implies that there exists a rational integer
a such that

u2 E —1(modp).
Set b = 214. Then

b2 E —4(mod 4p),
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and thus b2 = —4 + 4pc for some c. Set

g(x, y) = W + bxy + Cy”-
Then the discriminant of g is b2 - 4pc = —4, and thus g(x, y) is equivalent
to x2 + y‘, so that x2 + y2 represents the same rational integers as g(x, y).
In particular, since g(l, 0) = p, x2 + y2 represents 17, which is what we
desired to prove.

Let f(x, y) = ax2 + bxy + cy2 be a binary quadratic form, a, b, c
rational numbers. It is an easy exercise to show that there is a unique positive
rational number e such that if a = eal, b = eb1, c = eel, then a,, b1, 61 are
rational integers with no common factor > 1. Then f(x, y) = ef1(x, y),
where f,(x, y) = (lz + blxy + c1yz. Thus, we see that m is represented by
f(x, y) if and only if m1 = m/e is represented by f1(x, y). Thus, insofar as
determining which numbers are represented by a form are concerned, we may
always restrict ourselves to forms with rational integer coeflicients having no
common factor greater than 1. Such forms are called primitive forms. For
example, f(x, y) = 2x2 + 3xy + y2 is primitive, but f(x, y) = 2x2 + 6xy
+ 8y2 is not primitive. The connection between arbitrary binary quadratic
forms and primitive forms is summarized in the following lemma:

Lemma 8: Let f(x, y) = axz + bxy + cyz be a binary quadratic form, a,
b, c rational numbers. Then f(x, y) can be uniquely written in the form

f(x, y) = efl(x9 y):

where e is a positive rational number and f1(x, y) is a primitive form.

We shall see that it is more convenient to work with primitive forms.
Note that if one form in a class is primitive, then all are primitive. Thus, we
may speak ofprimitive classes. We may state Gauss’ theorem equivalently in
the following form:

Theorem 7’: There are only finitely many classes of primitive forms of dis-
criminant D.

We leave it as an exercise for the reader to prove that Theorem 7’ implies
Theorem 7. We shall prove Theorem 7’ in Section 3. One distinction which
will be important in our proof of Gauss’ theorem is given in the following
definition:

Definition 9: Let f(x, y) = ax2 + bxy + cyz be a binary quadratic form
of discriminant D. If D > 0, we say thatfis indefinite. If D < 0, we say that
f(x, y) is positive-definite if a > 0 and negative-definite if a < 0.

It is clear that if f(x, y) is negative-definite, then —f(x, y) is positive-
definite and conversely. Moreover, f(x, y) represents m if and only if
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—f(x, y) represents —m. Therefore, insofar as our problem of represent-
ability goes, we may safely ignore the negative-definite forms. This will be
convenient in what follows.

The reason for the terminology above is as follows:

Proposition 10: Let f(x, y) be a binary quadratic form of discriminant D.
(i) fis positive-definite if and only if f(x, y) 2 0 for all x, y.
(ii) If f is indefinite, then f(x, y) assumes both positive and negative

values.
Proof: Exercise. I

11.1 Exercises

1. Determine whetherfz g if
(a) f=2x" + 3xy + 3y2,g =xz +y2.
(b) f=2x2 + 3y‘,g =x" + 6y”-
(c) f= x2 + syz, g = 2x2 + 4y2.
(d) f=x2 + xy + 5y‘,g = x2 + 5xy + lly’.
(Hint: Before beginning a search for a unimodular substitution, check
discriminants and the integers obviously represented by each form.)

2. (a) Show that the two formsf = x2 + Zyz, g = 17x2 + 20xy + 6y‘
are equivalent.

(b) Note that f(l, 3) = 19. Find rational integers x, y such that g(x, y)
= 19.

3. (a) Make a table of all integers g 100 represented byf= x2 + 2y‘.
(b) Can you make a conjecture concerning the integers so represented?

(Hint: Factor the numbers represented and look at the statement of
the two-square theorem.)

(c) By imitating the proof of the two-square theorem, prove your
conjecture.

Describe {f} forf = x2 + 5y”.
Prove that equivalent forms have the same discriminant.
Prove Proposition 10.
Prove that Theorem 7’ implies Theorem 7.
Letf = x2 + 6y2.
(a) Doesfrepresent 415?
(b) .Doesfrepresent 31?

9. Verify directly that {x2 + 2y“) = {17xz + 20xy + 6y‘} (see Exercise
2(a)).

”>
1

9
3

"
?



Sec. 11.2 Strict Similarity ofModules 313

Exercises 10—13 will outline a proof of Gauss’ theorem (Theorem 7’) in
the case where the discriminant D is negative. The method outlined is called
reduction theory and can also be developed for positive D, although the
results are much more complicated. The reduction theory for binary quad-
ratic forms was discovered by Gauss. Let us write (a, b, c) instead of ax2
+ bxy + cyz.
10.. Let a, b, c be rational integers.

(a) Show that if (a, b, c) is positive-definite, then a > 0 and c > 0.
(b) Show that (a, b, c) z (c, —b, a).
(c) Show that (a, b, c) is equivalent to some form (a, b’, c’), where

|b’| g a. (Apply a substitution of the form X = x + ky, Y = y.)
(d) Let (a, b, c) be positive-definite. Show that by alternately using

equivalences (b) and (c), we can find a form (a’, b’, c’) equivalent
to (a, b, e) such that either (i) c > a and —a < b g a or (ii)
c = a and 0 g b g a. A form satisfying one of the conditions (i)
or (ii) is called a reducedform. (e) Show that every positive-definite
form is equivalent to one and only one reduced form.

11. Use operations (b) and (c) of Exercise 10 to find the reduced form
associated to the following positive-definite quadratic forms:
(a) (2, 3, 8)- (13) (1,0, 3)- (0) (2, 4, l7).

12. Let (a, b, c) be a positive-definite reduced form of discriminant D.
(a) Show that 3ac g [D |.
(b) Show by using part (a) that the number h, of classes of primitive

forms of discriminant D is finite.
(c) Show that |b| g MIDI/3.
(d) Show that one may enumerate all positive-definite reduced forms

ofdiscriminant D by considering for each b, such that |b| g . /| D]/3,
the pairs of positive integers (a, 6) such that ac = (D + b2)/4.
Then determine those forms (a, b, c) which are reduced.

13. Use the results of Exercise 12 to compute a complete set of reduced
forms of discriminant D for D = —3, —4, ——7, —8, -11, —12, —15,
—16, —l9, —20. In each case, compute the number of classes of posi-
tive-definite forms of discriminant D.

11.2 Strict Similarity of Modules

We plan to discuss our problem of the representation of integers by a
binary form by translating the problem into an equivalent problem about
modules. In the next section, we shall describe the means for translating the
problem from forms to modules and back to forms. There, we shall construct
a one-to-one correspondence between certain classes of forms and certain
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classes of modules. This correspondence will allow us to effect the transla-
tion. However, the correct classes to use in this correspondence are, unfor-
tunately, not the similarity classes introduced in Section 9.6. We need a new
notion of class, that of strict similarity class. This section is devoted to dis-
cussing this concept.

Definition 1: Let M1 and M2 be modules of Q(../ d). We say that M, and
M2 are strictly similar* if there exists a nonzero y in Q(,./ d) such that
N(y) > 0 and M1 = 7M2. If M1 and M2 are strictly similar, we write M1 z
M2.

Clearly, if M1 2 M,, then M1 ~ M2. But the converse is not necessarily
true. There are modules which are similar but not strictly similar. (See
the proof of Theorem 3 for an example.) Just as was the case with
similarity, the notion of strict similarity can be used to divide all modules
into strict similarity classes. If M is any module, then {M} will denote the
strict similarity class containing M and equals the collection of all modules
strictly similar to M. As was the case with similarity classes, every module
belongs to one and only one strict similarity class. Moreover, since strictly
similar modules are similar, all modules belonging to a single strict similarity
class have the same ring of coeflicients.

Definition 2: Let 0 be a ring of coeflicients of Q(./ d). The number of strict
similarity classes of modules belonging to 0 is called the strict class number
of 0 and is denoted h;.

We do not have to give a long complicated proof that the strict class
number of O is finite, since it is simple to compute h; in terms of he, the class
number of 0.

Theorem 3: Let 0 = {1, fwd} be a ring of coefiicients of Q(./ d). Then the
strict class number of 0 is given as follows:

he if d < 0,
h; = he ifd>0andN(e,) = —1,

2h,) ' ifd > o and N(e,.) =1,
where e, = the fundamental unit of 0.
Proof:

Case 1: d < 0. Let y = r + sfi be an element of Q(M7), where r, s
are rational. Then N(y) = r2 — s2 d 2 0 since d < 0. Therefore, allnonzero
elements of Q(¢7) have positive norm, so there is no difl‘erenoe between
similarity and strict similarity of modules. Thus, h; = he.

*Some authors use similar in the narrow sense.
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Case 2: d > 0. Suppose that N(e,) = —1. If M, and M2 are modules
belonging to 0 and if M, and M2 are similar, there exists )2 in Q(fl), y =/_- 0,
such that M, = yMz. IfN(y) > 0, M, and M2 are strictly similar. IfN(y) < 0,
then N05”) = N(e;)N(y) > 0 since N(e;) = — 1. Moreover, since 6,» is a unit
of 0, we have QM, = M2, so that

(5:7)M2 = 7(5xMz) = 7M2 = M1-
Thus, M, and M2 are also strictly similar, and so h; = he.

Next, suppose that N(€;) = +1. First note that M z M, implies that
M ~ M,, and so {M} E [M]. Let a, be any element of Q(,\/7) of negative
norm (e.g., at, = M7). Then we shall show that for each module M belong-
ing to 0 the similarity class, [M], breaks up into precisely two strict similarity
classes: [M] = {M} U {aoM} with {M} —-/—- {ocoM}. It then follows immediately
that h; = 2%. It is obvious that {M} U {050M} _C_ [M], since any module in
{M} (respectively, {atoM}) is strictly similar to M (respectively, acoM) and is
thus similar to M. Conversely, let M, belong to [M]. Then M, ~ M, and so
there is a y at 0 in Q(fi) such that M, = yM. If N(y) > 0, then M, is in
{M}- If 117(7) < 0, then NWT?) = N(ao)“N(r) > 0 and M1 = (“61?)(060M),
so that M, is in {atoM}. Thus, [M] E {M} U {atoM}, and hence [M] = {M} U
{aoM}. Finally, we see that {M} =/—- {acoM}, for if {M} = {acoM}, then there
exists a y in Q(fi) such that NO’) > 0 and M = y(aoM). From this last
equality, we have aoyM = M and (at,y)'1M = M. Therefore, both may and
(0:030‘1 belong to 0, so that acoy is a unit of 0. Also N(aioy) = N(ao)N(y) < 0.
But by Theorem 8.7.10 all the units of 0 are of the form is} and so have
positive norm. This contradiction establishes the result. I

Recall that when we change bases in a module M = {05, fl}, the new
basis 00,, fl, is given by a substitution: at = ra, + 3/3,, p = ta, + 11/31, Where
ru — st = :lzl. Conversely, every such substitution gives rise to a new basis
of M via the above formula. On the other hand, in defining equivalence of
forms, we restricted such substitutions to having the determinant ru — st =
+1. Since we wish to set up a one-to-one correspondence between strict
similarity classes of modules and equivalence classes of forms, we must
somehow avoid shifting from one basis to another when the determinant of
the transformation is —1. This can be done by an easy clever subterfuge.
Let us agree to always arrange the basis elements as, I? of M in a particular
order, so that it is impossible to get from one such ordered basis to another
by a unimodular substitution of determinant —1.

Definition 4: Let M = {00, [3} be a module. We say that a, ,6 is an ordered
basis provided that the determinant

ac ot’,5:
fi fi’

satisfies 6/,,/ d > 0.
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If d > 0, a, [3 are real, and so our definition certainly makes sense. If
d < 0, 6/,,/ d is a real number, because a’ = 07, fl’ = fl, the complex con-
jugates of a, [3 respectively, so that

3=afi—&p=afi—afi=—6.
Thus, 6 is purely imaginary, and 6/A/ = 5/A/—lA/ld| is real.

Note that if a, fl is not an ordered basis of M, then [3, a is an ordered
basis. Therefore, every module has an ordered basis.

If M has ring of coefficients 0, we have N(M) = [AM/A9 I1”; moreover,
A _ {d if d E 1(mod 4),

° _ 4d if d E 2, 3(mod 4),
and 62 = AM. Thus, we have

%|%l id 1(m0d4)
N(M)

1 6 - _Elfil 1fd _ 2, 3(mod 4).

Hence we see that a, [3 is an ordered basis ofM ifand only if
6 ac ’ — a’

N M = = . 1< > 73; f7z—i’ ()
The most important property of ordered bases is given by the following:

Proposition 5: Let a, fl and a1, [31 be two ordered bases for the module M.
Then there exists a unimodular substitution

X=rx+ty

Y=sx+uy
such that ru — st = +1 and

at = a t1 r + p (2)
fil=sa+ufi.

Conversely, if at, fl is any ordered basis of M and if ru — st = +1, then
d1, #1 defined by (2) is an ordered basis for M.

Proof: We already know that there exists a unimodular substitution such
that (2) holds. Note that

as, «’1 rot + tfi ra’ + tfi’
fi, fi’, soc + ufl sat’ + ufi’

= (ru — st)(afi’ —— fia’) = (m — s05.

61:

Therefore,
61 _ _ 6
W —- (m .9077-
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Since a, fl and a1, ,8, are both ordered bases, 61/A/ d and 6/,,/ d are both
positive, so that ru — st = +1. We leave the second statement as an exercise.

I

Proposition 6: Let M = {a, [3} be a module with cc, [3 an ordered basis, and
let y in Q(fl) satisfy N(y) > 0. Then ya, yfi is an ordered basis of 7M.
Proof: Indeed, if

m (700'
719 (MY

61 = (W’Xafi’ — fla’) = N(r)(afl’ — 1905’),
so that 61/,/ = N(y)(6/fi) > 0, since at, [3 is an ordered basis of M and
My) > 0. Thus, ya, yfi is an ordered basis for yM. -

1—

then

11.2 Exercises

1. Show that 1, £60,, is an ordered basis of the coeflicient ring 0.r =
{1: fwd}

2. Determine ordered bases for the following modules:
(a) M={2+fl.1—¢T}.
(b) M ={1— A/—5, 3 + ,/—5}.

3. Let a, B be an ordered basis of the module M. Let r, s, t, u be rational
integers such that ru — st = 1. Show that at, = ra + tfi, fl, = set + ufi
is an ordered basis of M.

4. Let f(x, y) be a binary quadratic form of nonsquare discriminant A.
Show that A = so, where of is a rational integer and A0 is the dis-
criminant of the integers in some quadratic field. Show that of and A0
are unique.
Show that strict similarity of modules is an equivalence relation.
Let {05, [3} be a module such that the basis at, I? is not ordered. Show
that the basis (11, ,6“ of (2) with ru — st = —1 is ordered.

7. Determine the strict class number of 1,, 1,, Is, 110, and I”. Determine
the strict class numbers of the coefficient rings 0, contained in Q(@
forof = 2, 3, 4, 5, 6, 7.

8. (a) Give an example of two modules which are similar but not strictly
.similar.

(b) In your example in part (a), show how the classes are broken up ‘
into strict classes.

9. Give an example of a module M such that [M] 7': [M’].
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10. Determine whether the following modules are strictly similar :_
(a) {1,fl},{2,fl}.

(c) {5,fl}, {8 + 3w, 5 — zfi}.
11. Here is an algorithm for determining whether two modules M1 and M,

are similar in a finite number of steps. Verify that it works and that all
steps can be carried out in a finite number of steps.
(a) Determine 0M1 and 01”,. If 0M: .-,a'_- 0M” then M1 and M, are not

similar.
(b) Assume that GM, = em = 0. By replacing M1 by a module similar

to M1, we may assume that M1 c M2.
(c) Let n = (M2: MI). Show that n belongs to 0. Show that if yMz =

M1, then [N(y)| = n and y is in 0.
(d) Let yl, . . . , y, be a complete set of nonassociated elements of 0

such that N(y,) = n (1 g i g r). Then M1 is similar to M2 if and
only if M1 is one of yl, 72M» . . . , y,M2.

12. Use the algorithm of Exercise 11 to determine whether {2 — 3,\/'5',
5 — 8«/'5'} and {3, 4 + fl} are similar.

13. Modify the algorithm of Exercise 11 to determine when two modules
M1 and M; are strictly similar.

11.3 The Correspondence Between Modules and Forms

In this section, we shall set up our correspondence between strict similarity
classes of modules and equivalence classes of forms. Throughout this section,
allforms will be assumed to be primitive with discriminant not equal to aperfect
square.

Let us begin with a module M = {05, B} of Q(,‘/ d), where the basis a, fl
is ordered. To this module, let us associate the class of forms CM = {f,,,},
where

am y) = mfimmx + fly)-
Lemma 1: CM depends only on M and not on the particular ordered basis
of M.

Proof: If a1, [31 is another ordered basis of M, then there exist rational
integers r, s, t, u such that a1 = ra + sfl, [31 = ta + up, ru — st = 1. But
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f...,p.(x, y) = flown): + my)

=N—(l—M)N(ac(rx + ty) + [3(sx + uy)) (1)

=f¢,p(rx + ty, sx + uy).

Since ru — st = 1, we see that f,“pl 2f”, so that {f,“,1} = {fm}, I

Theorem 2: Let at, )3 be a basis of Q(,/ d), M = {on )3}. Then the binary
quadratic form

fa.fi(x’y)= N—(—_]M)N(ax + By)

has rational integral coeflicients. Moreover, f,“ ,(x, y) is primitive, and the dis-
criminant off,“ , equals the discriminant of ON, the coefficient ring of M.

Proof: Let y = —fl/oc. Then 3; satisfies a quadratic equation with rational
coefficients. Therefore, 7 satisfies an equation of the form a}:2 + by + c = 0,
where a, b, c are rational integers, having no common factor greater than 1,
a > 0. Now

Man) i
f¢,fl(x’y)= NTIM)N(“-x + fly): N(M)N(x + my)

=1fifi)-—)N(x — 7y)= N—Igga—(ax2 + bxy + 6y”),

since Tr(y) = —b/a, N(y) = old. By Corollary 9.3.10, the module {1, —y} =
{1, y} has norm l/a, so that

N<M)—— N(a{l r})—— 1N<ac>|N<£1 r})—— '—N(°‘"
Thus, f,,,,,(x, y) = ;|;(axz + bxy + cy‘). In particular f“, has integer coef-
ficients and is primitive. By Lemma 8.6.13, the coeflicient ring 0,, is equal
to {1, ay}, so that the discriminant of OM equals

1

ay ay'
= a’(r’ — 7)’

= a‘((r + 7')2 — 477’)
= (12(Tr0’)z — 4N(7))

z b2= “ (F — 4%)
= b2 — 4ac

= the discriminant off;p. I
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Corollary 3: Let M be a module. Then CM is a primitive class of forms of
discriminant A0". ‘

The following result summarizes some important facts about discrimi-
nants of forms and coefficient rings:

Proposition 4:
(i) Let 0 = {1, food}. Then A, = so, where A0 = the discriminant

of 1,; that is, A0 = difd E 1(mod 4), and A0 = 4difd E 2, 3(mod
4).

(ii) 0 is uniquely determined by its discriminant.
(iii) Let D be the discriminant of a binary quadratic form. Then D is

the discriminant of a unique coefficient ring, denoted* 0,,.
Proof?

(i) Exercise.
(ii) If A0 is given, then of and d may be computed from A9 since d is

square-free. Thus, from A», we may reconstruct 0 = {1, fay}.
(iii) Let f= ax2 + bxy + cy2 have discriminant D. Since D = b2 -

4ac :- b2(mod 4), we see that D E 0 or 1(mod 4). Write D = fid,
where d is not divisible by a perfect square > 1. If D is odd, so
are of, and d. Since of? is then E 1(mod 4), d is E l(mod 4),
and we may set 0,, = {1, flood}. If D is even, it is divisible by 4.
And since d is square-free, we see that d E 2 or 3(mod 4) and
f1 = 2f. In this case, we may set 0, = {1, food}. I

Let us fix a discriminant D of a binary quadratic form and let 0,, be the
coeflicient ring having the same discriminant. By Proposition 4 and Corollary
3, we see that if CM is a class of forms of discriminant D, then M belongs to
0D. Moreover, we have

Proposition 5: Is M1, then CM = Cm.

Proof: Suppose that M1 = yM with N(y) > O, M = {on [3}, a, 5 an ordered
basis for M. Then ya, yfl is an ordered basis for M1 (Proposition 2.6). There-
fore,

CM: = {fraafi}:
where

fawn y) = WNW”: + My)
_ N0 1 _—— N(}’)l WN(“-x + fly) _fa.fl(x: y)

*Note that this notation is at variance with the notation 0; introduced in Chapter 8.
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since N(y) > 0. Thus,
CM; = {flap} = CM' I

By Proposition 5 and our above discussion, let us set up the following
correspondence between strict similarity classes of modules and classes of
forms: Let D be the discriminant of a binary quadratic form, and 0D the
coefficient ring of the same discriminant.

To each strict similarity class {M} of modules belonging to on, let us
associate the class of primitive forms CM of discriminant D. Denote this
correspondence

{M} —> CM.

We have proved above that this correspondence is well defined. The reason
that this correspondence is useful is because the following theorem holds:

Theorem 6: The function {M} —> CM, from the set of all strict similarity
classes of modules belonging to 0,, to the set of all classes of forms of dis-
criminant D, is one to one. Its image consists of all classes of primitive posi-
tive-definite or indefinite forms of discriminant D.

Before we prove Theorem 6, let us note that Gauss’ theorem follows
immediately. In fact, we have

Corollary 7: The number of classes of primitive binary forms of discrimi-
nant D is finite. In fact, this number equals h}; (D > 0) or 2h; (D < 0),
where h; denotes the strict class number of 01,.

Proof: In the case D > 0, the result follows immediately from Theorem 6.
If D < 0, note that the classes of positive-definite forms can be put in one
to one correspondence with the classes of negative-definite forms by mapping
{f} into {-f}- I

Let us prove Theorem 6 in two parts. Let us first identify the image of
the function {M} ——> CM. Since CM is a class of forms of discriminant D,
these forms are indefinite in the case D > 0. If D < 0, thenf” is positive-
definite since the coefl‘icient of x2 is N(oc)/N(M), and N(ac) > 0 for all a when
D < 0. Thus, the image of the function consists only of indefinite and posi-
tive-definite forms.

Let f= axz + bxy + cy2 be a primitive form of discriminant D which
is either positive-definite or indefinite. If a > 0, set

M = {1,M}.
2a
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Then by Corollary 9.3.10, we have N(M) = l/a, and thus

'JWlM_)N(x +#0 = axz + bxy + cyz.

If a < 0, then we must have D > 0 since f cannot be negative-definite. In
this case, set

M = /_D {1, bizafl}.
Theri

N(M) = IN(fi)IN({1,”;@}) = 3-2a | a I
Therefore,

b —fl _ D 31/3
N—(M)N(er’”r+fi—2a y) ‘ Wu)”H" +—)

= axz + bxy + cy’.
In each case let M—— {05, [9}. Then we have

za—fi
=—D+ab[ —D—zabf __M (a<0, D>0).

Therefore, we see that a, I? IS an ordered basis, so that our correspondence
associates {f} to the strict similarity class of modules {M}, where

M: {1,I%j} (a>0)

={J’pfiW} (a<0,D>0).

This completes the study of the image of the function {M} ——» CM.
Example 8: The form f(x, y) = 2x2 + 3xy — 4yz of discriminant D = 41
determines the strict equivalence class {f} consisting of the forms
2(rx + sy)‘ + 3(rx + sy)(tx + uy) — 4(tx + uy)’, ru — st = +1. (2)
And this class of forms corresponds to the strict similarity class of modules
{M}, where

M={1,3_:4L4—1}.

In other words, to the collection of modules

y{1, 3+”41}, r in Q ($41). No) > 0,
we associate the collection of forms (2).
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Now let us prove that under our correspondence distinct classes of
modules give rise to distinct classes of forms. This will complete the proof of
Theorem 6.

Proposition 9: Suppose that M1 and M2 are modules and that CM. = Cm.
Then {M1} = {M2}-
Proof: We may rephrase the proposition. Suppose that M1 = {an #1}, M2
= {062, #2}, where “1, B, (respectively, 052, [12) is an ordered basis for M1
(respectively, M2). Then CMl = CM, if and only iffin,,, zfim. Therefore,
suppose that

fl..,p.(x, y) =f..,pl(rx + sy, Ix + uy), ru - st = +1-
We shall prove that M1 z M2. By Eq. (1) we see that

f¢1,fli(rx + sy’ tx + My) =fmr+tfl1,ra1+ufl1(x9 y)'

Moreover, since ru — st = +1, we know that rat1 + sfi“ to:1 + ufi, is an
ordered basis of M1. Let us replace the basis 09,, I}, by this new basis of M,.
Then we see that we could have initially assumed that

fisher“: y) =fis.h(x: y)' (3)

Let us henceforth make this assumption. Now

f...p.(x,y) = 71mm“): + my)
TMM)

Similarly,

f...p.(x, y) — 11%?)005+ &y)(x + 5%?)- (5)

Therefore, the zeros off,“,,(x, l) are —AMI and —fl’1/a’,, and the zeros of
f,,,,,(x, 1) are —fiz/acz and —fl’2/oc’2. Thus, by Eq. (3), we conclude that fillet,
equals either [32/092 or fl’zlac’z. Let us prove that the latter cannot be true, for
if fin/al = fl’z/a'z, then fill/“ll = fiz/azl, and

l
l “1 001:0;10617751 m 77% A, 5135—;

____ _N(7a_d1)

77% %
_N(at1) l “2 222<0,

N(0‘2) 732

since 05,, fl, is an ordered basis, and N(a,), N(a2) have the same sign by Eqs.
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(3), (4), and (5). But then

1 “1 “I!
77 I31 fill

contradicting the fact that d1, [9, is an ordered basis. Thus, til/a, = fi’z/a’, is
impossible, and we must have [91/061 = ,lotz. Set y = 31/05,. Then, )3, =a,7
and ,62 = am, so that

M ={a1,fi1}={unm} = M1, 7}
M2 = {062. #2} = {052’ m} = “z“: 7}-

<0,

Therefore,

M2 = km. (6)
0‘ 1

Again we observe by Eqs. (3), (4), and (5) that N(ac,) and Man) are of the
same sign. Therefore, Nah/ail) > 0, and Eq. (6) shows that M1 and M2 are
strictly similar. Theorem 6 is now completely proved. I

Example 10: Let d = —6, f = 1. In this case, 0 = {1, (0—5} = 1.6. Since
d < 0, strict similarity and similarity are the same. In Example 9.6.10, we
showed that every module M belonging to 0 is similar to one of the two
modules P2 = {2, ./—6}, 0 = {1, ,/—6}. Therefore, there are two strict
similarity classes of modules belonging to 0, namely {P2} and {0}. Therefore,
there are two equivalence classes of forms of discriminant -24 = A9. These
two classes are

{x2 + 6y2}. {2x2 + 3y2}.
Example 11: Let us suppose thato = {1, food} and h; = 1. Thus, every
module belonging to 0 is strictly similar to 0, and thus every form of dis-
criminant A3 = sO (A0 = the discriminant of Q(fi), that is, of 1,) is
equivalent to the form associated with 0. This form is

x2 — ofzdyz if d E 2 or 3(mod 4),
1 _

N(6)N(x + y‘fwd) _ {x3 + fxy + fz#y2 if d E 1(mod 4).

11.3 Exercises

1. Let f(x, y) = 3x2 + 7xy + y”. Determine the strict module class asso-
ciated withf.

2. Use Exercises 7 and 13 in Section 2 to determine the equivalence classes
of primitive forms of discriminant D = 8, 12, 24, 40, 32.

3. On the basis of Exercise 11 in Section 2, devise an algorithm for deter-
mining the equivalence classes of 'forms of discriminant D in a finite
number of steps.
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11.4 The Representation of Integers by Binary
Quadratic Forms

Let us now make use of the correspondence between modules and forms
constructed in Section 3 to reformulate the problem of representation of inte-
gers by a binary form in terms of modules. Throughout this section we shall
assume the following notation (see Proposition 3.4). Let f(x, y) be a primi-
tive binary quadratic form of discriminant D. We factor D = so, where
A" is the discriminant of Q(fi) and f is a rational integer. We further
write d = A0 if Ao E 1(mod 4) and d = AM if A0 E 0(mod 4) (in this
case d E 2, 3(mod 4)). Thus, d is a square-free rational integer. Set 0 =
{1, food}, the coeflicient ring of Q(fl) of discriminant D. Assume thatf is
positive-definite or indefinite.

From our correspondence of Section 3 we can find an ordered basis at, [9
of Q(fl) such that, if we set M = {(1, [3}, then '0,” = 0 and

f(x, y) = fimx + fly)-
Let m be a rational integer. Then we seek necessary and suflicient conditions
on m for the Diophantine equation

f(x,y) =m
to be solvable. As we have previously seen, this is equivalent to determining
all elements (5 = ax '1' fly in M such that N(f) = mN(M). Since we have
already given a constructive procedure for determining the units of 0, it
suflices to determine a complete set of nonassociate 5’s such that N(§) =
mN(M). Let us show how tosolve this problem, at least in principle, in terms
of modules. If D < 0, then we may take m 2 0 since f(x, y) is positive-
definite. If D > 0 and m < 0, we may replacefby ——fand m by —m, so that
we may again assume that m 2 0. Thus, in any case, assume that m 2 0.

We know. from the construction of our correspondence that M may be
replaced by any strictly similar module. Moreover, we have shown that there
exists a rational integer g such that gM E 0 (Lemma 9.6.5). Since N(g) =
g2 > 0, we see that gM 2 M. Thus, without loss of generality, let us assume
that M E 0; "that is, we may assume that M is an integral module.

Let 6 = we + [3y belong to M and suppose that N(é) = mN(M). Then
60 E M, so that M[to by Theorem 9.4.6. Thus, there exists an integral
module M, such that MM, = 60. But then

N(M)N(M,) = |N(¢')| = mN(M) (since m > 0).
Therefore, MM1) = m. From Theorem 9.3.8, we have that MM’ = N(M)0,
and thus multiplying by M, and recalling that MM, = {0, we see that

MM’M, = :M' = N(M)M,,



326 Chap. 11 The Representation of Integers by Binary Quadratic Forms

and since N(rf) = mN(M), we see that N(N(M)/§) = N(M)2/N(f) > 0. There-
fore, we see that M’ 2 M,. Thus, from the element 6 of M of norm mN(M),
we have constructed the module M, having the following properties: N(M,)
= m, M, is integral, and M, k M’; in fact, M, = (E/N(M))M'. Let us try
to classify elements 5 of M having norm m in terms of the corresponding
modules M,.

Suppose that f, and E, are associate elements of M. Then there exists a
unit 6 of 0 such that f, = 662. But then, since EM' = M’, we have

51 I 562 I 62 I _ f2 IN(M)M= N—(M)M= N—(M)(‘M ) N—(M)M
Therefore, associate elements ofM give rise to the same module M,.

On the other hand, if 6,, £2 belong to M, both have norm mN(M), and if
they give rise to the same module, then

61 , 62 ,N—(M)M= N—(M)M
so that (f,§;‘)M’ = M’. Therefore, 6,6; is a unit 6 of 0M, = 0 and E, = 66,.
In other words 6, and {z are associates. To put it another way, nonassociate
E’s give rise to different modules M,.

Theorem 1: Let m be a positive rational integer, and M be an integral
module of Q(,/ d). To each element 6 of M such that N(é) = mN(M), asso-
ciate the module

M M’._ E
‘ _ N(M)

Then M, is an integral module such that N(M1) = m and is strictly similar
to M’. Moreover, two different elements 6, and 62 of M correspond to the
same module M, if and only if f, and 6, are associate. Finally, every integral
module of norm m which is strictly similar to M’ arises from some 6 in M of
norm mN(M).

Proof: We have established everything but the last statement. Let M, be an
integral module of norm m which is strictly similar to M’. Then there exists
5, with N(E,) > 0 and M, = €,M’. Set cf = €,N(M), so that

_ f ,M, _ 1V_(M)M'

Then M, is the module corresponding to 6. Let us conclude the proof by
showing that ME) = mN(M) and that <5 is in M. Since M, = E,M’ and MM.)
= m, N(M’) = N(M), N(E,) > 0, we see that

m: )=”——,(M1)= ’"N(M') N(M)
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and thus

N6) = N(61)N(N(M)) = fibmw = mN(M).
Moreover, N(M)M1 = {M’ implies that N(M)M,M = CM’M, so that MM’
= N(M)0 implies that N(M)M1M = N(M)¢'0, or, on cancelling N(M),
£0 = MMl. Since M and M1 are integral, we see that M | 60, so that 60 E M
by Theorem 9.4.6. Thus, 6 contained in 60 implies that f is in M. I

Corollary 2: The number of nonassociated elements 6 of M having norm
mN(M) equals the number of integral modules M1 of norm m which are
strictly similar to M’.
Proof: Immediate from Theorem 1. I

By using Theorem 1, we can outline a procedure for determining a com-
plete set of nonassociated solutions of f(x, y) = m, where f(x, y) is any
primitive binary quadratic form with rational integral coeflicients and non-
square discriminant and not negative-definite, and m is any positive rational
integer. Suppose that f(x, y) = ax2 + bxy + cyz, D = b2 — 4ac. Set

{Lb—“2%AE} (a>0)
M= {fsi-iz—ab—A/F} (a<o,D>0)-

Then

f(x,y) = N—(‘mzvox + By),
whereas =1,fi = (b —,,/D )/2aifa>0andoc =,,/D ,fl =(—D + m/Za
if a < 0 and D > 0. We may proceed as follows:

1. Determine all integral modules M1 strictly similar to M’ and of norm
m

2. Determine f such that M1 = (6/N(M))M’, N({) > 0.
3. Write g = ax + fly.
Then, as M, ranges over all the modules defined in step 1, (x, y) ranges

over a complete set of nonassociated solutions of f(x, y) = m.
In practice, step 1 is diflicult to carry out. To determine all integral

modules M1 belonging to 0 and having norm m is quite easy, at least if
gcd(m, of) = 1. This can be explicitly carried out using our factorization
theory for modules developed in Chapter 9. But then, after determining all
these modules, we must determine which are strictly similar to M’. That is,
in general, very diflicult to do using a reasonably short calculation. We out-
lined a somewhat unreasonable procedure in the exercises of Section 2.
However, it is very easy if h; = l, for in this case, every module belonging
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and since N({) = mN(M), we see that N(N(M)/¢') = N(M)z/N(E) > 0. There-
fore, we see that M’ k M,. Thus, from the element 5 of M of norm mN(M),
we have constructed the module M1 having the following properties: N(Ml)
= m, M1 is integral, and M1 k M’; in fact, M1 = (C/N(M))M’. Let us try
to classify elements 6 of M having norm m in terms of the corresponding
modules M1.

Suppose that {I and 5,, are associate elements of M. Then there exists a
unit 6 of 0 such that 61 = 662. But then, since eM’ = M’, we have

61 ,_ €62 :_ 62 I_fz ,N(M)M ‘ N(M)M “ N(M)(‘M “ N(M)M '
Therefore, associate elements ofM give rise to the same module M1.

On the other hand, if 51, f, belong to M, both have norm mN(M), and if
they give rise to the same module, then

61 , _ 52 ,N(M)M ‘ N(M)M ’
so that (l;‘)M’ = M’. Therefore, 615‘ is a unit 6 ofOM, = 0 and 61 = 65,.
In other words 61 and 62 are associates. To put it another way, nonassociate
6’s give rise to different modules M1.

Theorem 1: Let m be a positive rational integer, and M be an integral
module of Q(,/ d). To each element 6 of M such that M6) = mN(M), asso-
ciate the module

_ _€_ ,M1 _ N(M)M .

Then M1 is an integral module such that N(Ml) = m and is strictly similar
to M’. Moreover, two different elements 61 and {2 of M correspond to the
same module M1 if and only if 61 and 6,, are associate. Finally, every integral
module of norm m which is strictly similar to M’ arises from some 6 in M of
norm mN(M).

Proof: We have established everything but the last statement. Let M1 be an
integral module of norm m which is strictly similar to M’. Then there exists

6 ,N—(M)M .

Then M1 is the module corresponding to 6. Let us conclude the proof by
showing that N((E) = mN(M) and that 6 is in M. Since M1 = {IM’ and MM.)
= m, N(M’) = N(M), N(E,) > 0, we see that

N(M!)

Ml:
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and thus
_ — _—-m =N(f) — N<:,)N(N(M» — N(M)N(M)z mN(M).

Moreover, N(M)Ml = EM’ implies that N(M)M,M = fM’M, so that MM’
= N(M)0 implies that N(M)M1M = N(M)£0, or, on cancelling N(M),
£0 = MM1. Since M and M1 are integral, we see that M IEO, so that {‘0 E M
by Theorem 9.4.6. Thus, 5 contained in {0 implies that 6 is in M. -

Corollary 2: The number of nonassociated elements 6 of M having norm
mN(M) equals the number of integral modules M1 of norm m which are
strictly similar to M’.
Proof: Immediate from Theorem 1. I

By using Theorem 1, we can outline a procedure for determining a com-
plete set of nonassociated solutions of f(x, y) = m, where f(x, y) is any
primitive binary quadratic form with rational integral coeflicients and non-
square discriminant and not negative-definite, and m is any positive rational
integer. Suppose that f(x, y) = ax2 + bxy + cyz, D = b2 — 4ac. Set ‘

{1, b ‘2‘; 3} (a> 0)

{A/EW} (a <0, D> 0).
M:

Then

f(x, y) = flows: + fly),
whereas = 1,]? =(b —A/D )/2aifa>0anda =,,/D,fl =(—D + m/Za
if a < 0 and D > 0. We may proceed as follows:

1. Determine all integral modules M1 strictly similar to M’ and of norm
m

2. Determine i such that M, = (§/N(M))M’, N(f) > 0.
3. Write E = aux + 53’.
Then, as M1 ranges over all the modules defined in step 1, (x, y) ranges

over a complete set of nonassociated solutions of f(x, y) = m.
In practice, step 1 is diflicult to carry out. To determine all integral

modules M1 belonging to 0 and having norm m is quite easy, at least if
gcd(m, c1’) = 1. This can be explicitly carried out using our factorization
theory for modules developed in Chapter 9. But then, after determining all
these modules, we must determine which are strictly similar to M’. That is,
in general, very difl‘icult to do using a reasonably short calculation. We out-
lined a somewhat unreasonable procedure in the exercises of Section 2.
However, it is very easy if h; = 1, for in this case, every module belonging
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to 0 is strictly similar to every other module. Thus, in the case h; = 1, every
integral module of norm m is automatically similar to M'
Example 3: Let us completely determine the integers represented by the form
f(x, y) = .x2 + xy — 7y”. Here D = 29 and M = {1, (02,} = In and* 0 =
I”. It is possible to calculate the fundamental unit 6 of 0 by using the algo-
rithm of Section 8.7. The result is 6 = 2 + (92,. Since N(2 + (02,) = —l,
we see that h+ = l by Theorem 2.3 and Example 9.6.9. Thus, m is represent-
able by the form f(x, y) if and only if there exists an integral module belong-
ing to 0 of norm m. In fact, the number of nonassociated solutions of f(x, y)
= m equals the number of integral modules M1 belonging to 0 of norm m.

Let m = p? - - - pf‘. If M1' is a module belonging to 0 and having norm
m, then we may factor M1 into a product of powers ofdistinct prime modules
(note that in this example of = 1):

M1 = Pfin' - - - P15
And since

MM1) = N(Pl)“ --- ME)"
and MP) is either a prime or the square of a prime, we see that if M1 exists,
P1, . . . , Pk, e,, . . . , e,, are constrained by the relation

P? ' ° 'P?‘ = N(Pl)“ ' - ° N(Pk)"- (1)
In particular, the only possible value for N(P,) is a power of one of the primes
p1, . . . , pr Let p be a given rational prime. What prime modules P of norm
a power ofp are there? Our factorization theory asserts that such a module
must necessarily be a factor of the module p0. And there are three possible
ways for p0 to factor:

1. p ramified. Then p0 = P2 and N(P) = p. This case can occur only if
p divides the discriminant of 0, which in this case is 29. Thus, onlyp = 29
is ramified and 290 = g,, N(Pzg) = 29.
2. p inert. Then p0 = P and N(P)—— 11‘. Ifp is odd, this case occursif
and only if <27?) =
But by the law of quadratic reciprocity

29 _ fl ’
(7) “ (29)

so that (2:) = —1 if and only if

P E :|:2, :|:3, :|:8, :l:10, :|:ll, :|:12, :|:14(m0d 2.9)- (2)

*Note that f(x, y) = fiNfl+ ywzs’) = fimx + yam).
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Thus, if p satisfies one of conditions (2), then p0 = P and N(P) = p2. If
p = 2, then p is also inert by Theorem 9.5.4.
3. p decomposed. Then p0 = PP’, P 7/: P’, N(P) = N(P’) = p. Again by
our previous work, we know that p iS decomposed if and only if (g) =
+1, which occurs if and only if

P E :l:1, :|:4, :I:5, i6, i7, i9, i13(mod 29). (3)

Thus, ifp satisfies one of conditions (3), then p0 = PP’, P 7': P’, N(P) =
N(P’) = p.

Using this threefold classification of rational primes, let us see what
integers can occur on the right-hand side of Eq. (1). It is clear that only even
powers of inert primes can occur. However, any power of a decomposed or
ramified prime can occur. Thus, we have the following result:

The positive integer m = p? - - - p‘,“ is represented by the form x2 + xy —
7yz ifand only ifall inert primes (those in the list in Eq. (2)) among p1, . . . , p,
occur with an even exponent.

Thus, for example, 22 -32 - 171 ‘ - 137 is not represented since 17 is inert and
appears to an odd exponent.

To explicitly find all representations of m by f(x, y) it is simplest to
consider the case m = p a prime. The general case is more tedious but
follows the same lines as the prime case. From what we have just said we
have the following:

, The form x2 + xy —— 7y2 represents a prime p if and only if either p = 29
or p E i1, i4, i5, i6, i7, i9, i13(mod 29).

Ifp = 29, there is only one module P of norm 29, and so there is a single
solution of x2 + xy — 7y2 = 29, up to associates. Thus, if (x0, yo) is any one
solution, all solutions (x, y) 'can be obtained by writing each number

Il:(xo + Yowzsxz + (929)” (n = 0, i1, i2, - - -)

in the form x + ya)”.
Ifp is a decomposed prime, that is, a prime satisfying Eq. (3), then there

are two integral modules of norm p. Ifp0 = PP’, then P and P’ are the only
integral modules of norm p. Thus, there are two nonassociated solutions to
x2 + xy — 7yz = p in this case. If {I = x1 + y,(oz, corresponds to P, then

6: _P=m0 _ 6,0.

Therefore, we may let {"1 = (x1 + y,) — he)” correspond to P’. Then, all
solutions (x, y) are obtained by writing each of the numbers

32(2 + (929)2"(9‘1 + yiwzs),
01:0. :l:1,:|:2,---)

Il:(2 + “29):"(3‘1 + y: '— ylD)
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in the form x + ya)”. For (x,, y,) we can take any particular solution of
xz+xy-—7y2=p. '

In the case of representations of a composite number m, there generally
will be more than two modules of norm m. We shall leave this subject to the
exercises. However, we may summarize the result to be proved there as
follows:

Let m = p? - - - p‘,“ be representable by the form x2 + xy — 7y“. Let T =
the sum of those a, for which p, is decomposed. Then the equation x2 + xy —
7yz = m has 27 nonassociate solutions.

Let us complete this long-winded example by showing how the above
theoretical calculations can be handled numerically. Let us determine all
solutions of the equation x2 + xy — 7y2 = 35. Since 35 = 5-7 and

(as) = (a) = .,
we see that the equation may be solved. Moreover,

so = 51,, = PSP’,
70 = 712, = P7Pi,.

There are four modules of norm 35, namely P5P.,, P, 9, 9P7, P’, ’7, and so
there are four nonassociated solutions. We may explicitly calculate P, and B,
using the calculations in the proof of Theorem 9.5.3. We easily derive that“

P5 = {5’ 3 12529} = 3 —2./_29129

p, = {7, 1+429} = 1;2_#29129,

Set 61 = (3 — x/2_9)/2. 62 = (1 — ,/2_9)/2. Then
1=2_w292 611:2—60'29=2—(l—a)29)=1+a)29

62:1—6029, 62:1—(1—(029)=w29.
Thus, the four nonassociate solutions of x2 + xy — 7yz = 35 correspond to

6152 = (2 _ wzgxl — (029) = 9 — 2a)”

€1§3=(2 — 602,)a9 = —7 + 6029
5,152 = (l + (029Xl -— co”) = _6 _ 6029

6’15; = (l + (02960,, = 7 + 2w”.
Thus, four nonassociated solutions are (x, y) = (9, —2), (—7, l), (—6, —l),
(7, 2). All the solutions may be obtained from the nonassociated solutions by
using the formula derived above.

*In this case it is easier to use ad hoc reasoning since we know that all modules belong-
ing to 129 are principal) (because hig = 1). In general, however, Theorem 9.5.3 must be
used.
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The above example was carried out in such great detail because the
phenomena which are exhibited are really quite general. The only very special
feature of the example is the fact that the class number h; is 1. Because of
this, it was not necessary for us to check which of the modules M1 of norm m
are strictly similar to M’. This is because h; = 1 implies that all modules
belonging to 0 are strictly similar. There is another case in which we can get
around the problem ofdetermining the strict similarity. Suppose, that instead
of considering the problem of representing m by a single form f(x, y), we
consider the problem of representing m by some form of discriminant D. As
we have seen, the strict equivalence classes of primitive forms of discriminant
D correspond in one to one fashion with the strict similarity classes of
modules belonging to 0 = {1, £60,}. Therefore, if

f1(x, y), . - - ,f1.(x,y)
are a set of primitive forms of discriminant D, one form from each equiva-
lence class, then their corresponding modules

M15M29°"’Mh

represent all the strict similarity classes of modules belonging to 0. Since
equivalent forms represent the same integers, determining whether m is repre-
sented by some form of discriminant D is the same as determining whether
m is represented by one of the forms f1, . . . , fl. And we know that this is
the case if and only if there is a module M belonging to 0, of norm m and
strictly similar to one of M'1, ’2, . . . , M;. However, any module is strictly
similar to one of the modules M’1, . . . , Ml. Therefore, we have the following
result.

Theorem 4: Let m be a positive rational integer. Then m is represented by
some primitive form of discriminant D = so if and only if there exists an
integral module M belonging to 0 = {1, {(0,} such that N(M) = m.

If M is a module belonging to 0, and if gcd(N(M),f) = 1, then we may
factor M into a product of prime modules belonging to 0:

M = P:1 - - - Pig, P, distinct.
Assume that gcd(m, of) = 1. If m = 171' - - - p? is the factorization of m into
powers of distinct primes, then N(M) = m if and only if

pr mp? = Nan)“ ~- N(P.
And now the same reasoning as used in the above example may be applied
to yield the following corollary:

Corollary 5: Let m be a positive rational integer and let D be the discrimi-
nant of a primitive binary quadratic form. Adopt the notation given at the
beginning of this section. Assume that gcd(m, of) = 1. Then m can be
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represented by some primitive binary form of discriminant D if and only
if every prime appearing to an odd exponent in the factorization of in is
either ramified or decomposed in 0 = {1, food}.

Let us keep the same notation as in the corollary and let us make the
further assumption that p is a prime and that p ll’ of. We showed in Theorem
9.5.4 that p was ramified, inert, or decomposed in 0 = {1, £60,} according
as pl, pli’Ao and (g) = —1, or 17o and (g) = +1, respectively.

Therefore, we may rephrase our corollary.

Corollary 6: Let us continue the notation of Corollary 5. Then m can be
represented by some primitive binary quadratic form of discriminant D if
and only if every prime p appearing to an odd exponent in the factorization
ofm satisfies (p): +1 orpl.

Now we can tell the full story concerning the representability of primes
by forms of a given discriminant.

Corollary 7: Let us again continue the notations introduced at the begin-
ning of the section. Let p be a prime such that p 1’ of. Then

(i) p can be represented by a primitive form of discriminant D if and

only if e1ther 12l or (-3): +1.

(ii) If q is a prime such that 4* of and q E p(mod A0), then either p and
q are both representable by a form of discriminant D or both are not
representable.

Proof: Part (i) follows immediately from Corollary 6. Part (ii) follows imme-
diately from Theorem 9.5.6. I

Example 8: Let D = 149 = 12-149. Then the primes represented by some

form of discriminant 149 are p—— 149 and those primes p such that (1—39):

+1. Since 149 E 1(mod 4), we see that A0 = 149, so that the primes repre-
sented are 149 and those lying in certain reduced residue classes modulo 149.

From Corollary 7, we may finally deduce the following result about the
representability of arbitrary integers prime to of :

Corollary 9: Again continue the notation of Corollary 5. Let m be a posi-
tive integer such that gcd(of, m) = 1. Write m = as”, a square-free. Then m
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is representable by a primitive form of discriminant D if and only if the con-
gruence x2 E D(mod 4a) is solvable.

We shall outline two proofs of Corollary 9 in the exercises.

11.4 Exercises

1. Show that the form x2 + 2yz represents a prime p if and only ifp E l
or 3(mod 8) or p = 2.

2. Show that x2 + 3yz represents a positive rational integer m if and only
if m is of the form m = kzpl - - - 17., where p1, . . . , p, are distinct primes
= 3 or E 1(mod 3).

3. Show that x2 + 7y2 represents a positive rational integer m if and only
if m is of the form m = k2p, - - - p., Where p1, . . . , p, are distinct
primes: 7 or E 1, 2, or 4(mod 7).

4. (a) Show that a prime p such thatp ,l’ 6 is represented by some form of
discriminant —24 if and only if p E 1, 5, 7, or 11(mod 24).

(b) Use part (a) and the facts proved in the text, as well as a congruence
argument, to show that x2 + 6y2 represents a prime p if and only
if p E 1, 7(mod 24), whereas 2x2 + 3yz represents a prime p if
and only if p E 5, ll(mod 24).

5. Use the theory of the text to find all solutions to the Diophantine equa-
tion x2 + xy — 3y2 = 39.

6. Let n be an odd rational integer and let (%) denote the Jacobi symbol

(see Section 4.4 Exercises 9-20).
(a) Show that the number of integral modules of Q(,,/ d) belonging

to L: and of norm n equals 2m1n(%) .
(b) Let f(x, y) be a form of discriminant D such that gcd(D, n) = 1,

and let h, = 1. Show that the number of nonassociated solutions

to f(x, y) = n is just 2,... (5)-
7. Use Exercise 6 to calculate the number of representations of m by x2 +

7yz.

8. Same question as Exercise 7 except for x2 + 3y‘.
Exercises 9—13 will be aimed at deriving many of the results of this section

by means of a completely elementary method.
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9. A rational integer n is said to be properly represented by the primitive
form f if there exist rational integers x, y such that f(x, y) =n and
gcd(x, y) = 1.
(a) Show that n can be represented byfif and only if n can be written

in the form n = k‘no, where no is properly represented by f.
(b) Show that n is properly represented byfif and only if there exists

a form g zfsuch that g = nxz + blxy + clyz.
10. Show that if a nonzero rational integer n is properly represented by

the primitive form f of discriminant D, then the congruence x2 E
D(mod 4|n |) is solvable. (Hint: Use Exercise 9(b).)

11. Show that if the congruence x2 E D(mod 4|nl) is solvable, then n is
represented by some primitive form of discriminant D.

12. Suppose that D is a nonsquare integer such that h, = 1. Letfbe a pri-
mitive form of discriminant D. Show that f represents n if and only if
the congruence x2 E D(mod 4|n|) is solvable.

l3. Deduce Corollary 9 from Exercises 10 and 11.

14. Prove Corollary 9 by using the methods of the text.
15. Which primes are represented by forms of discriminant 15?

11.5 Composition Theory for Binary Quadratic Forms

Let us continue our analysis of the preceding section and derive more
precise results concerning multiplication of modules and the representability
of integers by forms. Our change in viewpoint in this section will be as
follows: Whereas we previously considered the possibility of representing m
by some form of discriminant D, we now wish to focus on the represent-
ability of m by a given formf: For this purpose, we shall define a product of
classes of forms. This product, called the composition of the classes, was first
introduced by Gauss in his Disquisitiones Arithmeticae and will enable us to
significantly extend our results of Section 4. Gauss worked directly with
forms, whereas our approach, as usual, will be to work with modules and
then derive the results on forms from the results on modules. In fact, the
theory of modules was developed by Dirichlet in order to simplify Gauss’
presentation of the theory of composition.

Let us first recall our approach to Diophantine equations of Chapter 6.
There, we studied a number of Diophantine equations using a number of
formal identities. At the time, it must have seemed that these identities were
pulled from the air, and the fact that such identities existed at all must have
seemed like a total accident. In this section, we shall explain these identities
and shall show how to systematically manufacture further such identities in
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order to study the representability of integers by binary quadratic forms.
This, simply stated, is the goal of composition theory.

To get a concrete feel for the problems we are considering, let us recall
the identities used in connection with the two-square problem and Pell’s
equation. In the two-square problem, we considered the following identity:

(xi + yi)(x% + yi) =(x1xz — yiJ’z)z +(x1y2 + xzyt)2- (1)

(or, to be more precise, we used (1) with yl replaced by — yl). From the
point of view of quadratic fields, this identity merely states the fact that if
“I = x1 + y14/ —1 and a2 = x2 + yz/‘l ""1, then

N(a1)N(az) = Mama)-
Recall that we used identity (1) to derive representations of composite

rational integers m as a sum of two squares. For example, since 12 + 32 =
10 and 22 + 52 = 29, we were able to conclude (by setting x1 = 1, y1 = 3,
x2 = 2, yz = 5) that

xlxz —'y1yz =1’2 '—' 3'5 = —13

351.1% + xzy1=l'5 + 3'2 =11,

so that 132 + 112 = 10-29 = 290. One primary theoretical use of identity
(1) was to reduce the problem of representing a positive rational integer
m by the form x2 + y2 to the case of prime m.

When we considered Pell’s equation, we considered a very similar identity,
namely

(xi — dyi)(x§ - dyi) =(x1x'z + dylyz)‘ — d(x1yz + xzy1)z- (2)
(or, to be more precise, we used (2) with )11 replaced by —y,). Ifwe set
at, = x1 + 4/ d y,, 052 = x2 + ,,/ d y,, then identity (2) is equivalent to

N(“1)N(“z) = N(“1“2)-
Identity (2) can be used to derive solutions to x2 — dy2 = m. For example,
since 32 — 3-12 = 6 and 52 — 3-2z =13, upon setting d= 3, x1 =3,
y1 =1, x2 = 5, y2 = 2, we derive

xix: + 3YIJ’Z = 21: 351?: + s1 =11,

so that 212 — 3 - 112 = 6 . 13 = 78. Can we use identity (2) to reduce the prob-
lem of representing m in the form x2 — dyz to the case where m is a prime?
This is what happened in the two square-problem. But, unfortunately, the
phenomenon does not repeat itself here. For example, set d = —6. Then
22 + 6-12 = 10, so that x2 + 6yz represents 10 = 2-5, but x2 + 6yz repre-
sents neither 2 nor 5. This seeming numerical accident is explained by the
fact that, in addition to identity (2), which in this case reads

(xi + 6y§)(x§ + 6%) = (xixz — 6y1Y2): + 6(x1yz + xzy1)zs (2’)
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we have the further identity

(295i + 3yi)(2x% + 3%) =(2x1x2 — 3y1J’z)z + 6(x1yz + J’ixz)2- (3)
Therefore, the product of two integers represented by the form fz(x, y) =
2x’- + 3yz is represented byf1(x, y) = x2 + 6y2. And note that 2 and 5 are
represented by fz(x, y), since 130, 0) = 2, fz(l, l) = 5. Thus, by identity (3),
f,(x, y) represents 10, as we observed above. Thus, there are two ways to
build up solutions of x2 + 6yz = m. We may use identity (2’) or identity (3).
Are there any solutions which cannot be built up in this way from primes?
Surprisingly, the answer is no. Indeed, we may prove* that every rational
integer m represented by x2 + 6y2 is of the form 32p, - - - pk, wheres is a
rational integer and p1, . . . , pk are primes which are represented by either
x2 + 6y“ or 2x1 + 3y2 and where the number ofp, represented by 2x2 + 3yz
is even. Thus, to reduce the problem of representing integers by the form
x2 + 6y2 to the case of representing primes, we must necessarily consider
two problems. First we must determine all primes represented by x2 + 6y“,
and then we must determine all the primes represented by 2.762 + 3yz. Thus,
we see that the theory of the form x2 + 6y2 is intertwined with that of
2x2 + 3y2 Why?

The reason is simple. By Example 3.10 there are precisely two strict equi-
valence classes of forms of discriminant —24, namely the classes

{xz + 6y2} and {{2xz + 3y2}.
Thus, the reason that more than one identity is required to generate the
rational integers represented by x2 + 6yz = m is, somehow, a reflection of the
fact that the strict class number h‘:24 is 2. In the case of the form x“ + y’,
the discriminant is —4 and h“:4 = 1. We shall give a more precise descrip-
tion of this relationship as we proceed.

Before we go on to give any general results, let us clarify precisely where
identities (2’) and (3) come from. The class of modules corresponding to
{x2 + 6y2} is {M}, where M—- {1, 5/—"} =1.5. To obtain identity (2’),
we consider a,—— x1 + ylf—G,a2 = x2 + yM/__6'in M. Then can, also
belongs to M, and N(oi1)N(ai2) = N(a,a2). But since was2 is in M, atlas, is of
the form x3 + y35/——‘6, so that N(a,oc2) = x3 + 6y§. Specifically, x3 =
xlxz — 6y1y2, y, = x1y2 + xzyl. On the other hand, the class of modules
corresponding to {s + 3y2} is {M1}, where M1 = {2, A/——6}. If at, = 2x,
+ y,5/——6, at; = 2x2 + yM/Z belong to M,, then «lac, belongs to M: =
2M and thus is of the form 2(x + ydg). Therefore, the identity N(a,)N(a,)
= N(a,az) asserts that

(2x? + 3y%)(2x% + 31%) = x% + 6y?-
And direct computation shows that x, = 2x,xz — 3y1y2, y3 = any2 + ylxz.

*See Example 14.
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Thus, we get identity (3). The reason the form f1(x, y) = x2 + 6yz appears
on the right-hand side of (3) is that M% is 2M, which is strictly similar to M,
the module corresponding to 1",. (We shall see just why this is so later in the
section.) .

Let us begin our development of composition theory by looking at the
module side of the coin. Let us fix a ring of coeflicients 0 in the quadratic
field Q(fi). Exactly as in Section 9.6 (see Definition 9.6.12), where we
viewed the set so of similarity classes of modules as an abelian group, we
may view the strict similarity classes of modules as a group under the opera-
tion {Ml}-{M,} = {MlM2}. Here again {0} is the identity and {M}“ = {M'}.
Denote this group by 8,. Then c, has order h;, the strict class number of 0.

Definition 1: The collection e, of all strict classes of modules belonging to
0, together with the operation of multiplication of strict classes, is called the
strict class group of 0.

We shall see below how a knowledge of the strict class group of 0 allows
us to get information about the representation of integers by binary forms.
Let us be content for the moment with computing (9., for a few coeflicient
rings 0. '
Example 2: Let 0 = 12,. We have seen (Example 4.3) that in this case,
h; = 1. Therefore, 6, consists of the single class {0}, and the law of multipli-
cation is the only one available, namely {0}'{0} = {0}.
Example 3: Let 0 = 1.5. We have seen (Example 3.10) that in this case
h; = 2. Therefore, (30 consists of two classes, and they are given by {0} and
{P2}, where P2 = {2, ./—6}. Moreover, we previously showed (Theorem
9.5.3) that P: = 20 and thus

{Pd-{1’2} =' {20} = {0}
since 0 and 20 are strictly similar. Moreover, we must have {O}-{0} = {0},
{0}-{P2} = {Pd-{0} = {P2}. We may display the law of multiplication of e,
as in Fig. 11.1. Note that {0}” = {0}, {P,}'1 = {P2}, as can be easily seen in
Fig. 11.1.

{0} {P2}

{0} {0} {P2}
{P2} {P2} {9}

Figure 11.1

Such a multiplication table can be set up for e, in general. Ire. has h = h;
elements, then the table will have h‘ entries. If h is large, obtaining the table
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can be a very complicated task. We did, however, give an explicit method for
multiplying two modules in Remark 9.3.13 and so the task is feasible. But the
main point for our purposes is that the table is a finite table of data. And once
this finite collection of data is assembled, it can be used for calculation with-
out further ado. This should not leave the impression that 69 is in anysense
easy to deal with. There are many open questions concerning 8,.

Let us use our correspondence between classes of modules and classes of
forms to define the product oftwo strict equivalence classes of forms. Suppose
that {f1} and {f2} are two strict equivalence classes of primitive forms of dis-
criminant D. We may define theproduct of {f1} and {f2} as follows: Suppose
that D = so, where A0 is the discriminant of Q(fl). Our correspon-
dence between module classes and classes of forms allows us to associate to
each of {f1} and {f2} a strict similarity class of modules belonging to 0 =
{1, fwd}. Let these module classes be {M1} and {M2}, respectively. Let us
define the product {f,}- {f2} to be the strict equivalence class of forms corre-
sponding to {M1} ~{M2}. The product {1",} {f2} is called the composition of the
classes of forms {f1} and {f2}. The results concerning products of classes of
modules can be immediately translated over to composition of forms.

Proposition 4: Let 5 denote the collection of strict equivalence classes of
primitive binary quadratic forms of discriminant D. Then SF forms a finite
abelian group with respect to composition of forms. The order of EF is h;.

Remark 5:

(i) The identity element of 5 is the strict class {f0} corresponding to {0}.
(ii) If {f} corresponds to {M}, then {f}‘1 corresponds to {M’}.

Example 6: Let D = —24 = 12-(—24). We have seen that there are two
classes of forms of discriminant —24, namely {x2 + 6y}, {2):2 + 3y2}. If
0 = {1, "/—6}, then these two classes of forms correspond to the module
classes {0} and {P2}, respectively, where P, = {2, ./ —6}. From the multipli-
cation table for {0} and {P2} (see Example 3), we derive the following table
of compositions for forms of discriminant —24:

{x2 + 6y‘} {s + 3y2}

{x2 + 6.1"} {x2 + 6.1“} {2x2 + 3y2}
{2x2 + 3y‘}- W2 + 3y‘} {x2 + 61"}

Now that we have the concept of the multiplication of forms let us show
that we now may derive the general procedure for obtaining the identities
mentioned at the beginning of the section.
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Theorem 7 (Gauss): Let fl and f2 be primitive binary quadratic forms of
discriminant D, and letf, be any form belonging to the composition {f1} - {f2}.
Then there exist rational integers 14,, u,, u,, 114, 1),, '02, 12,, v, such that

f1(x19 J’r)fz(xzs Y2) =fa(x3: J73),
where

x, = “ixixz + uzxryz + “ayixz + u4J’1J’2 (4)

ya = ”1x1x2 + ”2750’2 + ”#1352 + ”4y1yz-
Proof: As usual, let 0 be the coefl‘icient ring. Let M1, M2, M3 be modules
belonging to 0 such that for i = 1, 2, 3, M, = {an [3,} and

xxx, y) = @Nmix + my).
NOW {f1}'{fz} = {fa} implies that {M1}'{M2} = {M3}; that is; {Me} =
{M3}. Thus, there is a y such that N(y) > 0 and

M1M2 = yM3.

In particular, 05,062, 061/32, [31052, [31132 belong to 7M3. Thus, there are rational
integers ul, 1),, 14,, '02, u,, 123, :44, 22; such that

“1% = 7041“: + ”rfls)

“152 = 7(“20‘3 + ”253)
)3,a, = y(u,oc3 + 22,33) (5)

£152 = yell-“3 + ”453).
Thus,

f1(x1, ytO‘z, y2) = -N(l_jlll)N(“1-xl + fl1y1)—N(IIMZ)N(¢zXz + flzyz)

= N(Ml:Mz)N«°“x1 + [31y1W2": + 52%))

= ——N(1‘111M2)N(¢1¢2x1xz + “lplyz + filazylxz

+ flnflzylyz)
1 fi' E . 5), h

= WWW: + my,» Séggge‘defifieéfi
l

u

= —N(y)N(M,)N(7)N<“=xs + fisys) (me N0) > 0)
= fa(x3, y3)~

I

Example 8: Again consider the case D = —24. We know (see Example 6) '
that there are two classes of forms of discriminant —24, namely {)62 + 6y2}
and {2.7:2 + 3y2} corresponding to modules 0 = {1, A/ ——6} and P2 =
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{2, H}. We have seen before that 00 = 0, 6P2 = P2, and P2P2=—20,
which yields the multiplication table of Example 6.

Let us derive the identity corresponding to 0P2 =Pz or x2 + 6y3}-
{s + 3y2} = {2x2 + 3y2}. In this case at, = 1, fl, = H, a, =2,
)3, =H, m, =2, [3, =H, andy =1. Thus,

“1“2 = 2 =1'0h + o‘fia (“1 =1: '01 =0)

ohfiz = A/ ’6 = 0'05: +1‘fi3 (“z = 0: ”2 =1)

fiiuz =2A/ —6 =04”: +2'fia (“a =0,'vs :2)

[3132 = (V —6)2 = ‘3'“: + 0'33 ("4 = —3,‘”4 =0)-
Hence,

(xi + 6y )(M + 3yz) = 206962 - 3J'1y2)z + 3(x1y2 + 2y1xz)‘-
Similarly, from P2Pz = 20 or {2):2 + 3y2}-~{2xz + 3y2} = {x2 + 6y‘} we

have “1 =2, fl! =A/ —6, “2 =2, #2 =4/ —6, “3 =1, #3 =4] —6, and

y = 2. Thus,

with = 4 = 20°05: + 0-193) (141 = 2, ‘01 = 0)
“:flz = 2V —6 = 2(0'“3 +1'fls) (“2. = 0, ”2 =1)

fit“: = 2V —6 = 26"“: +1'fis) ("a = 0s ”3 =1)

#132 = (v —6)2‘ = 2(_3°“3 + o'fia) (“4 = —3, ”4 = 0)-
Hence,

(M + 3yi)(2x% + 3%) = (2xlx2 — 3.1’1312)2 + 6(x1y2 + we)”-
The identity corresponding to 00 = 0 is given in Eq. (2’).
Let us now show the significance ofhaving determined the complete multi-

plication table. Let us fix a discriminant D = s0, A0 = the discriminant
of Q(,\/7), and let 0 = {1, fwd}, where d = the square-free part of A0. We
shall again take up the problem of determining which rational integers m are
represented by a given formfof discriminant D. As we saw in the preceding
section, this problem can be tackled in the case h; = 1. If h; > 1, then the
best we were able to prove was a criterion for m to be represented by some
form (or forms) of discriminant D. Let us now show how a knowledge of
the table of compositions for forms of discriminant D helps us to distinguish
among the representability properties of the various forms of discriminant
D. Since all forms of a given class C represent the same integers, let us speak
of the integers represented by the class C rather than integers represented by
individual forms of C. We shall again, for the most part, restrict ourselves to
integers m such that gcd(m, c,t’) = 1.

From Theorem 7, we deduce the following result:

Corollary 9: Let the class {f1} represent ml and let the class {f1} represent m1.
Then the composition {f1} - {f2} represents mlmz.
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We have the following partial converse of Corollary 9:

Theorem 10: Let m and n be rational integers such that gcd(mn, of) = land
gcd(m, n)= 1. Suppose that {f} represents mn. Then there exist classes {f1}
and {f,} such that {f} = {f,}- {f,} and {f1} represents m and {f2} represents n.
Proof: Let {f} correspond to the module class {M}. Since {f} represents mn,
there exists a module M, strictly similar to M’ and such that N(M1) = mn
(Theorem 4.1). Since gcd(mn, of) = 1, we see that gcd(N(M1), f) = 1. Thus,
by Theorem 9.4.4, we may write

‘MI =1":l "'P:f,

where P,, . . . , P, are distinct prime modules belonging to 0. We have

W! = N(M1) = N(P1)“ N(Pr)"-
Since N(P,) is a prime power and gcd(m, n) = l, we see that N(P,)" divides
precisely one of m or n. By multiplying together all P? for which N(P, " | m,
we get a module M2 such that N(M2) = m; multiplying together the P? for
which N(P,)“ | n, we get a module M3 such that N(M,) = n. Moreover, M2M3
= M1. Let {Mg} (respectively, {M§}) correspond to the class of forms {f,}
(respectively, {fz}). Then {f,} represents m, {/2} represents n (by Theorem 4.1)
and {f} = {fl}'{f2}' I

From Corollary 9 and Theorem 10, we derive the following necessary and
sufficient condition for a rational integer m, relatively prime to f, to be
representable by {f}:

Theorem 11: Let m be a positive rational integer such that gcd(m, of) = l
and let {f} be a class of primitive forms of discriminant D = 56%,. Suppose
that m = p? - - - pg”, where p,, . . . , p, are distinct rational primes. Then m
is represented by {f} if and only if {f} can be written in the form

{f} ={f1} ... {fr},

where {fl} represents pi“ (i = 1, . . . , r).
Proof: Induction on r. I

We can determine all classes {f1}, . . . , {f,} such that {f} = {f,} - ~ - {f,}
using the table of compositions for the discriminant D. Therefore, Theorem
11 shows us that the problem of representing integers by {f} can be solved by
determining all the prime powers represented by each of the classes of primi-
tive forms of discriminant D. Let us see what we can say about this latter
problem.

By Theorem 4.1, we know that {f} represents a prime power17" ifand only
if there exists a module M1 strictly similar to M’ such that N(M,) = p“.
Assume that p ,r of. Then M1 can be written as a product of prime modules
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belonging to 0:
M1=P‘1'-- - P:*.

But then
p“ = N(Pl)" '-- N(P.)“- (6)

Since there are at most two prime modules of norm divisible by p, we see
that t = l or 2. Moreover, by Theorem 9.5.2 we have the following cases:

If p is ramified in 0, then p0 = P2 and P is prime, and N(P) = p. Then
Eq. (6) holds if and only if t = 1 and P1 =P, el = a, and so M’ a P“. But
sincePz =p0z0, we see thatP‘zPifais odd andP‘ifaiseven.
Thus, frepresents p” if and only if either a is odd and M’ is strictly similar
to P or if a is even and M’ is strictly similar to 0. _

Ifp is inert in 0, then p0 = P is prime and N(P) = 122. Then (6) holds if
and only if t = l and P1 = P, a is even and e1 = a/2. But since P = p0 z 0,
we see that P'l & 0. Thus, frepresents p“ if and only if a is even and M’ is
strictly similar to 0.

Ifp is decomposed in 0, then p0 = PP’, where P 7': P’ are prime, P and
P’ conjugate, and N(P) = N(P’) = p. Then (6) holds if and only if t = l or
2 and M1 is one of the modules P‘IP’“, el + e2 = a. Thus, frepresents p“ if
and only if M’ is strictly similar to one of the modules P‘IP’“, where e1 + e,
= a and e1, e2 2 0.

Thus, we may summarize as follows:

Theorem 12: Let p be a rational prime, a > 0 be a rational integer, and f
be a primitive binary quadratic form of discriminant D = s0. Let d be
the square-free part of A0, 0 = {1, few}, and {M} = the strict module class
corresponding to {f}. Assume that p 4’ of.

(i) Ifp is ramified in 0 and p0 = P2, then-f represents p“ if and only if
{M’} = {P} for a odd or {M’} = {0} for a even.

(ii) If p is inert in 0, then f represents p“ if and only if a is even and
{M’} = {0}-

(iii) Ifp is decomposed in 0 and p0 = PP’, thenf represents p‘ if and
only if {M’} is one of the classes {P“P"’}, el + e2 = a, e1 2 0,
e2 2 0.

Let us now simply translate Theorem 12 into the language of forms.
Maintaining the notation of Theorem 12, we have

Corollary 13: Let {f0} correspond to {0}.
(i) If p is ramified in 0, p0 '= P”, then f represents p“ if and only if

{f} = {g,} for a odd and {f} = {f0} for a even, where {g,} corre-
sponds to {P}.
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(ii) If p is inert in 0, then f represents p“ if and only if a is even and
{f} = {fa}-

(iii) If p is decomposed, p6 = PP’, then f represents p“ if and only if
there are rational integers e,, e, 2 0 such that el + e, = a and

{f} = {3,} ~- {gp}-{g;} --- {g’p},
21 times e2 times

where {g,,} corresponds to {P} and {g9} corresponds to {P'}.
Proof: Exercise. I

In all cases, we see that once the classes {f0}, {g,}, and {g;} have been
computed, composition of forms allows us to compute whether a given class
of forms represents p" and in turn general rational integers m (such that
gcd(m, f) = 1). Thus, by Theorems 11 and 12 and Corollary 13 we see that
the problem of determining the rational integers represented by the primitive
formf of discriminant D can be reduced to three subproblems.

Subproblem 1: Determine the table of compositions for the classes of pri-
mitive forms of discriminant D.

Subproblem 2: For each rational prime p such that p J’ 3?, determine the
class of forms {g,} which represents p (p ramified) or p2 (p inert) or the two
classes of forms {g}, {g;} representing p (p decomposed).

Subproblem 3: Combine the solutions to subproblems 1 and 2 to determine
all rational integers m represented by {f} for which gcd(m, of) = 1.

Example 14: Let us consider the case D = —24. As we saw in Example 6,
there are two classes of forms, C1 = {x2 + 6yz} and C2 = {2x2 + By}. Let
us pursue the above program as far as we can to determine what we can say
about the integers represented by the two classes. We solved Subproblem 1
in Example 6, where we showed that

Ci = C% = Cl, C1-C2 = C2. (7)
Since A0 = —24, of = l, we see that the ramified primes are 2 and 3. Since
2-12 + 3-02 = 2, 2-02 + 3-12 = 3, we see that {g2} = {g,} = C2. Thus, C1
does not represent 2 or 3. Moreover, we see that Cl (respectively, 0,) repre-
sents 2‘ (or 3‘) if and only if a is even (respectively, a is odd). Ifp at 2, 3 and
(:44) = —1, then p is inert (Theorem 9.5.4) and neither C1 nor C2 repre-

sentsp. Moreover, C1 represents12’. Therefore, we have {g,,} = C, in this case.
Therefore, our above analysis shows that Cl represents 1)“ if and only if a
is even. Let us now assume that p ab 2, 3 and that (%4) = +1. Then p is
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decomposed and is represented by the classes {g,}, {g’,} corresponding, re-
spectively, to P and P’, where p0 = PP’. In this case, since {P}-{P’} = {p0} =
{0}, we see that {P} = {P’} from our table of multiplication of classes. Thus,
{g,} = {g}, and p is represented by precisely one class C1 or C,. If {g,} =
{g}} = C,, then C represents p“ if and only if C = C‘f- C? for some e, 2 0,
e, 2 0 such that el + ez = a, so that C = C‘; = C1. Thus, C1 represents
every power ofp, and C2 represents no power of p. If {g,} = {g} = C1, then
C represents p“ if and only if

0:02" 2.9 €1+ez=a

C1 if a is even,
= Clzl‘i'el = C3. =

C2 if a is odd.

Thus, C1 represents 1)“ if and only if a is even, and C2 represents 1)“ if and only
if a is odd.

x2 + 5,,2 2x2 + 3y2
p represents represents

2, 3 2“, 3‘, a even 2', 3', a odd

p is 2, 3 p“, a even No powers ofp
(i4) = -1

P

p a; 2, 3 p0, any a No powers ofp Ifx1 + 6yz representsp

(1?) = +1 pa, a even p“, a odd If 2x2 + 3y2 representsp

Let us now determine the rational integers represented by C,, for example.
Using Theorem 11 and the composition law (7), we see that if m =p’f - - - pp,
p, distinct primes, then C1 represents m if and only if

CI=F1---F,, (8)

where 1", = C1 or C2 and E represents p1". For Eq. (8) to hold, it is neces-
sary and suflicient that the number of F, equal to C; be even. Thus, by con-
sulting the above table, we see that m can be represented by C,, that is, by
x2 + 6y2, ifand only ifm can be written in the form m = s’ql - ' - q» where
(1,, . . . , q, are distinctprimes which are represented by either C1 or C2, and the
number ofq, represented by C2 is even. We leave it to the reader to write down
the details of the proof. By similarly considering representations by Cg, we
derive that m can be represented by C2, that is, by 2):2 + 3y”, ifand only ifm
can be written in theform m = sq - - - q,, where q,, . . . , q, are distinctprimes,
and an odd number of the q,, . . . , q, are represented by 0,.
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In conclusion we would like to note the similarity and dissimilarity of
this result and the result for x2 + y’. We showed (many times) that m is
represented by x2 + y2 if and only if m can be written in the form m = 3q
. - - q,, where ql, . . . , q, are distinct rational primes represented by x2 + yz.
In particular it suflices to determine the rational primes represented by x2 +
y‘. Now to determine the m represented by x2 + 6y2, we need to determine
the rational primes represented by both 3:2 + 6y2 and 2x2 + 3yz (e.g., 2x2 +
3yz represents 2 and 5, while x2 + 6yz represents 10 but neither 2 nor 5). Of
course, the reason for this phenomenon is that the class number h“:4 of the
forms of discriminant —4 is 1 (this is the case x2 + y‘) and the class number
ht“ of the forms of discriminant —24 is 2 (this is the case x2 + 6y2).

One final point should be made. We know that x2 + y2 represents the
rational prime p if and only ifp E- l(mod 4). No such criterion was given for
the form x2 + 6y2 (or for 2x2 + By2 for that matter). We did, however, show
that one of x2 + 6y2 and 2x2 + 3yz represents a rational prime p if and only
if p = 2, 3 or p r/—' 2, 3 and (:pi‘i) = 1. It is an easy exercise to show that

this condition is equivalent to p = 2 or p = 3 or p E 1, 5, 7, 11(mod 24).
The obvious question is whether we can separate the forms x2 + 6yz and
2x2 + 3yz with respect to these conditions. This is possible, and the result
is that x2 + 6yz represents p if and only ifp E 1, 7(mod 24), and 2x2 + 3yz
represents p if and only if p E 5, 11(mod 24). The derivation of results of
this type is what is called genus theory. We, most unfortunately, do not have
space in this book to include it. It is another of the truly outstanding accom-
plishments of Gauss. But let us hasten to add that the genus theory is only a
partial success. It is possible to distinguish the primes represented by x2 + 6yz
and 2x2 + By2 through genus theory. However, this cannot be done in gen-
eral*; for example, it is never possible if h; is not a power of 2. One of the
major unsolved problems in this area is to give conditions that will completely
distinguish between the representation properties of all the forms of a given
fixed discriminant D. To give some indication of the difficulties involved in
this problem it may be mentioned that it has been shown that congruence
conditions cannot give criteria in general as they did for x2 + 6y2 and 2.7:2 +
3y“.

11.5 Exercises

1. Compile composition tables for 0 = {1, MT}, 0 = {1, MTG}, and 0 =
{1, A/30}.

2. For each composition table of Exercise I, calculate all the composition
identities (as in Theorem 7).

*As an example of the complications which can arise, it is true that if h; is not a power
of 2, several classes of forms may represent a given prime.
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Show that if h; = 3, then there exists a module M belonging to 0 such
that co = {{I}, {M}, {M2B- ‘
Show that if h; = 3, then there exists a module M belonging to 0 such
that {M} :71- {M’}.
Show that if h; = 4, then either (i) there exists a module M belonging
to 0 such that 89 = {{I}, {M}, {M2}, {M3}} or (ii) there exist modules M1
and M2 belonging to 0 such that (3., = {{I},_{M1}, {M2}, {M1Mz}}.
Prove Proposition 4.
Assume that h; = l and gcd(m, f) = 1. Use Theorem 12 to determine
the number of nonassociate solutions to f(x, y) = m, where f is a
primitive binary form of discriminant A9.
Same question as Exercise 7 but assume that h; = 2.
Carry out the analogue of Example 14 for the composition table for
0 = {1, MTG} (see Exercise 1).
Prove the two final statements in Example 14, concerning the represent-
ability of integers by x2 + 6yz and 2x2 + By“.



Valum of 001), d(n), Mn), and ¢(n)

TABLE 1

n «(11) d(») #0:) Mn)

1 1 1 1 1
2 3 2 —1 1
3 4 2 —1 2
4 7 3 o 2
5 6 2 —1 4
6 12 4 1 2
7 8 2 -—1 6
8 15 4 o 4
9 13 3 o 6

1o 18 4 1 4
11 12 2 —1 10
12 28 6 o 4
13 14 2 —1 12
14 24 4 1 6
15 24 4 1 8
16 31 5 o 8
17 18 2 —1 16
18 39 6 o 6
19 20 2 —1 18
20 42 6 o 8
21 32 4 1 12
22 36 4 1 10
23 24 2 —1 22
24 6o 8 o 8
25 31 3 o 20
26 42 4 1 12
27 4o 4 o 18
28 56 6 o 12
29 30 2 —1 28
3o 72 8 —1 8
31 32 2 —1 3o
32 63 6 o 16
33 48 4 1 20
34 54 4 1 16
35 48 4 1 24
36 91 9 o 12
37 38 2 —1 36
38 6o 4 1 18
39 56 4 1 24
4o 90 8 o 16
41 42 2 —1 4o
42 96 8 —-1 12
43 44 2 —1 42
44 84 6 o 20
45 78 6 o 24
46 72 4 1 22
47 48 2 —1 46
48 124 10 o 16
49 57 3 o 42
so 93 6 o 20
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TABLE 1 (continued)

'1 0(71) £101) ”(71) 9501)

51 72 4 1 32
52 98 6 0 24
53 54 2 —1 52
54 120 8 0 18
55 72 4 1 40
56 120 8 0 24
57 80 4 l 36
58 90 4 l 28
59 60 2 — l 58
60 168 12 0 16
61 62 2 — l 60
62 96 4 1 30
63 104 6 0 36
64 127 . 7 0 32
65 84 4 1 48
66 144 8 —1 20
67 68 2 —1 66
68 126 6 0 32
69 96 4 l 44
70 144 8 —l 24
71 72 2 —l 70
72 195 12 0 24
73 74 2 —1 72
74 1 l4 4 l 36
75 124 6 0 40
76 140 6 0 36
77 96 4 1 60
78 168 8 —1 24
79 80 2 —1 78
80 186 10 0 32
81 121 5 0 54
82 126 4 1 40
83 84 2 —1 82
84 224 12 0 24
85 108 4 1 64
86 132 4 1 42
87 120 4 1 56
88 180 8 0 40
89 90 2 -—1 88
90 234 12 0 24
91 112 4 1 72
92 168 6 0 44
93 128 4 l 60
94 144 4 1 46
95 120 4 1 72
96 252 12 0 32
97 98 2 -— l 96
98 171 6 0 42
99 156 6 0 60

100 217 9 0 40
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TABLE 2

Class Numbers and Fundamental Units of Real Quadratic Fields
(herew=a>a=«/7ifd520r3(mod4),

= (l + fl)/21d 1(mod 4))

d It; 61 = Fundamental Unit of 14 N(€1)

2 l 1 + a) —l
3‘ l 2 + a) +1
5 1 a) —l
6 l 5 + 20) +1
7 1 8 + 300 +1

10 2 3 + a) —l
11 l 10 + 30 +1
13 1 l + w —1
l4 1 15 + 460 +1
15 2 4 + a) +1
17 1 3 + 200 —1
19 1 170 + 39w +1
21 1 2 + w +1
22 1 197 + 420) +1
23 1 24 + 507 +1
26 2 5 + w —l
29 1 2 + a) —1
30 2 11 + 20 +1
31 1 1520 + 27300 +1
33 1 19 + 800 +1
34 2 35 + 6n) +1
35 2 6 + to +1
37 1 5 + 200 —1
38 1 37 + 60 +1
39 2 25 + 40) +1
41 l 27 + 100) —1
42 2 13 + 2n) +1
43 1 3482 + 531a) +1
46 1 24335 + 358800 +1
47 1 48 + 700 +1
51 2 50 + 701 +1
53 1 3 + a) —1
55 2 89 + 120) +1
57 l 131 + 40w +1
58 2 99 + 130: -—1
59 l 530 + 69a) +1
61 1 17 + 5w —1
62 1 63 + 80) +1
65 2 7 + 20: ——1
66 2 65 + 8w +1
67 1 48842 + 59670) +1
69 1 11 + 3a) +1
70 2 251 + 3000 +1
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TABLE 2 (continued)

d ha 61 = Fundamental Unit of I; N(e1)‘

71 1 3480 + 4130) +1
73 1 943 + 25007 —1
74 2 43 + 50 —1
77 1 4 + a) +1
78 2 53 + 60) +1
79 3 80 + 900 +1
82 4 9 + a) —l
83 1 82 + 9m +1
85 2 4 + m —1
86 1 10405 + 11220) +1
87 2 28 + 3n) +1
89 1 447 + 106a) —l
91 2 1574 + 165:» +1
93 1 13 + 3c: +1
94 1 2143295 + 221064m +1
95 2 39 + 400 +1
97 1 5035 + 11380) —1

101 1 9 + 20) —1
102 2 101 + 10w +1
103 1 227528 + 224190) +1
105 2 37 + 80) +1
106 2 4005 + 389:» —1
107 1 962 + 9360 +1
109 1 118 + 25a) —1
110 2 21 + 260 +1
111 2 295 + 280 +1
113 1 703 + 146m —1
114 2 1025 + 960) +1
115 2 1126 +105w +1
118 1 306917 + 282540) +1
119 2 120 + 110) +1
122 2 11 + a) —1
123 2 122 + 110) +1
127 1 4730624 + 419775a) +1
129 1 15371 + 29680) +1
130 4 57 + 5a) —_1
131 1 10610 + 9270) +1
133 1 79 + 150) +1
134 1 145925 + 12606:!) +1
137 l 1595 + 2980) —1
138 2 47 + 400 +1
139 1 77563250 + 6578829co +1
141 1 87 + 160) +1
142 3 143 + 12m +1
143 2 12 + a) +1
145 4 11 + 2c) —1
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TABLE 2 (continued)

d h e; = Fundamental Unit of la N(e'1)

146 2 145 + 12a) +1
149 1 28 + 50) —1
151 1 1728148040 + 14063469300 +1
154 2 21295 + 1716a; +1
155 2 249 + 2001 +1
157 1 98 + 17:» —l
158 1 7743 + 61600 +1
159 2 1324 + 10501 +1
161 1 10847 + 1856a: +1
163 1 64080026 + 501913500 +1
165 2 6 + m +1
166 1 1700902565 + 1320156420) +1
167 1 168 + 1300 +1
170 4 13 + a) —l
173 1 6 + a) —1
174 2 1451 + 11001 +1
177 1 57731 + 93840) +1
178 2 1601 + 1200) +1
179 1 4190210 + 3131910) +1
181 1 604 + 9700 —1
182 2 27 + 20) +1
183 2 487 + 3660 +1
185 2 63 + 10w —1
186 2 7501 + 5500) +1
187 2 1682 + 12300 +1
190 2 52021 + 3770: +1
191 1 8994000 + 65078300 +1
193 1 1637147 + 253970m —1
194 2 195 + 1402 +1
195 4 14 + to +1
197 1 13 + 20) —1
199 1 16266196520 + 1153080099m +1
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TABLE 3

Class Numbers of Imaginary Quadratic Fields Q(~/——_d)

d ha (1 ha d ha

1 1 67 1 134 14
2 1 69 8 137 8
3 1 70 4 138 8
5 2 71 7 139 3
6 2 73 4 141 8
7 1 74 10 142 4

10 2 77 8 143 10
11 1 78 4 145 8
13 2 79 5 146 16
14 4 82 4 149 14
15 2 83 3 151 7
17 4 85 4 154 8
19 1 86 10 155 4
21 4 87 6 157 6
22 2 89 12 158 8
23 3 91 2 159 10
26 6 93 4 161 16
29 6 94 8 163 1
30 4 95 8 165 8
31 3 97 4 166 10
33 4 101 14 167 11
34 4 102 4 170 12
35 2 103 5 173 14
37 2 105 8 174 12
38 6 106 6 177 4
39 4 107 3 178 8
41 8 109 6 179 5
42 4 110 12 181 10
43 1 111 8 1 82 12
46 4 113 8 183 8
47 5 1 14 8 185 16
51 2 115 2 186 12
53 6 118 6 187 2
55 4 1 19 10 190 4
57 4 122 10 191 13
58 2 123 2 193 4
59 3 127 5 194 20
61 6 129 12 195 4
62 8 130 4 197 10
65 8 131 5 199 9
66 8 133 4
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