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Preface

The present book is an introduction to number theory which focuses
on the theory of Diophantine equations. It is intended, first of all, as a text
for the standard elementary number theory course taught to majors in
mathematics and mathematics education. Therefore, we have tried to proceed
at a very slow pace in the initial stages of the book, and have done con-
siderably more “talking” about number theory, its structure and its goals
than is customary in books at this level. We have tried to make that portion
of the book corresponding to a one-semester first course in number theory
as accessible as possible to the broadest spectrum of students without com-
promising the content. To do this we have, for example, indulged in a
considerable amount of numerical calculation, and assumed almost no
background beyond a course in high school algebra. The theory of Dio-
phantine equations provides us with a common theme around which to
organize our discussions. This (we hope) makes number theory seem less
a disjointed collection of miscellaneous topics than an organized discipline
with goals, one of which is the study of Diophantine equations.

Chapters 1-6 provide a great deal of flexibility in organizing a one semes-
ter course in number theory, as can be seen from the following table of
logical dependence.

xi
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Chapters 7-11 give an introduction to algebraic number theory by studying
quadratic Diophantine equations, which lead to the study of quadratic fields.
Beginning at Chapter 8 the book is written at a higher level and also presup-
poses a first undergraduate course in abstract algebra. In Chapter 8, we
develop an algorithm for solving any quadratic Diophantine equation of the
form ax? 4 bxy + cy?* = n. Chapters 7 and 8 provide a brief introduction
to quadratic fields. In Chapter 9, we develop, in some depth, the arithmetic
of modules in a quadratic number field and prove the unique factorization
theorem for modules. From Chapter 9, the reader can proceed either to
Chapter 10 or Chapter 11. Chapter 10 is devoted to a study of various
Diophantine equations, namely the Bachet equation y? = x* + k, Fermat’s
Last Theorem for n» = 3, and norm form equations. Chapter 11 is devoted
to the study of the representation of integers by binary quadratic forms.
~ We have included well over a thousand problems. It is our conviction
that number theory is most fun when approached with a spirit of adventure
and discovery. Therefore, our problems include simple numerical calcula-
tions, experimentation designed to let the student discover his own conjec-
tures, problems which amplify the theory in the text, and problems for the
aficionado. We have designated the latter sort of problem with an asterisk.
We employ the following numbering scheme in the book. When referring
to other sections than the current section of the book, we will do the fol-
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lowing: We will use a single digit to refer to other sections in the current
chapter. For example, Section 3 refers to Section 3 of the current chapter.
On the other hand, Section 11.3 refers to Section 3 of Chapter 11. When
referring to items inside the sections, single digits refer to items in the current
section. Thus, for example, Lemma 2 would refer to Lemma 2 of the current
section. But Lemma 3.2 would refer to Lemma 2 of Section 3 of the
current chapter. We will use 3-digit numbers only when we need to refer
outside the current chapter. In this case Lemma 8.3.2 would refer to Lem-
ma 2 of Section 3 of Chapter 8. All logarithms in this book are assumed
to be natural and will be denoted log.

The authors wish to thank the many colleagues whose conversations and
suggestions have helped improve this book. To Drs. Adam Kleppner and
James Schafer go our thanks for class-testing the manuscript. To Drs. Thom-
as Apostol, Bruce Berndt and Ralph Greenberg go our thanks for reading
the manuscript, and making many helpful suggestions. Our special thanks
and gratitude is extended to Drs. Ethan Bolker and Emil Grosswald, whose
incisive reading and critique of the manuscript went far beyond the call of
either duty or friendship. Our typists, Debbie Curran and Paula Verdun,
did a magnificent job of preparing the manuscript. And we thank the
Department of Mathematics of the University of Maryland for providing
the typing services. We are very grateful to Elizabeth Adams for her patient
and careful assistance in reading the proofs. Finally, we wish to express our
appreciation to the staff of Prentice-Hall, especially Penny Linskey, for their
support and for the professional manner in which they have produced this
book.

WILLIAM W. ADAMS
College Park, Maryland ) LARRY JOEL GOLDSTEIN
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Introduction

1.1 What Is Number Theory?

Contemporary number theory is such a vast subject that it is not easy to
describe the sort of mathematics which does or does not belong to it. How-
ever, at the risk of oversimplification, let us just say that number theory is
the branch of mathematics concerned with the study of the properties of the
integers:

"'_4a _39—29'_1,0,1,2,3,4,....

The integers (or at least the positive integers) and the rules of arithmetic
associated with them are among the oldest and most fundamental products
of the human thought process. One ancient civilization after another came to
grips with the need to count—for barter, for telling time, for calculating
calendars, for measuring lengths and areas, and for building. Out of this
necessity to count grew the number concept and the basic rules of arithmetic.
Over 5000 years ago, the Egyptians and Chinese made regular use of arith-
metic in their daily lives.

When calculating with the integers, it is hard not to notice the many
patterns and properties which they exhibit. And man’s curiosity made him
wonder whether or not the patterns which are observed to hold for the first
thousand (or first million) integers persist as general patterns of all the inte-
gers. Such questions belong to the province of number theory. They were
already asked by the ancient Egyptians and Chinese. However, among the

1



2 Chap. 1 Introduction

ancient civilizations, it was primarily the Greeks, especially the Pythagoreans,
who gave modern number theory its start.

To get a more specific idea of the sort of problems considered by number
theorists, as well as some idea of this book’s approach to the subject, let us
consider some problems considered by the ancient Greeks.

Problem 1: Find all right triangles the lengths of whose sides are integers.

If the sides of such a triangle have lengths x, y, z, with z the length of the
hypotenuse, then the Pythagorean theorem implies that

x* + y? =22 Y]
Thus, we see that Problem 1 is equivalent to determining all triples of inte-
gers (x, y, z) satisfying Eq. (1). Such triples are called Pythagorean triples.
Examples are (3, 4, 5) and (5, 12, 13). Moreover, if a, b, ¢ are any integers
and if
x = +(a* — b¥)c, y = +42abc, z = +(a* + b?)c,
then (x, y, z) is a Pythagorean triple. (Do the algebra.) Moreover, it was

proved by the Greek mathematician Diophantus that every Pythagorean
triple is of this form for suitable integers a, b, c.

Problem 2: Show that ,/2 is not the ratio of two integers (that is, ./ 2 is
irrational).

The solution of Problem 2 is one of the nicest accomplishments of
Greek mathematics. It goes like this: If ./2 = x/y, x and y integers,
then 2 = x2/y? or

x? —2y2=0. ()]
We may assume that the fraction x/y is reduced, so that not both of x, y
can be even. But since x* = 2y2, x must be even, say x = 2¢. Therefore,
42 = 2y? and 2¢* = y?, so y is even also, contradicting the fact that not
both x and y are even.

Problem 3: Suppose that a, b, ¢ are given integers. Find all integers x, y
such that ax + by = c.

We shall present a complete solution of Problem 3 in Chapter 2. To
appreciate the subtlety of the problem, let us consider two special cases.
First, consider the equation

2x + 3y = 5. 3)

If a value for x is given, there is a value y for which the equation holds,
namely 4(5 — 2x). However, if we choose x to be an integer, y = (5 — 2x)
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need not be. For example, if x = 2, y = 4. Thus, solutions for which x and y
are integers are somewhat subtle to describe. However, some elementary
reasoning enables us to describe them all. For if integers x, y satisfy 2x + 3y
= 5, we must have that 2x = 5 — 3y is even. But then y must be odd.
(Otherwise 3y would be even and 5 — 3y odd.) Let y = 2t + 1 for some
integer ¢. Then
x=35—-3y)=1-13¢

so any solution of Eq. (3) for which x, y are integers is of the form

x=1-—13 y=2t+4+1, t an integer. )
Conversely, if ¢ is any integer, and x and y are given by Eq. (4), we have

2x +3y=2(1 —38)+ 32t + 1) =5,

so that (x, y) is a solution of Eq. (3). Thus, the solutions of (3) in integers
are given by (4). For example, z = 0, 1, —3 yield the respective solutions

(x7 y) = (1’ 1), (_2’ 3), (109 _5)

As a second special case of Problem 3, consider the equation 3x + 6y
= 7. This equation has no solutions in integers (x, y), since if x and y are
integers, 3x 4+ 6y = 3(x 4+ 2y) is an integer divisible by 3. But 7 is not divi-
sible by 3, so 3x + 6y = 7 has no solutions in integers.

Note that although Problems 1-3, on the surface, have no connection with
one another, all of them boil down to determining all the solutions (or lack
of solutions) in integers of certain equations, namely x? + y? = 22, x2 — 2y?
=0, 2x + 3y = 5, and 3x 4 6y = 7. The general problem of determining
integer solutions to equations is one of the central themes in number theory.
In fact, a large number of problems in number theory can be thought of as
problems concerning the solution of equations in integers. What makes
number theory interesting and gives it a special flavor is that such problems
are much more delicate than determining all solutions to an equation. Indeed,
as we showed above, x* — 2y% = 0 has no solutions in nonzero integers
x, y. Nonetheless, it has many solutions (e.g., x = /2, y = 1). Also, given
any value for x and y, a solution to x? + y* = z% can be determined by set-
ting z = 4./x% + y2. However, the solutions in integers (x, y, z) have quite
a complicated description, especially when compared with the simplicity of
the original equation.

All the equations we have considered above are examples of what are
called Diophantine equations. More precisely, a Diophantine equation is a
polynomial* equation (in any number of unknowns) whose solutions in
integers are to be determined. Such equations are named for the Greek
mathematician Diophantus of Alexandria, who first made them the object

*Number theorists often consider more general Diophantine equations, e.g., 2* + y2
= 3, but we will restrict ourselves to polynomial equations in this book.
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of systematic study. Since ancient times, Diophantine equations have been
one of the focal points for number-theoretic investigations. In fact, much of
what we know about the integers has been obtained in efforts to solve Dio-
phantine equations. Therefore, we have chosen to make Diophantine equa-
tions the central theme of this book.

In this book, we shall explore various properties of the integers. But
time and again, we shall return to Diophantine equations to illustrate how
the information we have obtained about the integers can be applied. Although
it is certainly not possible to discuss all of number theory in the context of
Diophantine equations, the techniques necessary to solve even a limited class
of Diophantine equations illustrate a wide range of number-theoretic methods
and thus provide an ideal context in which to study number theory.

This book can be divided into two parts. Chapters 1-7 require only the
minimal prerequisites outlined in Section 1.2 and cover what is usually called
elementary number theory. In Chapters 8-11, a greater level of sophistication
is assumed in the form of a first course in abstract algebra. The content of
the second half of the book includes an introduction to algebraic number
theory in the special case of quadratic fields. Our goal is to use algebraic
ideas to unravel the theory of quadratic Diophantine equations of the form

ax* + bxy + cy* = m.

Over the centuries, the theory of such equations has been the testing ground
for many new number-theoretic ideas by some of the greatest number theo-
rists, including Fermat, Legendre, Lagrange, Gauss, and Dirichlet. There
still remain many unsolved problems concerning them, and therefore they
are an exciting subject to cover in a course in number theory at the under-
graduate level.

As further illustrations of interesting Diophantine equations, let us give
two examples studied by the seventeenth-century French jurist and amateur
mathematician Pierre Fermat.

Problem 4: Determine all those positive integers a which are a sum of two
perfect squares. In other words, for which a is the Diophantine equation

x4+ y?=a
solvable in integers x, y?

We shall solve Problem 4 completely in Chapter 6. However, for now,
let us concern ourselves only with the case @ = a prime, that is, the case
where a has no factors other then +1 and +a. In this special case, Fermat
proved that x2 4+ y2 = g can be solved in integers if and only if @ — 1 is
divisible by 4 or a = 2. Thus, for example, x2 + y? = 7 has no solutions in
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integers (7 — 1 = 6is not divisible by 4), whereas x* + y? = 13 has solutions
in integers (13 — 1 = 12 is divisible by 4). It would be instructive for you to
check the first 20 or so examples of Fermat’s resuit.

Fermat left a legacy in the form of an (as yet) unsolved Diophantine
equation, which has become known as Fermat’s Last Theorem. Fermat
learned much of what he knew about number theory from reading a Latin
translation of Diophantus’ works. In one section of the book, Diophantus
discussed the Pythagorean equation (Problem 1). In a marginal note written
in this section, Fermat wrote that in contrast to the Pythagorean equation,
we have

Problem 5: The Diophantine equation x* 4 y* = z*, n > 3, has no solu-
tions in integers x, y, z except for the solutions obtained by setting one of
x, ¥, z equal to 0.

Moreover, Fermat claimed to have a marvelous proof of his assertion but
that the margin was too narrow to contain it. Mathematicians have searched
exhaustively for Fermat’s “marvelous proof” for three and a half centuries.
The consensus of mathematicians today is that Fermat thought that he had
a proof but that the proof was incorrect. In any case, the statement which
Fermat made remains. Is it true or false? Mathematicians have proved Fer-
mat to be correct for many special values of n. For example, it is now known
that Fermat’s assertion is, indeed, correct for all n up to 30,000t. Moreover,
high-speed computers have been employed searching for examples where
Fermat’s statement is false, but no such example has ever been found. We
shall discuss Fermat’s Last Theorem further in Chapters 6 and 10, where
we shall show it to be true for n = 3, 4.

The above examples of number-theoretic questions illustrate at least one
important feature of number theory: Many number-theoretic problems begin
with the observation of a phenomenon displayed by the integers. Very often,
a suspected property of the integers is tested experimentally by verifying a
large number of cases. Of course, this procedure cannot, in general, hope to
yield any sort of proof. But it does serve many purposes. First, the experi-
mental evidence can lend credence to a suspected truth being investigated.
Second, the experimental evidence can show that the phenomenon under
study does not always occur by exhibiting counterexamples to the pheno-
menon. Third, the experimental evidence can lead to a guess of a correct
method of proof. The process of experimentally verifying suspected results
was at one time a manual process. Now, however, the high-speed computer
is an important tool for the contemporary number theorist.

1See the article by Wells Johnson in Math. Computation, Jan. 1975.
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The reader should not get the impression that number theory is purely
empirical. The observational part of number theory is only the beginning.
After formulating a statement about the integers which stands up to the test
of experiment, the number theorist then is faced with the problem of proving
or disproving the statement. And supplying proofs for facts which are sus-
pected to be true is often an extraordinarily difficult business. Very often,
an easily stated conjecture can be extensively supported by experimental
evidence but nevertheless cannot be proved or disproved. For example,
Goldbach, in 1742, stated that every even integer greater than 2 is the sum
of two primes. No correct proof has ever been given.

Another surprising feature of number theory is that when it is possible
to prove a number-theoretic conjecture, the proof often will incorporate
ideas which are seemingly far removed from the original conjecture. For
example, many proofs of number-theoretic results rely on geometric, alge-
braic, or analytic (i.e., calculus) techniques which are not at all suggested in
the statements of the theorems, which, after all, are concerned only with
integers.

Before we begin any substantive discussion of number theory, it seems
appropriate to ask the question: Why study number theory ? There are many
reasons, but let us be content to quote a few. The integers arise in the daily
activities of human beings. And human curiosity poses questions which
demand answers simply by virtue of the fact that they are asked. This puts
number theory in the same category as all the other “pure” sciences which
seek answers to questions about natural phenomena, and this is already
sufficient reason to warrant its study. However, there are other equally cogent
reasons. Number theory can be considered as an art form, since its results
can be viewed from an aesthetic point of view. When viewed in this way,
number theory merits study because it is enjoyable and pleasing to our col-
lective aesthetic sense. Finally, another very important reason for studying
number theory stems from the central position which number theory occupies
in mathematics. By studying number theory, it is possible to obtain an over-
view of much of contemporary mathematics, for there are few fields of mathe-
matics which have absolutely no connection with number theory. Also, the
study of number theory often leads to the creation of whole fields of mathe-
matics. It is for all these reasons that number theory was dubbed by Gauss
the Queen of Mathematics.

1.2 Prerequisites
We shall denote the sets of integers, rational numbers, real numbers, and

complex numbers by Z, Q, R, and C, respectively. To simplify the exposi-
tion, we shall make the following convention:
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Throughout Chapters 1-6, all lowercase italic letters (e.g., a, b, c, m, n,
X, ¥, 2) will stand for integers. In Chapters 7-11, this convention will be relaxed
to include rational numbers.

Let us now make a list of the prerequisites necessary for reading this book.

1. We assume that the reader is familiar with the notation of set theory.

2. We shall assume that the reader is familiar with the algebraic pro-
perties of the integers. That is, we shall assume that he is familiar
with the properties of addition, subtraction, multiplication, and
division. Also we shall assume that the reader can manipulate ine-
qualities involving integers. Whenever these assumed facts are called
for, they will be used without further comment. Similarly, the reader
may solve exercises posed in this book by using any algebraic mani-
pulations among integers which he is accustomed to from, say, high
school algebra.

3. We shall assume two properties of the integers which will form the
starting point for many of our proofs. The first of these properties is
the principle of mathematical induction, with which the reader is proba-
bly already familiar. The second is the so-called well-ordering prin-
ciple.

Principle of Mathematical Induction: Suppose that for each positive integer
n there is given a proposition P(n). Further, suppose that P(1) is true and that
whenever P(n) is true so is P(n + 1). Then P(n) is true for all positive integers
n.

Well-Ordering Principle: Let S be a nonempty collection of positive inte-
gers. Then S contains a smallest element. In other words, S contains a posi-
tive integer n such that n < x for all x in S.

We shall often use the well-ordering principle in the following way. Sup-
pose that we wish to prove that all positive integers have a certain property.
We form the set S of all positive integers not having the property. By the
well-ordering principle, there is a smallest element z of S. That is, z is the
smallest positive integer not having the given property. This z usually has
sufficiently strange properties to imply a contradiction. Thus, S must be
empty; i.e., the given property holds for all positive integers n. The reader
will see numerous examples of this idea of proof in Chapter 2.

4. From Chapter 8 on, we shall assume that the reader has had a course
in abstract algebra covering the definitions and most elementary facts
about groups, rings, and fields (e.g., groups, subgroups, quotient
groups, order of an element, Lagrange’s theorem, equivalence rela-
tions, rings, ideals, factorization theory, fields).
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1.2 Exercises
1. Use induction to prove the formula
142+ ... +n=”__(”;'1).

2. Use induction to prove the formula

42 MR DORED),

3. Prove
B4+22+ -4+ =0+2+--- +n)
4. Prove
==+ () + ()i (2 o+
where

(n)_n(n— D---(n—k+1)

k] k(k—1)---2.1

5. Consider the following proof that all billiard balls are the same color.
Use induction on », the number of billiard balls. If » = 1, the result is
clear. So suppose that » > 1. Line up the billiard balls. By induction
the first » — 1 billiard balls all have the same color. Also by induction
the last » — 1 billiard balls all have the same color. Thus, it must be
that they all have the same color. What is the fallacy?

6. Prove that the following alternative version of the principle of induc-
tion is equivalent to the version given in the text. Suppose that for each
positive integer n there is a given proposition P(n). Suppose that P(1) is
true. Further, suppose that whenever P(m) is true for all positive integers
m < n, then P(n + 1) is true. Then P(n) is true for all positive integers
n.

1.3 How to Use this Book

Let us close this chapter with a few hints for the student. We hope that
these hints will make the book easier to use and will make this first course
in number theory more enjoyable.

First, the student should do lots of exercises. There are a large number
provided. Some are routine calculations which illustrate theorems. Others
develop theories which extend the scope of the text. Others are difficult and
are meant as a challenge for the most ingenious readers. They will usually
be labeled with one or more asterisks.
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The student should make up numerical examples to illustrate the defini-
tions and theorems. Often, a numerical example will provide considerably
more insight into a discussion than that provided by a study of the logical
arguments alone. Also, by following a proof using a numerical example, the
mechanics of the proof are often clearly exposed to view.

Finally, the student should experiment with the integers, calculate, make
tables, conjecture properties of the integers, and try to prove or disprove
these conjectures. If you doubt that a conjecture is true, test the first thousand
(or million) cases on any high-speed computer which is available to you.
Remember that empirical reasoning is the mother of number-theoretic results
and that by carrying out some experiments you can join in the long chain of
distinguished scientists, amateur and professional alike, who have contributed
to number theory.



2

Divisibility and Primes

2.1 Introduction

In this chapter, we shall discuss how the integers are structured from the
point of view of multiplication. To get some idea of the sort of structure we
have in mind, let us consider first the structure of the integers from the point
of view of addition. The number 1 is a very special integer. For from 1, we
get by successive additions2 =1+ 1,3=14+14+1,4=14+14+1+41,
etc. In other words, every positive integer is obtained by adding together an
appropriate number of ones. Do the integers exhibit the same phenomenon
with respect to multiplication which they exhibit with respect to addition?
That is, does there exist a single integer n such that every positive integer
greater than 1 is obtained by multiplying » by itself an appropriate number of
times ? It is easy to see that no such integer » exists. For example, if n = 2,
then the sequence 2, 22,23, . .. misses 3, 5, ..., and, in fact, misses “most”
integers. Similar reasoning works for any » (Exercise). However, a phenome-
non similar to the additive phenomenon does occur. Let us say that an integer
pisa prime if p > 1 and the only factors of p are 41 and 4 p. We shall show
in this chapter that every integer greater than 1 can be written as a product
of primes, e.g.,4 = 2:2,5= 15,6 =2.3,12 = 2.2.3,100 = 2.2.5.5. Thus,
instead of having one building block for the multiplicative structure of the
integers, we have many building blocks, the primes. (In fact, we shall prove
in this chapter that there are an infinite number of them.)

10
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Example 1: The factorization of an integer as a product of primes is used
in finding least common denominators of fractions. For example, let us com-
pute 35 + 24. Since 162 = 2-34 and 60 = 22.3.5, the least common de-
nominator of the two fractions is 22.34.5 = 1620. Thus,

5 31 3 50 837 887

162 T 60~ 162 25+60 37 = 71620 T 1620 — 1620

Not only shall we prove that every integer >1 can be written as a product
of primes, but we shall also show that such a factorization is unique up to
rearrangement of the factors (i.e., we do not count 2.3 and 3.2 as different
factorizations of 6). The uniqueness of factorization into primes is very
important. Indeed, as we shall see in this chapter, the uniqueness of factor-
ization in the integers is one of the most subtle properties of the integers and
is one of the primary facts which makes number theory “work.”

Example 2: To appreciate the fact that the uniqueness of factorization has
interesting consequences, let us use it to find all positive factors of the integer
b = 4667544 = 23.35.74. If a is a factor of b, then b = ac for some positive
integer ¢. If a=p, --- p, and ¢ = ¢, --- q, are factorizations of ¢ and c,
respectively, as products of primes, then p, ---p,q, ---q,=ac=>b is a
factorization of b as a product of primes. By the uniqueness of factorization,
Pis-..,P, must be primes taken from the factorization 2?.35.7¢ with 2
appearing at most three times, 3 appearing at most five times, and 7 appear-
ing at most four times. Thus, the positive factors of b are the numbers
2:3¢7m for 0 <k <3, 065, 0<m<A4.

We shall establish our unique factorization theorem (known as the
fundamental theorem of arithmetic) in Section 2.4. To do so, it will first be
necessary to prove certain facts about divisibility of integers. We shall derive
these facts using only the principle of mathematical induction and the well-
ordering principle.

The theory of divisibility which we shall develop will allow us to take our
first steps in solving Diophantine equations. The underlying reason for this
is as follows: In solving ordinary equations, we are accustomed to use the
algebraic processes of addition, subtraction, multiplication, and division.
However, if we are attempting to find solutions of an equation in integers,
usually we may not divide, for the quotient of two integers is not necessarily
an integer. Thus, it should seem reasonable that in order to solve Diophan-
tine equations, it is necessary to study divisibility properties of integers. As
a consequence of the results of this chapter, we shall be able to solve com-
pletely any Diophantine equation of the form ax + by = c.
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2.2 Divisibility

Definition 1:* We say that a divides b (written a|bd) if and only if there is a
¢ such that b = ca. In this case we also say that a is a factor of b or that b
is divisible by a or that b is a multiple of a.

For example, 3|12, 7|245, 412009, and 5884667544,

If a does not divide b, we write a ¥ b. For example, 3}5,4}5,7/}5,
since the only integers dividing 5 are +1 and +5.

We shall record some trivial properties of the relation of divisibility
between two integers.

Proposition 2: (i) a|b and a|c imply that a|bx 4 cy.
(ii) a|b implies that a|bc.
(iii) a|b and b|c imply that a|c.
(iv) Leta > 0and b > 0. Then a|b implies that a < b.
(v) al|band b|aimply that a = +b.

Proof:

(i) If a|b and a|c, then there exist s and ¢ such that b = as, ¢ = at.
But then bx + ¢y = asx + aty = a(sx + ty), so that a|bx + cy.

(i) This follows from part (i) with x = ¢, y = 0.

(iii) If a|b and b|c, then b = as, ¢ = bt for some s, ¢. Therefore, ¢ =
ast and a|c.

(iv) To prove part (iv), write b = ac. Since a and b are positive, we see
that c is positive, and hence ¢ > 1. Thus, b = ac > a.

(v) First note that if a|b, we have |a||[b| since if b = ac, then |b| =
la|-|c|. Thus, if a| b and b|a, we have |a|||5]| and |b|||a], so that by part
(iv),|a| < |b|and |b| < |a|. These imply that |a| =|b|and that a = 4-b,
as desired.t |

Part (i) of Proposition 2 implies, for example, that since 2|4 and 2|6, we
must have 2|4.3 4+ 6-7 or 2|54. We shall often use the statement of part (i)
in the following form:

(") Suppose that ¢ = ax + by and that d|b but that d f c. Then d } a.

Indeed, if d were to divide a, part (i) of Proposition 2 would imply that
d|c. Thus (i) is proved.

*Recall the convention we made in Chapter 1 that all lowercase italic letters denote
integers.
+The inequalities used in this proof are among our assumptions concerning the integers.
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Warning: The following assertion is not always valid: If ¢ = ax + by,
d|b, and d } a, then d } c. Why not?

One way to check whether a given integer divides another integer is by
long division. For example, to determine whether 2437 | 51329, let’s divide it
out:

21
2437)51329
4874

2589
2437

152

Thus, 51329/2437 = 21 + (152/2437), or, equivalently, 51329 = 21(2437)
-+ 152. In particular, we see that 2437 } 51329, since there is a remainder of
152 when 51329 is divided by 2437. What we wish to show next is that we may
always carry out the above process of division to obtain a quotient and
remainder and that the quotient and remainder are unique. This result is
known as the division algorithm.

Theorem 3: Let a and b be integers with @ > 0. Then there exist unique
integers ¢ and r satisfying

b=ga+r, 0<r<a

The division algorithm is equivalent to the assertion b/a = g + (r/a),
0<rfa< 1. In the above example, b = 51329, a = 2437, ¢ = 21, and
r=152

It is immediate that a|b if and only if r = 0. In other words, a|b if and
only if the remainder on division of b by a is zero.

To understand our proof of Theorem 3, it helps to draw a picture of the
real line. The integers na(n = 0, +-1, 42,...) are represented by equally
spaced points along the line, at distance a apart. For large enough n, the
number na lies to the right of . The integer ga just before b defines the
quotient ¢, and the distance remaining from ga to b defines the remainder r.
The case a = 6, b = 27 is illustrated in Fig. 2.1.

0-a 1w 242 3-a 4-a b 5:a

TN N T TN TN TR N TN SN TN TN N UMY NN TN SN TR TN UM MM TN TN SN TN WK AU TN WO SR WO O S |
-101 2 3 4 5 6 7 8 910111213 141516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

r
27=4-6+3,q=4,r=3.
Figure 2.1

Proof of Theorem 3: We first assume that b > 0. It is clear that there is a
natural number # such that na > b (e.g., n = b + 1). Let ¢ + 1 be the least
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such integer (well-ordering). Then

@+ Na>b>qa.
Let r = b — ga. Then b > qa implies that r = b — ga > 0. Finally (g + 1)a
=ga + a > b implies that r = b — ga < a.
We leave the case where b << 0 as an exercise.
To show that g and r are unique, suppose that

b=qgqa+r=qa+r,0<r,r,<a.

Either r > r, or r; > r. Suppose, for the sake of argument, that r > r,.
Then

0<r—r<a, (*)
and

@ —@a=r—r,.

Thus, a|r — ry. If r — r; > 0, then Proposition 2, (iv) would imply that
a<r—r,, contradicting (). Thus, r — r, =0 and r = r,. Therefore,
(@1 —q)a=0andg=gq,. |

2.2 Exercises

1. Which of the following divisibility relations are true?
2|2; 2|6; 3|17, —7|14; 8|0; 17|135;
10|(—120); —17|(—68); —23|(—117);
3481|437289; 3481|435125.

2. List all the divisors of 12, 13, 72, and 260.

3. In the following cases, divide b by a to obtain the quotient and re-
mainder:
(@ a=17,b=23.
®b) a=17,b= —23.
(© a=14, b= 364.
(d) a=376,b = 43581.
() a = 43581, b = 376.

4. Draw the figure corresponding to Fig. 2.1 for the following cases:
(@ a=17,b=40.
() a=3,b=40.
(© a=25,b=40.
@ a=1756= —40.

. 5. How many integers from 1 to 100 are divisible by 9? How many inte-

gers from 1 to 2000 are divisible by 9? If n, a are positive integers, how
many integers from 1 to n are divisible by a?

6. How many integers between 25 and 250 are divisible by 11 ? How many
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10.
11.
12.
13.

14.

15.

16.

17.

18.

19.

20.
21.

integers between 250 and 25000 are divisible by 11? If n, m, a are posi-
tive integers with n > m, how many integers between m and n are
divisible by a?

If a, b, ¢ are nonzero integers, prove that ac|bc if and only if a|b.

Prove or disprove the following statement: If d = 0 and ¢ = ax + by
and d|c and d|b, then d|a. :

Show that for an integer n, n?> cannot be of the form 3k + 2 but can

be of the form 3k or 3k + 1. (That is, if we divide a square integer by

3, 2 cannot be a remainder.) (Hint: Divide n by 3 and consider separately

the three possible remainders.)

Show that for all integers n, 4 | n* 4 2.

Show that for every integer n, 2[n* —n, 6|n® — n.

Prove or disprove the following statement: a%|b°® implies that a|b.

(a) Show that for every integer n there are integers k and r such that
n=3k+randr=—1,0,0r1.

(b) Can you generalize this exercise?

(a) Show that given any integer k there is an integer » such that
5|n® + k. (Hint: Write k = 5¢ + r, where 0 < r < 5.)

(b) Is the same statement true if we replace 5 by 7?

Show that the last digit of a perfect square can only be 0, 1, 4, 5, 6,

or 9.

Show that a positive integer is a perfect square if and only if it has

an odd number of positive divisors. (Hint: Experiment with as many

numerical examples as you need to see the point in general.)

Show that for any positive integer n,2|3" — 1, 3|4* — 1, 4| 5" — 1, etc.

(Hint: Make use of the polynomial identity x* — 1 = (x — 1) (x*~! +

24 e+ x4 1))

Use the polynomial identity x" + 1 = (x + I)(x""* — x""2 + x""3 —

-+ 4+ x* — x + 1) when » is an odd positive integer to prove that if

2" 4 1 has no positive divisors except itself and 1 (i.e., is prime), then

n must be a power of 2. (Hint: If n is odd, then 3|2* 4 1; if n = 2k

and k is odd, then 5|2" 4 1, etc.) Primes of the form 2" 4 1 are called

Fermat primes.

Looking at Problems 17 and 18, can you give a general statement about
the use of polynomial identities in questions of divisibility ?

Show that 1 424 .-- 4+ n|3(12 422+ ... 4 n?) for all n > 1.

Suppose that m, n are odd.
+(a) Show that 8|m? — n2.
(b) Show that 8|m* 4 n* — 2.



16

22,

23.

24.
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Show that the binomial coefficients
() -ro—m  ©<k=n
are integers, where x! = 1.2 ... x.
Let n,n,, n,, ..., n, be positive integers such thatn =n; + --- + n,.
Show that
n!
n!---n,l
is an integer.
The Greeks studied so-called figurate numbers, defined as follows: The

nth triangular number is defined to be the number of dots in the nth
triangle in the following sequence:

Then nth square number is the number of dots in the nth square in the
following sequence:

L] [ ) [ ] L]

L] e [ ] L] [ ] [ ] L]

L] [ ] L] L [ ] L] [ L L]

L] [ ] L] L] L] [ ] [ ] L] [ ] L]

The nth pentagonal number is the number of dots in the nth pentagon
in the following sequence:

and so forth for hexagonal, septagonal, etc., numbers.

(a) Show that the nth triangular number is 4(n> + n).

(b) Show that the nth square number is n2.

(c) Show that the nth pentagonal number is 4(3n% — n).

(d) Find a general formula for the nth k-gonal number.

(¢) Show that a pentagonal number cannot have 3, 4, 8, or 9 as its last
digit.
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25. (a) Let n be a positive integer >1. Show that every positive integer a
can be written uniquely in the form a = a, + a;n + a,n? + - -+
+ a,n*, where 0 < a,<n—1. For n=10, q,,..., a, are the
digits of the decimal representation of a. The general case is what
is called the representation of a to base n.
(b) Find the representations of a = 57, a = 139, and a = 199 to base
7.

2.3 The Greatest Common Divisor

The concept of a greatest common divisor is probably the second most
important one in the discussion of divisibility. (The concept of a prime is the
most important.)

Definition 1: Let a and b be integers. We call d the greatest common divisor
(gcd) of a and b if and only if

(i d>0;
(i) d|a and d|b (that is, d is a common divisor of a and b);
(iii) Whenever e|a and e|b, we have e|d.

Write d = gcd(a, b). If ged(a, b) = 1, then we say that a and b are relatively
prime.

Example 2: Let us give a few examples of greatest common divisors:

G0 a=2, b=3, d=1.
() a=12, b=15, d=3.
(i) a=25, =85  d=S5.

Gv) a=100, b=475, d=25.

By way of illustration, let us prove part (ii). The divisors of 12 are 4-1,
+2, 43, 44, 46, and 4-12. The divisors of 15 are 41, 4-3, 45, and 4-15.
The common divisors of 12 and 15 are 4-1 and +3. And, indeed, 3 is the
only positive common divisor which all the common divisors divide. It is
very instructive to contemplate the precise role which unique factorization
plays in the above computation of gcd(12, 15) = 3.

Let’s make some comments about the definition of greatest common
divisor. First, requirement (i) asserts that gcd(a, b) must be a positive integer.
Requirement (ii) is that gcd(a, b) be a divisor of both a and b; that is, gcd(a, b)
is a common divisor of a and b. Finally, requirement (iii) says that gcd(a, b)
has the property that all common divisors of a and b divide gcd(a, b).

It is not at all clear that a and b have a gcd. Proving that gecd’s exist will
be one of the major tasks of this section.
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Not only does Definition 1 leave the existence of the greatest common
divisor of @ and b in doubt, but it also leaves open the possibility that a and
b have two greatest common divisors. Actually, however, it is easy to show
that there can be at most one, for if d, and d, satisfy the conditions of Defini-
tion 1, then requirement (ii) implies that d,|a and d,|b, d,|a and d,|b.
Therefore, by requirement (iii) applied successively to e = d,, d = d, and
e =d,, d = d,, we see that d,|d, and d, |d,. Therefore, from Proposition
2.2 (v), we deduce that d, = 4-d,. However, since both d, and d, are posi-
tive, we see that d, = d,. Thus, we have shown that ¢ and b have at most
one greatest common divisor. This fact will be recorded in the statement of
Theorem 3 below.

Since the concept of a greatest common divisor is so important, we shall
give two proofs of its existence. The first proof is less “messy,” while the
second is constructive in the sense that it gives an explicit method for finding
greatest common divisors. Both proofs are somewhat difficult conceptually.
Indeed, the existence of a gcd is the most subtle point of this chapter. Any
proof of its existence must contain a crafty idea or two. However, someone
else has already thought up these clever ideas, and we can sit back and
appreciate their beauty.

There is one more point to make before proceeding with the proofs. As
an unexpected, even miraculous, by-product of the proofs we obtain a com-
plete solution of the Diophantine equation ax + by = c.

Theorem 3: Let a and b be integers, at least one of which is nonzero.
Then d = ged(a, b) exists and is unique.

Proof 1: Consider the set S of all integers of the form ax -+ by, where x
and y range through all integers. That is,

S = {ax + by|x, y integers}.
S contains a positive integer since S contains the integers a, —a, b, and —b
(@a=a-1+ 5.0, —a=a-(—1) + b-0, etc.). Let d be the least positive inte-
ger in S. From the way in which S was defined, we may write d = ax, 4 by,
for some integers x, and y,. We claim that this d is the gcd of @ and b. (This
is, insofar as we are concerned, very crafty.) Well, d > 0 by definition, and
so requirement (i) of Definition 1 holds. If e|a and e| b, then e|d by Proposi-
tion 2.2 (i). To show d|a we use the division algorithm (Theorem 2.3) to
write

a—_—-qd—|—r, 0£r<d,
and show that r = 0. This follows since

r=a—qd=a—q(ax, + by,)
= a — aqx, — bgy, = a(l — qx,) + b(—qy,).

Thus, r belongs to S (r = ax + by with x =1 — gx,, y = —qy,). Since
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0 < r < d and d is the least positive integer in S, it follows that r = 0, as
desired. Thus, d|a. We show that d|b by a similar argument. Thus require-
ment (ii) of Definition 1 holds and d = gcd(a, b). [ ]

Note: The proof that d|a is one which occurs over and over, and you
should become very familiar with the principle: When a given integer
is defined to be the least positive integer with a given property and you
want to show that it divides another integer, divide and take the remain-
der. Show that this remainder has the same property and thus must be
zero.

Please note the following amazing corollary of the proof.

Corollary 4: If d = gcd(a, b), then there are integers x and y such that
d = ax + by.

Example 5: (See Example 2 and Corollary 4.)
() a=2,b=3; x=-1ly=1; 1 =2(—1) 4+ 3(1).
() a=12,b=15; x=—-1l,y=1; 3 = 12(—1) 4 15(1).
(i) a=25,b=85; x=7y=-2; 5 = 25(7) + 85(—2).
(iv) a=100,b=475; x=35y=—1; 25=100(5)+ 475(—1).
We shall now give the second proof of Theorem 3. It is called the Eucli-

dean algorithm (Euclid, Elements, Book VII, Proposition 2). It gives an explicit
method for computing the gcd of two integers.

Proof 2 of Theorem 3: We shall assume that a > 0. (The case where a < 0
will be left to the reader.) By Theorem 2.3, we may write

b=q,a+rl 0<r1<a
a=q2rl+rz O<rz<rl

Fy=¢qsr, +r; o<ry<r,

Foa =Gur+ 10 0<r,<rp,
Foet = Gui1ln (no remainder).

Since the remainders decrease and are greater than or equal to zero, even-
tually we must have zero as a remainder. Of course, we stop the process the
first time we obtain a zero remainder. Here n may be 0, 1,2, 3, ..., and we
define r, = a.

In this proof, we shall show that r, = gcd(a, b). By definition, r, > 0
so requirement (i) in Definition 1 is satisfied. By definition, r,|r,_,. Therefore,
r,|r, and r,|r,_, imply that r,|r,_, (Proposition 2.2 (i) again) using the
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second to last equation above. Then r,|r,_, and r,|r,_, imply that r,|r,_;.
We continue this way and work our way up the above set of equations.
Eventually, we get r,|r;, and r,|r, which imply that r,|r,; and so r,|a; and
so r,|b. Thus, requirement (ii) in Definition 1 is also satisfied. Finally, if
e|a and e|b, then, as before, e|r, and so e|r,, etc. Continuing down the
chain of equations eventually leads to e | r,, and so requirement (iii) of Defini-
tion 1 is also satisfied. [ ]

You should compute d by this method for the examples in Example 2.
We shall work out gcd(2437, 51329). We have already performed the first
division in Section 2.

51329 = 21-2437 + 152

2437 =16-152 4 5

152 =30-5+2
5=2.2+41
2=2-1+40.

Therefore, gcd(2437, 51329) = 1. Thus, 2437 and 51329 are relatively prime.
We note that this proof gives a constructive proof of Corollary 4 also.
Namely d = r, and so

d = rn—Z - ann—l
=r_ — qn(r -3 — qp-1t -2)
= rn—Z(l + 9ndn- l) — Fp— 3G
Now substitute r,_, = r,_4 — ¢,_27,-3, €tc. We work our way up the entire
string of equations, and we finally obtain d in the form ax -+ by.
You should carry out this procedure for the examples in Example 5

(Note: You may not get the same solution given in Example 5). We shall
illustrate the procedure by finding x and y such that

2437x + 51329y = 1. )
1=5-22
=5—2(152 — 30-5) = —2.152 + 61-5
= —2.152 + 61(2437 — 16-152)
= 612437 — 978152
— 612437 — 978(51329 — 21.2437)
= —978.-51329 + 20599-2437.

Therefore, x = 20599, y = —978.

This may seem like a fair amount of computation, but if you look at the
size of the solution and if you think about solving (1) in integers x and y,
you will see that the method is indeed quite efficient.

We shall now record a few more facts about ged’s.
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Theorem 6: Let d = gcd(a, b).
(i) d= 1if and only if there exist integers x, y such that ax + by = 1.
() ged(a/d, bjd) = 1.
(iii) a|bc and d = 1 imply that a|c.
(iv) a|bc implies that (a/d)|c.
(v) gcd(ma, mb) = md, provided m > 0.
These are all very important facts, with part (iii) the most fundamental.
The above order is for convenience in proving them.
Proof:
(i) Corollary 4is precisely the statement that d = 1 implies the existence

of x and y.- Conversely, if ax 4 by = 1 and d|a and d|b, we see that
d|1, so that d = L 1. Thus, since d > 0, we have d = 1.

(i) Again from Corollary 4, there exist integers x and y such that

ax + by = d,
and so

a b
7x—|—7y—1.

Recall that a/d and b/d are integers, and thus from part (i), gcd(a/d, b/d)
= 1, as desired.
(iii) Since d = 1, there exist integers x and y such that ax + by = 1.
Multiplying through by c yields

¢ = acx + bcy.
Therefore, a|a and a|bc imply that a|c, as desired.
(iv) Itis clear that a|bc implies that a/d|(b/d)c. Now simply apply parts
(ii) and (iii).
(v) It is clear that md|ma and md|mb. Suppose that e |ma and e|mb.
We must show that e|md. Write

d=ax + by.
Then

md = max -+ mby,

and so clearly e|md. Thus, from Definition 1, md = gcd(ma, mb). [ ]

Note: In the proof of part (iii) above, you have seen and hopefully will
absorb a second fundamental principle for proofs in number theory. (A
first was given in a similar note on p. 19.) If you want to. prove some-
thing about @ and b and if gcd(a, b) = 1, write 1 = ax 4 by and see
if it helps. It very often does.

Now we are able to tell the complete story concerning the solutions to
ax + by = ¢, as we promised.
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Theorem 7: If a,b ¢ are integers and at least one of a, b is nonzero, set
d = gcd(a, b). Then we can solve the Diophantine equation

ax +by=c )]
in integers x and y if and only if d|c. In this case, let x = x,, y = y, be
one solution. Then the most general solution to (2) is

x=x0+—3-k, y=yo—%k, k=0,+1,42,....

Proof: If integers x and y exist so that ax + by = ¢, then, as usual, d|a
and d|b imply that d|c. Conversely, suppose that d|c. From Corollary 4
there are integers x’ and y’ such that
ax' + by’ =d.

Multiplying through by c/d, we see that x = (c/d)x’, y = (c/d)y’ is a solution
to our original equation (2). (The point of the assumption d|c is that
x = (c/d)x’ and y = (c/d)y’ are then integers.)

For the second part of the theorem, we start with a solution x,, y, of (2).
By substituting x = x, + (b/d)k, y = y, — (a/d)k directly into (2), we see
that x, y is a solution of (2). Conversely, suppose that x, y is an arbitrary

solution of (2). We assume that a 7= 0. (If @ = 0, then b = 0 by assumption,
and we proceed similarly.) Therefore,

ax + by = ¢ = ax, + by,

a(x — xo) = b(yo — ¥).
Thus,

bla(x — x,) and hence % X — X,
by Theorem 6(iv). Thus, x — x, = (b/d)k for some integer k; that is,
= x, + %k.
Substituting this value of x into (2) and solving for y we obtain

a(xo + %k) +by=c,

so that
by=c—axo—a%k
= by, — b%k,
and thus
=y, — %k
y yO d ’

as desired. |



Sec. 2.3 Exercises 23

As an example, we derived on p. 20 that a solution to

2437x + 51329y =1

is xo = 20599 and y, = —978. Since here d = 1, the most general solution
to this equation is

x = 20599 - 51329k
y = —978 — 2437k,

for k=0,41,+2,.... So, for example, k = —1 yields

10.

x = —30730 and y = 1459.

2.3 Exercises

Find the gcd’s of the following pairs of numbers and prove that your
answers are correct by using the definition of ged:

(@ a=15 b=20.

(b) a=21, b=3l5.

(c) a=54,b=8.

(d) a=24, b=49.

Find the gcd’s of the following numbers by using the Euclidean
algorithm:

(a) a= 10587, b = 534.

(b) a=9800, b = 180.

() a= 1587645, b = 6755.

For each of the parts of Exercises 1 and 2, write gcd(a, b) in the form
ax + by.

Solve the following linear Diophantine equations:

(@ 8x+43y=27

(b 2x4 11y = 34.

() 3x+ 83y = —4.

Prove that ged(n, n 4+ 1) = 1 for all n.

Suppose that k has the property that gcd(n,n 4+ k) = 1 for all n > 1.
Prove that k =1 or —1.

For what k is it true that gcd(n,n + k) = 2 for alln > 1?
Prove that gcd(a, b) = ged(a + kb, b) for all k.

Prove that if a|c and b| ¢ with gcd(a, b) = 1, then ab| c. (Hint: Follow
the note in the text concerning relatively prime integers.)

Find two fractions whose denominators are 11 and 13, respectively,
and such that their sum is 67/143.



24

11.

12.

13.

14.

15.

16.

17.

18.
19.

20.

Chap. 2 Divisibility and Primes

The Smiths run a restaurant which charges a flat fee of $11 per adult
and $7 per child (inflation!). At the end of an evening the total in the
cash register is $657. What is the smallest number of people who could
have dined that day?

Find all integers x which have the following property: x leaves remain-

der 6 when divided by 11, and x leaves remainder 3 when divided by 7.

(a) Show that the Diophantine equation ax + by = ¢, where a > 0,
b > 0, ¢ > 0, has only a finite number of positive solutions.

(b) Find the number of positive solutions of 16x + 27y = 390.

Let a, b be positive integers. By a least common multiple of a and b,

denoted lcm(a, b), we mean an integer m such that (i) m > 0, (ii) a|m

and b|m, and (iii) if » is such that a|» and b|n, then m|n.

(@) Let a= 5, b = 3. Show that 15 is a least common multiple of a
and b.

(b) Let a= 16, b = 24. Find lcm(a, b). Answer the same question
fora=12,b = 15.

() Prove that a and b have at most one least common multiple.

(d) Prove that a and b have a least common multiple. In fact, prove
that ab/gcd(a,b) is a least common multiple of a and b, so that
lem(a, b)gcd(a, b) = ab. (Hint: Apply Exercise 9.)

Suppose that gcd(a, 4) = 2 and ged(b, 4) = 2. Prove that gcd(a + b, 4)

=4,

Let a, b, ¢ be integers.

(a) Formulate a definition of the greatest common divisor of a, b, c.

(b) Prove that if a, b, c are not all zero, then they have a greatest
common divisor (denoted gcd(a, b, ¢)) and only one.

() Show that gcd(a, b, ¢) = ged(ged(a, b), ©).

(d) Show that gcd(a, b, ¢) can be written in the form ax + by + cz.

Solve the same problem as in Exercise 16, except generalize all results

to n integers a;, a,, . . . , 4,.

Find all solutions of the Diophantine equation 3x + 5y 4+ 4z = 6.

Solve the system of simultaneous Diophantine equations

x+2y+3z=4
2x —z=—1.
Prove that the system of simultaneous Diophantine equations
Ix+ 6p+ z=2
4x 4+ 10y + 2z =3
has no solutions.
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21.

22,

23.

24.

(a) Leta, b, c, d be any integers. Show that the Diophantine equation
ax+ by +cz=d

is solvable if and only if gcd(a, b, ¢)|d.
(b) Assume that the equation in part (a) is solvable and let (x,, y,, z,)
be one solution. Determine all solutions.

In this exercise, we shall determine an upper bound for the number of
steps in the Euclidean algorithm. Suppose that 5 > a > 0 and that

b=gqa+r, o<r,<a
a=q,ry+r, o<r,<r

Fe = Qrazlisr + Trvzs 0 < ryss < gy

Tyt = que1lye
Thenr, >r, > -+ >r,
(@) Show that b > 2r,, a > 2r,.
(b) Show that for k£ > 1, we have r;, > 2r;,,.
(c) Show that b > 272 so that n < 2(log b/log 2).
(d) Show that for b < 10000, the Euclidean algorithm must terminate
in at most 28 steps.

Write a computer program for calculating the ged of a and b. You
should refer to Exercise 22 to find out how many times you may have
to repeat the division algortihm in your program.

Leta,, a,, ..., a, be nonzero numbers. We say that m is a least common
multiple of a,, . .., a, provided () m >0, (ii) a;/m fori=1,...,n,
and (iii) whenever b,|m, for i =1, ..., n, we have m|m,.

(@) Provethata,,..., a, have one and only one least common multi-
ple, denoted Icm(a,, .. ., a,).

(b) Experiment with various values of a,,...,a, and in each case
compute Icm(a,, . . ., a,).

(c) From your experimentation, show that it is not always true that

ged(ay, . .., a,) Iem(ay,...,a,)=a;- - a,

if all g, are positive. Can you come up with a generalization of
Exercise 14(d) which is valid for gcd’s and lem’s of more than two
numbers ?
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Let us define the Farey sequence of fractions of order n to be the set of

all reduced fractions a/b, 0 < a/b < 1, 1 < b < n. Thus, the first three

Farey sequences are ¢, 1; ¢,4,4;and $, 4,4, % 4

Prove:

(a) If a,/b,, a,/b, are fractions which are adjacent to one another in a
Farey sequence, then a,b, — a,b, = 1.

(b) If a1/by, as/bs, as/bs are adjacent in a Farey sequence and by =
n, then a, = a; + ag, b, = by -} bs.

Let m, n be integers such that ged(m, n) = 1.

(a) When does gcd(m, n) = gcd(m — n, m + n) hold?

(b) Let a,b,c,d, m n be integers such that ad — bc =1, mn % 0.
Show that ged(am + bn, cm + dn) = ged(m, n).

Let a > 1 and let m, n be distinct positive integers. Show that

1 if a is even,

2 if a is odd.

Let us define the Fibonacci sequence of integers as follows: F, =1,
F,=1 F,=14+1=2 F,=1+2=3, F,=2+4+3=5, F, =
3+5=8,..., F,,,=F, ,+ F, This sequence was introduced in
the Middle Ages by the Italian mathematician Fibonacci.

(a) Show that two consecutive terms in the Fibonacci sequence are
relatively prime.

(b) Show that F,,:(”El)+(”72)+(”53)+...

(Eventually, the terms are zero.)

ged@®" +1,a” +1) = {

What is the greatest common divisor of the binomial coefficients
('ll)’( g>, e ’(n " 1)? (See Exercise 17.)

Let a, b be distinct integers. Show that there exists an infinite number
of integers x such that ged(a + x, b + x) = 1.

Assume that a, b, c, d are integers, b #=1-d, with gcd(a, b) = gcd (¢, d)
= 1. Show that (a/b) + (c/d) is not an integer.

Let a, b be integers, b = 0. Suppose that we apply the Euclidean algo-
rithm
a=bq, +r

b=rq,+r,

ry=ryq;+r;
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Show that we have the following continued fraction expansion for a/b:
1
%‘ =4, +

q. + 1

q3+ s

33. Show that every even integer n can be written in the form a — b with
ng(a’ n) = ng(b’ n) =1

*34. Let m, n be positive integers, d = gcd(m, n). Show that ged(2™ — 1,
2*—1)=2¢—1.

2.4 Unique Factorization

Now, at last, we are prepared to prove the main result of this chapter,
the uniqueness of factorization of integers into prime factors. First we define
what our “building blocks™ are.

Definition 1: A prime is an integer p such that

O p>1
(i) if a|p, thena = +1 or +p.

For example, p = 2,3,5,7, 11, etc., are primes. We shall state some
preliminary results as lemmas.

Lemma 2: If n > 1, then n is a product of primes.

It should be emphasized that a prime is considered to be a product of
primes, namely the product of one prime.

Proof of Lemma 2: 1If there are integers n > 1 which are not products of
primes, then there is a least such integer (well-ordering). Call it m. Then m
cannot be a prime. And thus from the definition of a prime, there is a divisor
a of m (a|m) such that a = +1 and a # 4+ m. We may assume that a > 0.
Write m = ab. Then 1 < a, b < m (Proposition 2.2 (iv)). Since m is the least
integer >1 which is not a product of primes, @ and b must be products of

primes,saya =p,p, --- p,and b =¢q,q, - - - q,, Wherep,, . . . s Py q1s + + - 5 qs
denote primes. Then

m=ab=py P4y -4,

is a product of primes. This contradicts our choice of m and concludes the
proof of Lemma 2. [ ]

Lemma 3: (Euclid’s lemma). Let p be a prime. Then p|ab implies that p|a
or p|b.



28 Chap. 2 Divisibility and Primes

Proof: This is an immediate consequence of Theorem 3.6 (iii), since p } a
implies that gcd(p, @) = 1, and so p|b. [ |

Corollary 4: Let p be a prime. Then p|a,a, --- a, implies that p|aq, for
somei, 1 <<i<r.

Proof: Exercise. Use induction. [ ]

Theorem 5: (Unique Factorization). Let n > 1 be an integer. Then

h=pipPs ' Dr

is a product of primes and this factorization is unique. The uniqueness
is understood to mean that if

n=piDs " Pr=9q192 *** 45
where p;, ..., P41, - -,q, are primes, then r = s and, after rearranging
91 --->4, We have p, =q,,...,p, =4¢,.
That we must allow for rearrangement of the g’s to make the correspond-
ing factors equal is clear, since, for example,

12 =2.2.3 =2.3.2 =3.2.2,

Proof of Theorem 5: 'We know from Lemma 2 that each n > 1 can be fac-
tored into a product of primes. If there were integers n > 1 for which such
factorization was not unique, then there would be a least such integer (well-
ordering); call it m. Suppose that

m=pips ***Pr=9q9192 *** 4;.

Then p, |q.9, - -+ 4., and so by Corollary 4, p, | g, for some i. By rearranging
the ¢’s, we may assume that i = 1. Therefore, p, |¢,. Since g, is a prime, we
have p, = +1 or p; = +4g¢,. Since p, > 1, we have p, = ¢q,. We may thus
cancel p; = ¢, in the expression for m to obtain

my =p;-*pPr=49qa2 -4,
But m, < m (Proposition 2.2 (iv)). Thus, since m is the least integer >1
without unique factorization, we have r — 1 = s — 1, and, after rearranging
the ¢’s, p, =q44,...,P, =q,. Thus, r =sand p, =¢,,..., p, =4q,. Thus,
the factorization of m must have been unique after all. This contradiction
establishes Theorem 5. [ ]

Corollary 6: If n < —1, then there are primes p,, ..., p, such that

n=—pi:P;
and the factorization is unique.
Proof: Indeed, —n satisfies the hypothesis of Theorem 5. |

At this point we might mention something which tends to confuse stu-
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dents. Why, in Definition 1, did we exclude 1 from being a prime ? Of course,
in mathematics there is nothing sacred about the label we put on things.
However, these labels are carefully chosen to make the ideas as transparent
as possible. In our present case, if we had allowed 1 to be a prime, then
Theorem 5 would be false. For example, 6 =2.3 =2.3.1 =1.2.3.1 =
1-2-3-1-1, etc. Therefore, the uniqueness of the factorization is destroyed if
we call 1 a prime.

A comment concerning the proof of Theorem 5 is also in order. If you
look at the proof that factorization is always possible (Lemma 2) and the
proof that factorization is unique, you might be misled into believing that
the proofs are about equal in difficulty. This is not so, and, as we have
remarked before, the uniqueness is by far the deeper result. If you examine
the two proofs closely, you will see that the proof of existence used nothing
but the well-ordering principle and trivial facts about divisibility. On the
other hand, the crucial point in the proof of uniqueness relied on the state-
ment that p,|q, --- g, implies that p,|q, for some i. This was essentially
Lemma 3, that is, Theorem 3.6 (iii), and the latter result relied on the rather
nontrivial material concerning greatest common divisors in Section 3.

We shall close this section by collecting a few more facts about primes
and factorization. The first ones concern themselves with the question of
how many primes there are and how they are distributed. These questions
lead to some of the deepest and most beautiful results in number theory and
are still the subject of much research. We shall content ourselves with Corol-
laries 7 and 8 below. The student who is interested should look at Appendix
A, which contains an alternative proof of Corollary 7 and an improvement
of it. The proofs rely on calculus and serve to give the reader a small glimpse
into the deep and marvelous subject of applications of calculus to number
theory (called analytic number theory).

Corollary 7: (Euclid). There are an infinite number of primes.

Proof: 1If this were false, then there would be a finite number, k, of primes,
which we denote by p,, ..., p.. Set

n=pp; Pt 1
We know (Lemma 2 or Theorem 5) that there is a prime p such that p|n.

Since p is a prime and since p,, . . ., p; are all the primes, there must be an
i such that p = p,. Thus, p|p,p, - - - px. This fact, together with p | n, implies
that p| 1. This contradiction establishes the result. [ |

Corollary 8: There are arbitrarily large gaps between successive primes.*

*QOn the other hand, it is an unsolved problem as to whether there are an infinite number
of prime pairs (p, p + 2) with p and p + 2 primes (here the gap is 2). Examples are (3, 5),
5,7, (11, 13), (17, 19), and (29, 31).
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Proof: The assertion is that for any positive integer n there is a sequence
of n successive integers none of which is prime. Indeed, if we denote by n!
the product 1.2.3 - .. n, then

m+D'+2,0+DI+3,..., 0+ DI+ @0+ 1)
is a sequence of n integers. That none of them can be prime is clear since for
2<k<n+1
klm+ D!+ k

and 2 <k < (n 4 1)! 4 k. Thus, (n + 1)! 4 k has a divisor other than +1
and itself and so is not prime. |

Finally we shall give a method for factoring integers and generating
primes. The latter is called the sieve of Eratosthenes. It is called a sieve because
the procedure is like taking a sieve filled with integers and dropping out most
of the integers through holes in the sieve. When we are done only primes are
left in the sieve. We start with

Proposition 9: If n > 1 is an integer and is not a prime, then there is a
prime p such that

pln and p<./n.
Proof: Since n is not a prime, there are integers @, b such that
n=ab and 2<a<b<n.

Thus, n = ab > a? or a < ./ n. Let p be a prime such that p|a. Then p|n
and p<a<./n., |

For example, 18 is not a prime, and 2|18 and 2 < ,/18. Also 25isnot a
prime, and 5|25 and 5 < ./25.

Thus, to check whether a given integer » > 1 is a prime it suffices to
check whether 7 is divisible by any of the primes p << A/ n. If not, nis a prime.
This in general saves a lot of work.

For example, is n = 271 a prime? Well 16 < ,/271 < 17, and so 271 is
a prime or there is a prime p < 16 such that p|271. The primes < 16 are
2,3,5,7,11, and 13. We now must do some work to see if any of these
primes divide into 271 evenly. They do not (do the division). Thus, 271 is
prime.

The above idea can be put to work to generate primes. The resulting pro-
cedure is the sieve of Eratosthenes. Suppose that we wish to find all the
primes < n. Well, any nonprime is divisible by a prime < /7. Thus, list
the integers from 2 through n. Strike out all multiples of 2 except 2 itself.
The next integer in the list is the prime 3. Strike out all multiples of 3 except
3 itself. The next integer in the list that has not been struck out is the prime
5 (4 was struck out as a multiple of 2). Strike out all multiples of 5 except 5
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itself. Continue doing this. Suppose that we have just struck out all multiples
of p except p itself. The next integer left in the list will be the next prime after
p; call it g. We continue doing this until ¢ > /7, and then we quit. All that
is left are the primes between 2 and n, as all other integers have been struck
out as multiples of primes << ./ 7.

Example 10: n = 30. Since 5 < 4/30 < 6, we must strike out all multiples

of 2,3,and 5:
2 3 45 61 8 95K
11 M7 13 4 15 16 17 18 19 20
A 2 23 28 25 26 21 28 29 36
So the list of primes << 301is 2, 3, 5,7, 11, 13, 17, 19, 23, and 29.
Notice that to find all the primes up to 100 we would only have to strike

out the multiples of one more prime, namely 7, so the method is remarkably
efficient.

2.4 Exercises

1. Factor the following integers into products of primes: 13, 16, 28, 144,
169, 44, 100.

2. Determine all the primes p with p < 100 from the sieve of Erathos-
thenes. (It should not take you more than about 1 hour to use the sieve
to find all primes p < 500 and so check Table 1 at the end of this book.
This depends a great deal on how immune you are to writer’s cramp.)

3. Write a computer program to determine all the primes p < n using the
sieve of Eratosthenes. If you have a computer available, compile a list
of all primes < 1000.

4. Given a nonzero integer n, set A4, equal to the set of primes p|n. So
A, =@, A, =1{2}, As = {2, 3}, and 4,, = {2, 3}. Prove the following
useful statements:

(@) ged(n,m)=1ifandonlyif 4,N 4,, = &.

(b) n|m implies that 4, = 4,, (and so 4, € A4, implies that n } m).
(c) Ifd=nx+ my,then 4,2 A,, N A,.

(d) Ifd=nm,then 4, = A, U 4,,.

(¢) Ifd=gcd(n,m),then 4, = A4, N A4,

5. Given any pair of integers m, n both larger than 1, show that it is
possible to write

m=pipy - p¥

— pbipb b
n = p'p3' - Dt
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where p,,...,p; are distinct primes and a,,...,ay, by, ..., b, are
integers >0 (e.g., 12 =22.3.5% and 15 = 2°.3.5).

Using the expressions of Exercise 5, show that

(@) m|n if and only if a, < b,, ..., a, < b,.

(b) ged(n, m)=pip% - - - pg, where ¢, =minimum(a,, b) (1<i<k).
(©) lem(n, m)=pip% - - - p%, where d,=maximum(aq, b,) (1<i<k).
(The lcm is defined in Exercise 14 of Section 2.3.)

Use Exercise 6 to show that
(lem(n, m))(ged(n, m)) = nm,
and thus give another proof of Exercise 14(d) of Section 2.3.
Prove that for positive integers m, n the proposition
a™|b® implies that a|b
is true if and only if m > n.

Let a > 2, n > 2. Show that if g — 1 is a prime, then a =2 and n is
a prime. (Hint: Look at Exercise 17 of Section 2.2.) Primes of this form
are called Mersenne primes.

(This exercise is for those with access to a computer.) Let n(x) = the
number of primes << x. Use the program you wrote for Exercise 3 to
compute (a) n(x) — (x/log x) and (b) n(x)/(x/log x) for x = 100, 200,
300, 400, . . ., 10000. On the basis of the numerical data derived, can
you make any conjectures? (These same calculations were performed
by Gauss.) Note: log x means the natural log of x.

Let f(x) = a,x™ 4+ - -- + a, be a nonzero polynomial with integer coef-
ficients. Show that f(k) is composite for infinitely many integers k.
(Hint: Reduce the problem to the case where |a,| > 1.)

Show that for n > 1, the number 1 4+ } + .-+ + 1/nis not an integer.

Show that for n > 1 the number 1 + 4 4+ --- 4 1/(2n 4 1) is not an
integer.

Let a/b be a reduced fraction (that is, gcd(a, b) = 1). Assume that a/b
is a zero of the polynomial agx* + - - - 4 a,, a,, . . . , a,integers, a, 7= 0.
Show that a|a,, b|a,.

Let p be a prime and a an integer such that 1 < a < p. Show that
({; ) is divisible by p.

Let p be a prime, and a, b integers. Show that a? — b? is either relatively
prime to p or p?|(a? — b*). (Hint: Apply Exercise 15.)

Prove that n** — 9 is never prime for any n.
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18.

19.

20.

*21.

22.

23.

(Hilbert) Let R denote the collection of all positive integers of the form
4k + 1, k an integer.

(a) Show that the product of two elements of R is again an element
of R.

(b) Say that an element m of R is a prime element if the only elements
of R which divide m are 1 and m. Find all prime elements << 100.

(c) Show that every integer of R can be written as a product of prime
elements.

(d) Show that the factorization in part (c) is not necessarily unique.

Let p, denote the nth prime.

(a) Show that p?,, <p,p, --- p,forn > 4.
(b) Show that p, < 22",

A famous theorem known as Bertrand’s postulate asserts that for n > 1
there exists a prime p such that n << p < 2n.

(a) Verify Bertrand’s postulate for n << 100.
(b) Assume Bertrand’s postulate and verify that p, < 2", where p,
denotes the nth prime.

Show that the only possible positive integers which are not sums of
consecutive integers are powers of 2.

Let d,(n) denote the number of divisors of n of the form 4k + 1 and
let d;(n) denote the number of divisors of n of the form 4k 4 3. Show
that d,(n) > d;(n).

(a) Show that /5, .Y 3, and ./ 2 are not rational numbers.

(b) Let a be a positive integer and let a = p$* - - - p¢ be the factoriza-
tion of a into a product of powers of distinct primes p,, ..., p,.
Show that ~/ a is a rational number if and only if m|e,, m|e,,

., m|e,.

Appendix A

Euler's Proof of the Infinitude of Primes

In this appendix, we shall give another proof that there are infinitely many

primes. The proof given here is due to the eighteenth-century Swiss mathe-
matician Leonhard Euler. Its novelty is that it connects the ideas of calculus
with the arithmetic of the integers. Let us consider the function of s defined

by

=3+

n=1 N
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This function is called the Riemann zeta function, after the German mathe-
matical giant Bernhard Riemann, who, in 1859, systematically studied
the deeper properties of the function. Actually, the infinite series {(s) was
first introduced by Euler, nearly 100 years before Riemann’s work.

By the integral test, the series for {(s) converges for s > 1 and therefore
defines a function of s for s > 1. Moreover, since

l < n+1 dx

we see that

Thus, we see that
lim {(s) = oo.
s—1+

The graph of {(s), as you may readily check, is as given in Fig. A.1.

$(s)

Figure A.1

We will need the concept of an infinite product. This is simple to define
and is very similar to an infinite sum. Namely if a,, a,, a,, . . . is a sequence
of real numbers, define*

o N
II a,=1m J] a, = lim a,a, --- ay.
n=1 N—oo p=1 N—oo

The connection of {(s) with primes is given in the following theorem.

Theorem 1: (Product Formula)

) =TI (1 _ }%)" for s> 1.

p

*This definition of an infinite product is at variance with the usual definition given in
analysis books. For technical reasons, one usually requires that the limit be nonzero. How-
ever, our definition will suffice for our purposes.
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We should make a comment concerning the notation in Theorem 1. The
symbol J| means take the product over all primes p. Thus, if p, < p, < p; <

cee denc:tes all the primes listed in order, then Theorem 1 asserts that
oo -1 N -1
(=11 (1—5)" = tm 1 (1-55)
if there are an infinite number of primes, or, if there are just M primes,
M 1 -1
=1 (1-5)
Proof of Theorem 1: Since 0 < 1/p:, < 1, we have the geometric series for-

mula
1

1—

_ 1 1 1
L_l+p_,',,+p_:.'+ﬁ+ . (*)
Pm
This sum contains just some of the terms in the series

- 1, 1,1, . _$1
C(s)—l+7+?+$+ = ,.z=:1n‘,

namely those for n = p%, powers of p,. Let’s see what happens when we
multiply the first two series (*) together* (p, = 2, p, = 3):

(=304 = () )
1

= —_—

n.\'

where the sum is over all » with only 2’s and 3’s as factors.

Similarly,
O A K A

where the sum is over all » with just 2’s, 3’s, and 5’s as factors. And, in
general,
& 1\°! 1
1— _) =i, 2
T(-% "==% @
where the sum is over all n with just p,, p,, ..., py as factors. We have
glossed over an important point. Let’s look again at Eq. (1), for example.
How do we know that every integer » with only 2’s, 3’s, and 5’s as factors
occurs once and only once. That n = 2°3*5¢ occurs is evident; the only way
such an n could occur two or more times would be for n to have another
expression of the form 2¢3%5¢, which we know cannot happen because of

*We assume that the reader is familiar with the following result about infinite series:
If Xn as and X by are convergent series of positive terms, then > ym,» anbm converges and

equals Qs an)m bm).
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unique factorization. The same considerations hold for Eq. (2). Indeed,
Theorem 1 may be viewed as an analytic statement of the unique factorization
theorem.

If there are only finitely many primes, say M of them, then Eq. (2) for
N = M would complete the proof of the theorem. Otherwise there are an
infinite number of primes and py — oo as N — oo. To complete the proof
we must show that

tim ¢ — 11 (1—25) | = 6)
From (2),
D

where the first sum is over all n with at least ome prime factor p > py. It
is a standard fact from calculus that the “tail end” of a convergent infinite

series must tend toward zero, and so
im ¥ L—o.
N—oo p=py+1 n

This implies (3), and so Theorem 1 is proved. [ |
Theorem 1 suffices to show there are an infinite number of primes.

Corollary 2: (Euclid). There are an infinite number of primes.

Proof (Euler): Ifnot,letp,,..., p, be all the primes. Then by Theorem 1,
M 1 -1

a finite product. Therefore, clearly the expression on the right makes sense

for every real s > 0 and defines a continuous function. However, we observed
before that

lim {(s) = oo,

s—1,

which contradicts the statement

B2 0D <

s—1y m=1 m m

Our goal is to prove a more precise version of Corollary 2, namely
1
— = 00,
>

Note that this equation asserts more than just the infinitude of primes.
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For example, there are an infinite number of squares n2 also, but
|
P

Thus, in some sense “there are more primes than squares.” More precisely,
the primes are denser than the squares in the set of all integers.

Theorem 3: (Euler). >, % = oo
P

Proof: We look at log {(s) for s > 1. Since {(s) > 0 for s > 1, log {(s) is
defined; and since lim {(s) = oo, we must have

™ limlegl(s) = @

s—1,

log {(s) = log (Hm ;ﬁl (1 B PL:‘«)—I)
= tim(log [T (1 - 35)")-

(Since log x is a continuous function, the fact that a, — a as N — oo implies
that log ay — log a as N — oc.) Thus,

log {(s) = 11m2( log( plk))

Recall the infinite series for log(1 — x): For | x| < 1,

By Theorem 1,

—logl — ) =x+F + L+ = S 2.

1m
Since, for s > 1,0 < 1/p; < 1,

00 0 1
—log(l—i,)=2 1==L+Z —
Dk m=1

mpy D m=2 MPj
1 N |
< - —
Dk + mz=;z )4
1 1 &1
Cpt Pk =, I
= i l 1 (by the formula for a geometric
P piy_ 1 seris, ;o orm=1/1—r) for
2 [rl<1)
1 1

7 (=)
Thus,

log {(s) < hm Z ( pk(pkl — 1))
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We note that

and for s > 1,

Thus,

& Pk(pk -1 =1 phe
converge, by the comparison test. Set

a constant independent of s. Then
log{() < 3 L +a.
k=1 Dk

We immediately deduce from Eq. (4) that

lim 3" L = co. ©)

s—1, k=1 p;‘

Furthermore, since 1/p, > 1/pj for all s > 1, we see that

51 &1
k=1 _k = kz=: 1 E,
and so for all s > 1,
< | 1
B &
Finally then, from Eq. (5), we conclude that
& 1
—_— = 00,
k=1 Dk

as desired. |
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Congruences

3.1 Introduction

In this chapter, we shall introduce yet another fundamental notion in
number theory, the idea of a congruence. To motivate the concept of con-
gruence, let us consider the process of measuring time using a clock. For the
sake of simplicity, let us assume that we are interested in telling the correct
hour (and not the number of minutes past the hour). Then the process of
measuring time which we use in our daily lives amounts to the following: To
each hour, we assign a number which indicates the number of hours which
have elapsed since the last noon or midnight. After 12 hours pass, we begin
counting all over again. Thus, the only times considered are those given by
numbers from 1 to 12, and two times are assigned the same number if they
differ by a multiple of 12 hours. Thus, we measure time by “disregarding
multiples of 12 hours.” We observe a similar phenomenon on the odometer of
a car. Most odometers will record elapsed mileage up to 99,999 miles. At
100,000 miles, the odometer resets to 0 and begins to run through the numbers
0 through 99,999 again. Thus, the odometer reads the same at two points if
the mileage between those points is a multiple of 100,000.

We can generalize the examples of a clock and an odometer as follows:
Suppose that we have a dial on which are inscribed the numbers 0, 1, .. .,
n — 1, and imagine that the dial is attached to a device designed to count
something (hours, miles, people, etc.). For every instance of the observed
phenomenon the counter advances by 1. Then it is easy to see that the counter

39
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counts by disregarding multiples of n. Thus, when the actual count is 1,
n+1,2n+1,3n+1,..., the dial will read 1; when the actual count is 2,
n+2,2n+4 2,3n + 2,..., the dial will read 2, and so forth. Or, in general,
the dial will read the same for counts x and y, provided x — y is divisible by
n. This idealized “odometer” illustrates perfectly the abstract notion of a
congruence. '

Definition 1: Let n be a positive integer. We say that x and y are congruent
modulo n, denoted x = y(mod n), provided that x — y is divisible by n. If x is
not congruent to y modulo n, we write x == y(mod n).

Thus, for example, 8 = 3(mod 5), 4 = 2(mod 2), 57 = 43(mod 7). In our
clock example above, the clock reads the same at two times precisely when the
times are congruent modulo 12. Our odometer reads the same at mileages
which are congruent to each other modulo 100,000. And our idealized
odometer reads the same for numbers which are congruent modulo #. If we
think in terms of our idealized odometer and group together all integers for
which the odometer has a given reading, we see that the integers fall into
classes as follows*:

Odometer

reading
vy —2n, —n, 0, n, 2n, 3n, 4n, ... 0
,—2n+1,—nm+1,1,n+1,2n+1,3n+1,4n41, ... 1
,—2n+2,—n+2,2,n+2,2n+2,3n+2,4n+ 2, ... 2

,—m—1,-1,n—1,2n—1,3n—1,4n—-1,5n—1, ... n—1

For example, if n = 2, then there are two groups,
.., —4,—2,0,2,4,... are congruent to O(mod 2), and
.,—3,—1,1,3,5,...are congruent to 1(mod 2),
so that congruence modulo 2 allows us to distinguish between the even and
odd integers. If n = 3, then there are three groups, namely
..,—6,—3,0,3,6,... are congruent to O(mod 3),
.., —5,—2,1,4,7,... are congruent to 1(mod 3), and
., —4,—1,2,5,8,... are congruent to 2(mod 3).
Now that we have explained the notion of congruence, let us account for
the importance of this notion in number theory. Let us first observe that n|a

*Negative integers can be read by our odometer dial turning backwards.
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if and only if @ = 0(mod »). (Indeed, n|a if and only if a — 0 = kn for some
k.) Thus, the notion of divisibility can be phrased in the language of con-
gruences. Actually, congruences modulo » do much more than determine
divisibility by n. Congruences modulo n keep track of the remainders which
occur on divisibility by . Thus, the theory of congruences can be looked at as
a refinement of the theory of divisibility. But why the necessity of this refine-
ment? One reason is that congruences can be treated in much the same
manner as equations. Thus, for example, it makes sense to ask for all solu-
tions x of the congruences

3x = 2(mod 5)
5x% 4 3x 4+ 8 = 0(mod 17).
We shall see in the next section that one can perform almost all the algebraic
manipulations used in high school algebra on congruences. Therefore, we may
view congruences as giving us an algebraic machine with which to study
divisibility. '

The theory of congruences developed in this chapter has applications to
Diophantine equations. To understand the general principle behind such
applications, let us consider, for simplicity, the case of a Diophantine
equation,

fx,») =0 6))
in unknowns x and y, where f(x, y) is a polynomial in two variables with
integer coefficients. If (x, y) is a solution of the Diophantine equation (1) then
since n| 0 for every integer n, we see that n|f(x, y) for every n, so that

f(x, y) = 0(mod n).
Thus, if (x, y) is a solution of Eq. (1), then (x, y) is also a solution of the
congruence

Sf(x, y) = 0(mod n) (¥))
for all n. In particular, we have the following result:

Theorem 2: If the Diophantine equation

f(x’y)=0

has a solution, then the congruences

f(x, y) = 0(mod n)
have solutions for all ».

We may use Theorem 2 to prove that certain Diophantine equations have
no solutions by restating it in the following form:

Theorem 2': Suppose that for some integer n the congruence
f(x, y) = 0(mod n)
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has no solutions. Then the Diophantine equation

fx,»)=0

has no solutions.

This seemingly innocent principle is very powerful. As an example, let us
consider the Diophantine equation

X2 —4yr =2. 3)

In this case, we may set f(x, y) = x2 — 4y2 — 2. Let us show that this
Diophantine equation has no solutions by taking n = 4 and showing that the
congruence

x* — 4y? — 2 = O(mod 4) )]

has no solutions. Indeed, if we have integers x and y satisfying Eq. (4), then we
have the equivalent statement that 4| x2 — 4y2 — 2. However, since 4 | 4y2, we
have 4|x? — 4y? — 2 4 4y* (Proposition 2.2.2) and thus 4|x? — 2. But
could x? — 2 be divisible by 4? We shall now show that it cannot, and we
shall do this by considering the cases where x is even or odd separately. If x
is even, say x = 2¢, then x2 — 2 = 412 — 2, so that 4| x2 — 2 implies that
4| (4r? — 2) — 412, and thus 4| —2, which is ridiculous. If x is odd, say
x=2t-+ 1, then x2 — 2 =4¢* + 4t — 1, so that 4|x?> — 2 implies that
4| (41> + 4t — 1) — (42> + 4¢t), and thus 4| —1, which is again ridiculous.
Thus, the congruence (4) has no solutions and consequently neither does the
corresponding Diophantine equation (3).

Thus, we see that if we could prove that congruences have no solutions,
we could make corresponding negative statements about Diophantine
equations. Even if a congruence has solutions, it can often give important
information about the nature of the solutions (if any) of the corresponding
Diophantine equations. We shall take up this topic later in the chapter. We
shall also learn how to work with congruences, so that the argument con-
cerning the congruence (4) can be given in one line.

3.1 Exercises

1. Decide whether the following statements are true or false.
(a) 2= 4(mod 2).
(b) 11 = 6(mod 5).
(¢) 33 =18(mod 11).
(d) 57 =21(mod 6).
(e) k%= k(mod k), k > 0.
(f) 11 = —14(mod 17).
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2. (a) Show that every integer can be written in precisely one of the
following forms: 4k, 4k 4+ 1, 4k + 2, 4k + 3, where k is an
integer.

(b) Show that every integer is congruent to exactly one of the integers
0, 1, 2, or 3(mod 4).

(c) Show that the congruence y2 — x2 — 2 = 0(mod 4) has no solu-
tions and hence that the Diophantine equation y* = x% 4 2 has no
solutions. (Hint: Use part (a).)

3. Show that if the Diophantine equation y> = x* 4 2 has a solution, then
x and y must both be odd. (Hint: Consider congruences modulo 4 and
use Exercise 2, part (a).)

4. Let x, y, z be integers. Prove the following:
(@ x= x(mod n).
(b) If x = y(mod n), then y = x(mod n).
(©) If x = y(mod n) and y = z(mod »), then x = z(mod n).

3.2 Basic Properties of Congruences

In this section, we shall develop some of the fundamental facts concerning
congruences. Our fundamental theme will be that a congruence is a form of
‘equality’ and that the congruence a = b(mod ») can, for most purposes, be
viewed as an analogue of the equation @ = b. Our main purpose in this section -
is to determine how far this analogy can be pushed. More specifically, we wish
to determine which manipulations—for example, addition, subtraction,
multiplication—admissible in dealing with equations are still admissible in
dealing with congruences. Throughout this chapter, n will denote a. positive
integer. The only fact which we shall assume from the preceding section is the
definition of congruence modulo 7.

Before we go any further, let us prove two trivial results concerning
congruences modulo 7.

Proposition 1: Let a, b, c be integers. Then
(i) a= a(mod n).
(ii)) If a = b(mod n), then b = a(mod n).
(iii) If a = b(mod n) and b = c(mod n), then a = c(mod n).
Proof:
(i) nla—a.
(i) Ifn|a—b,thenn|b— a.
(iii) Ifnla—bandn|b—c, then n|(a—b)+ (b—c), so that
nla—ec. |
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The practical impact of Proposition 1 is to allow us to reverse the order of
congruences and to string together congruences modulo ». From now on, we
shall carry out these operations without comment.*

Proposition 2: Assume that ¢ = b(mod ») and ¢ = d(mod #). Then

(i) a+ ¢=b+ d(mod n).
(i) a — c=b — d(mod n).
(iii) ac = bd(mod n).

Proof: By assumption, n|a — b and n|c — d. Therefore, n|(a — b) +
(c — d) implies that n|(a+ ¢) — (b 4+ d), which implies that a 4+ ¢ =
b 4 d(mod n), which proves part (i). Part (ii) is left as an exercise. To prove
part (iii), observe that since n|a — b, we have n| c(a@ — b), so that n|ac — b,
and thus ac = bc(mod n). Similarly, since n| ¢ — d, we have bc = bd(mod n).
Thus, ac = bc = bd(mod n), and part (iii) is proved. [ |

An elementary induction argument allows us to extend Proposition 2 as
follows:

Corollary 3: Assume that a, = b,(mod n), a, = b,(mod n),...,a,=
b,(mod n). Then

a,+---+a,=b,+ -+ + b,(mod n)
and
a,---a,=b, --- b,(mod n).

From Proposition 2 and Corollary 3, we see that we may add, subtract,
and multiply corresponding terms in congruences modulo n, and thus we can
manipulate congruences very much as if they were equations.

Proposition 2 (or rather Corollary 3) has the following practical impact.
Assume that f(x) is a polynomial with integer coefficients and that
a = b(mod n). Then

f(a) = f(b)(mod n). M
Indeed, if f(x) = ay + a;x + -+ + a,x™, then Eq. (1) merely asserts that
a+aa+---+a,a"=ay+ ab+ --- + a,b™(mod n),

which easily follows by repeated application of Corollary 3.
To see the practical value of Eq. (1), let f(x) = x® + 4x2 + 5x — 1,
n = 3. Then, since 13 = 1(mod 3), the congruence (1) asserts that

*We shall abbreviate a = b(mod #), b = c(mod n) by writing a = b = ¢(mod n) and
shall similarly abbreviate longer strings of congruences.
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133 4 4.132 + 5-13 —1=1° 4 4.12 + 5.1 — 1(mod 3)
=144+ 5— I(mod 3)
= 9(mod 3)
= O(mod 3).
Note how much easier the right-hand side of Eq. (2) was to compute than the
left-hand side.
We have already mentioned in Section 1 that one of the main goals of

the theory of congruences is the determination of the solutions (if any) of the
congruence

@

f(x) = 0(mod n), 3)
where f(x) is a polynomial with integer coefficients. By Eq. (1), we see that in
order to determine if x is a solution it suffices to check whether some x’ which
is congruent to x modulo # is a solution. Is it always possible to choose an x’
which does not involve too much computation to check ? Indeed, it is always
possible, as the following proposition shows:

Proposition 4: An integer x is congruent to one and only one of the integers
0,1,2,...,n— 1(mod n).

Proof: The assertion is simply a restatement of the division algorithm
(Theorem 2.2.3). For by the division algorithm, we may write x in the form
x =qn + r with 0 < r < n — 1. And by the definition of a congruence, we
have x = r(mod n). If we also have x = r'(mod n) with 0 < r' < n — 1, then
x —r' =gq'n for some q’, so that x =g'n 4 r’ = gn + r. Then by the
uniqueness assertion of the division algorithm, we have r = r'. [ ]

If n = 2, then Proposition 4 asserts that every integer is congruent to
exactly one of 0 or 1(mod 2). This corresponds to the trivial fact that every
integer is either even or odd, but not both. If n = 3, then Proposition 4 asserts
that every integer is congruent to exactly one of 0, 1, or 2(mod 3).

We shall have much to say about how we go about solving the congruence
(3), but for now let us drop our discussion of (3) and proceed with some
further developments suggested by Proposition 4.

Proposition 4 asserts that the set of integers 0,1,2,...,n — 1 has the
property that every integer is congruent modulo n to one and only one
element of the set. This property is the one which makes the set useful in
connection with congruence (3). However, the set 0,1,2,...,n — 1 is not
the only set with this property, and this fact suggests the following definition:

Definition 5: A complete residue system modulo n is a set of n integers
ri,...,r, such that every integer x is congruent to one and only one of
Fiseoushly
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Example 6:

(i) Proposition 4 asserts that 0,1,2,...,n — 1 is a complete residue
system modulo 7.

(ii) The following are complete residue systems modulo 5:
0, 1, 2, 3, 4;
-2, —1, 0, 1, 2;
25, 26, 27, 28, 29;
—30, —29, —28, —27, —26;
4355, 2311, 117, 13, —196.

Let us give a proof for the second set. Note that
—2 = 3(mod 5), —1=4(mod 5), 0= 0(mod 5),
1=1(mod 5), 2=2(mod 5).

If x is any integer, then x is congruent to one and only one of the integers
0, 1, 2, 3, 4 by Proposition 4. And by our above computation, if x = r(mod 5)
with 0 < r < 4, then r is congruent to one and only one of the integers —2,
—1,0, 1, 2, so that x is congruent to one and only one of the integers —2, —1,
0, 1, 2. The proof that all the other sets are complete residue systems modulo 5
is similar. The only point is that in each set there is one and only one integer
congruent to each of 0, 1, 2, 3, 4.

Complete residue systems modulo » will allow us to carry out explicit
calculations with congruences modulo #. We shall need the general concept in
order to prove Fermat’s, Euler’s, and Wilson’s congruences in Section 3.
However, for general calculation, we shall stick to the complete residue
system 0, 1, ..., n — 1, since this is the easiest to remember. Or we shall use
one such as the complete residue system —2, —1, 0, 1, 2 modulo 5, which has
the advantage that the numbers are smaller than the ones in the usual
complete residue system 0, 1, 2, 3, 4 and thus make calculations easier. The
reader may not appreciate the saving afforded by such a slight change. But
consider the following example:

Example 6': Let us compute the remainder when we divide 64¢ by 13. Of
course, we might consider calculating 6*¢ explicitly, dividing by 13 and seeing
what the remainder is. However, the amount of calculation required should
~ restrain all but the most zealous readers. Fortunately, the computation of the
remainder is easy using congruences modulo 13. Let us use the following
complete residue system modulo 13: —6, —5, —4, —3, —2, —1,0, 1, 2, 3,
4, 5, 6. We may organize our calculation as follows:

62 — 36 = —3(mod 13)
6 = (62)2 = (—3)* =9 = —4(mod 13)
6% = (6%)* = (—4)* = 16 = 3(mod 13)
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616 = (6°) = 32 = 9 = —4(mod 13)
632 = (6'6)2 = (—4)? = 16 = 3(mod 13)
648 = 632.6!6 = 3.(—4) = —12 = 1(mod 13).

That is, 6*¢ = 1(mod 13), or 6*2 leaves the remainder 1 when divided by 13.
The reader should try to carry out this example by using the complete
residue system 0, 1, 2, . . ., 12 instead. The calculations are more tedious.

In Proposition 2, we saw that we could add, subtract, and multiply
corresponding sides of congruences in the same way that we can add, subtract,
and multiply corresponding sides of equations in algebra. Let us now turn to
the problem of dividing both sides of a congruence by the same number.

The problem with dividing both sides of a congruence by a number is that
we require that all numbers in a congruence be integers. To get some idea of
the difficulties involved, consider the congruence

2x = 3(mod 4).

If this were an equation, we would multiply both sides by 4 to get x = 3. Is
there an integer which we could use to play the role of } in order to solve the
congruence ? Unfortunately not, for the congruence has no solutions. Indeed,
let us use the complete residue system 0, 1, 2, 3 modulo 4. If x = 0(mod 4),
then 2x = O(mod 4); if x = 1(mod 4), then 2x = 2(mod 4); if x = 2(mod 4),
then 2x = 2.2 = O(mod 4); if x = 3(mod 4), then 2x = 2.3 = 2(mod 4). In
any case, 2x = 0 or 2(mod 4), so 2x 5= 3(mod 4), and our congruence cannot
be solved.

Thus, in general, we cannot divide both sides of a congruence by an
integer. Or, to put it differently, we cannot always find an integer that “plays
the role” of the reciprocal of an integer. Let us define what we mean by this
somewhat more closely.

Definition 7: Let a be an integer. By an arithmetic inverse of a modulo n, we
mean an integer a* such that aa* = 1(mod n).

The arithmetic inverse is precisely the number-theoretic analogue of 1/a.
Indeed, the congruence aa* = 1(mod n) is the congruence analogue of the
equation a-(1/a) = 1. Not every integer has an arithmetic inverse modulo 7.
For example, 2 does not have an arithmetic inverse modulo 4 (exercise). On
the other hand, we have the following result:

Proposition 8: Suppose that gcd(a, n) = 1. Then g has an arithmetic inverse
a* modulo n.

Proof: Since gcd(a, n) = 1, there exist x and y such that ax + ny = 1. Then
ax = 1(mod n), and we may take a* = x. [ ]
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Note that the proof of Proposition 8 shows that we may use the Euclidean
algorithm for computing an arithmetic inverse of a.

We shall show in the exercises that all arithmetic inverses of @ modulo n
are congruent to one another modulo z; that is, they are all “the same”
modulo n.

Example 9:
(i) Letn =3, a = 2. Then we may take a* = 2 since 2-2 = 1(mod 3).
(i) Letn =5, a = 3. Then we may take a* = 2 since 3-2 = 1(mod 5).
As we have said, the arithmetic inverse a* of a, when it exists, plays the
role of the reciprocal of a. For example, by using the notion of an arithmetic
inverse, we can prove the following cancellation law for congruences:
Proposition 10: Suppose that gcd(a, n) = 1 and that

ax = ay(mod n).
Then
x = y(mod n).

Proof: Let a* be an arithmetic inverse of a modulo n, which exists by
Proposition 8 since we have assumed that gcd(a, n) = 1. Then we have that

x = 1.x = (a*a)x = a*(ax) = a*(ay) = (a*a)y = 1-y = y(mod n),
since a*a = 1(mod n). [ ]
In the situation of Proposition 10, if gcd(a, n) is greater than 1, it is not
always possible to cancel the a. For example, 2.1 = 2.3(mod 4), but 1
3(mod 4). However, we can improve Proposition 10 as follows:
Proposition 11: Assume that ged(a, n) = d and that

ax = ay(mod n).
Then

x= y(mod%) .

Proof: Note that since ax = ay(mod n), we have n|ax — ay, so that

(n/d)| (a/d)(x — y), and thus
-;‘;—x = %y(mod%).

Moreover, gcd(a/d, n/d) = 1 (Theorem 2.3.6, (ii)), so that by Proposition 10
we have

x= y(mod%) . |



Sec. 3.2 Basic Properties of Congruences 49

Note that Proposition 10 is just the special case d = 1 of Proposition 11.
Also note that Proposition 11 is simply a restatement of part (iv) of Theorem
2.3.6 in the language of congruences.

Example 12:
(i) Since 3-2=3.16(mod 14) and gcd(3,14) =1, we have 2=
16(mod 14).
(ii) Since 6:5= 6-18(mod 26) and gcd(6,26) =2, we have 5=
18(mod 13). Note that it is not true that 5 = 18(mod 26).

We now have enough machinery to begin consideration of one of the
fundamental problems treated in this book, namely the problem of solving
polynomial congruences. Let f(x) be a polynomial with integer coefficients.
The question we seek to answer is, for what x does the congruence

f(x) = O(mod 7) @

hold? In the preceding section, we have seen the connection between the
answer to this question and the problem of determining the solutions to the
Diophantine equation f(x) =0. In general, congruence (4) may have no
solutions, as is seen in the following example:

Example 13: The congruence x2 + 1 = 0(mod 8) has no solutions. Indeed,
if x is a solution, then x2 = —1 = 7(mod 8). However, by using the complete
residue system 0, 41, 42, 43, 44 modulo 8, we see that in the five cases, x2
is congruent modulo 8 to 0, 1, 4, 1, 0, respectively. (Check the calculations.)
In particular, in every case, x2 = 7(mod 8), so the congruence x? 4 1 =
0O(mod 8) has no solutions. As a by-product of our calculation, we make the
following interesting observation:

A perfect square is congruent to 0, 1, or 4 modulo 8. In particular, an odd
perfect square is congruent to 1(mod 8).

It is possible to make a few general comments about congruence (4). If x
is one solution and x = x'(mod n), then we have already observed in Eq. (1)
that x’ is a solution. Therefore, we may use the notion of a complete residue
system modulo » to give the following simple scheme for finding all solutions
of (4). Choose some complete residue system modulo n, say r,, ..., r, Test
each of ry, . . ., r, to determine which are solutions of (4). Suppose that the
solutions are a,, ..., a,. If x is any solution of (4), then f(x) = O(mod n).
But by the definition of a complete residue system, x = r, for some i. But then
f(x) = f(r)(mod n) by (1), so that f(r,) = O(mod n) and r, is a solution of
(4). In other words, r, is one of a,, ..., a,. Thus, we see that if x is any
solution of (4), then x = a,(mod n) for some j, 1 < j < t. Thus, it suffices to
check (4) for solutions in any fixed complete residue system modulo n. This
was essentially the procedure we used in Example 13. This procedure is
really just trial and error. We seek, however, a better method than this.
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Now, from our present discussion, we know that the x satisfying Eq. (4)
are those satisfying one of a set of congruences of the form

x=a,modn), or x=a,(modn), ..., or x= a(mod n).

Since the a; are taken from our complete residue system modulo n, we see
that no two a, are congruent to one another modulo 7, and the x described by
each of the above congruences are all different from one another. In this
situation, let us say that the congruence (4) has ¢ different solutions. (Strictly
speaking, of course, (4) would have an infinite number of solutions, but we
count as different solutions only those which are incongruent to one another
modulo n.)

Although (4) is in general quite complicated, in case f(x) is a linear
polynomial, the notion of an arithmetic inverse will allow us to get things
under control. Thus, let us now study the linear congruence

ax = b(mod n). ®)

Even such a simple congruence may have no solutions, as we saw when we
considered the example 2x = 3(mod 4) above.

Let Eq. (5) have a solution x, and let s be any common factor of @ and n.
Since n| (ax — b), we would have b = ax — kn for some k, and thus sis a
factor of b. If, in particular, we take s = gcd(a, n), we see that in order for
(5) to have a solution, we must have gcd(a, #) | b. Let us record this in a lemma.

Lemma 14: If the congruence ax = b(mod n) has a solution, then
ged(a, n) | b.

Proposition 15: Suppose that gcd(a, ) = 1. Let a* be an arithmetic inverse
of a modulo n. Then x satisfies ax = b(mod ») if and only if x = a*b(mod n).

Proof: If ax = b(mod n), then aa*x = a*b(mod n), so that x = a*b(mod n),
since ag* = 1(mod n). If x = a*b(mod n), then ax=aa*b=1-b=
b(mod n). n

Example 16:

(i) Let us solve 2x = 5(mod 3). Since 2* = 2, the solutions are x =
2.5 = 1(mod 3). Thus, the solutions are all integers of the form 3z 4 1.
(i) Let us solve 3x = 7(mod 5). In this case, 3* =2,and so x = 2.7 =
4(mod 5). Thus, the solutions are all integers of the form 5¢ 4 4.

In the above examples, we determined the arithmetic inverse a* by
inspection. But this method is practical only for small a. In general, a* can be
determined using the methods of Chapter 2, for a* is an arithmetic inverse of
a modulo n if and only if aa* — 1 = kn for some k; that is, a* can be
obtained as the first component of a solution (x, y) of the Diophantine equa-
tion ax + ny = 1, an equation which we treated exhaustively in Chapter 2.
Thus, a* can be determined with comparative ease.



Sec. 3.2 Basic Properties of Congruences 51

Let us now return to the study of the general linear congruence ax =
b(mod n). Let d = gcd(a, n). By Lemma 14, we may as well assume that d|b,
for otherwise there are no solutions. Then b = db,. Moreover, since d | a and
d|n, we may write @ = da,, n = dn,, and our congruence may be written

a,dx = b,d(mod n,d).
Since d = gcd(a, n), we know from Proposition 11 that x is a solution of the
last congruence if and only if
a,x = b,(mod n,).

Moreover, since d = gcd(a, n), we know by Theorem 2.3.6 (ii) that
gcd(a,, n,) = 1. Therefore, the solutions of ax = b(mod n) are the same as the
solutions of a,x = b,(mod n,). And by Proposition 15, the solutions of the
latter are of the form

x = a¥b,(mod n,),

where a¥ is an arithmetic inverse of @, modulo »,. Thus, finally, we may state

Theorem 17: Let d = gcd(a, n). The congruerice ax = b(mod n) is solvable
if and only if d | b. If d | b, then the solutions consist of all those x for which

x = a’f%(mod—s—) >

where af is an arithmetic inverse of a/d modulo n/d. Thus, the distinct
solutions modulo 7 are given by x = a*(b/d) + k(n/d),0 <k < d — 1.

Example 18: Consider the congruence 27x = 3(mod 15). Here d =
gcd(27, 15) = 3 and 3| 3, so there are solutions. Here a/d =9, b/d = 1, and
n/d = 5, and an arithmetic inverse of a/d modulo n/d is 4. Thus, the solutions
of the congruence are x = 4-1 = 4(mod 5). In terms of congruences modulo
15, the solutions can be written x = 4, 9 or 14(mod 15). Thus, we see that in
terms of our general discussion, the present congruence has three different
solutions. Note, however, that if gcd(a, n) = 1, then by Proposition 15 there
is only one solution.

It is useful to note that the above discussion is relevant in solving the
linear Diophantine equation in two variables
ax + by =c, 6)
where a and b are nonzero integers. If 5 < 0, we could solve the equation
—ax — by = —c and obtain the same solutions as those of Eq. (6), so we
assume b > 0. Then (6) is equivalent to
ax = c(mod b). @
This problem was completely dealt with above.
For example, let us solve

Tx + 5y =3. ®
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This is equivalent to 7x = 3(mod 5) or 2x = 3(mod 5). Here 2* = 3(mod 5),
and so x=3-3=9= —1(mod 5). Thus, x = —1 + 5k. Plugging this
result into Eq. (8) immediately gives y = 2 — 7k, and the equation is solved.

In all fairness, it must be pointed out that the above discussion is circular.
Namely, solving Eq. (7) involves determining a*, and the only general method
we have for doing this is to solve ax 4+ by = 1. Nevertheless, this congruence
method is often the most convenient method for solving (6), especially when
a* can be determined by inspection. Also, a formula for ¢* will be given in
Section 3.

We saw in Proposition 8 that a has an arithmetic inverse modulo n
provided that gcd(e, n) = 1. Let us now ask the converse question. Which
integers a have an arithmetic inverse a*? This is equivalent to asking the
question, for which a is the congruence

aa* = 1(mod n)

solvable for a*? Let d = gcd(a, n). By Theorem 17, a* exists if and only if
d|1, that is, if and only if d = 1. Thus, we see that the @ which have an
arithmetic inverse modulo » are precisely those for which gcd(a,n) = 1. Let
us try to get a better description of these integers. To do this, we need a
lemma.

Lemma 19: Suppose that gcd(a,n) =1 and that a = a'(mod n). Then
ged(a’, n) = 1.

Proof: Since a = a’(mod n), there exists a k such that a = a’ + kn. Suppose
that gcd(a’, n) > 1. Then there is a prime p such that p|gcd(a’, n). Then
p|a’ and p|n by the definition of gcd. But then p|a’ + kn, and so p|a. This
implies that p | gcd(a, n), so that gcd(a, n) > 1, a contradiction. n

From the preceding lemma, we can easily describe the integers with
arithmetic inverses. Let us consider the complete residue system modulo n
given by 0, 1,...,n — 1. Every integer x is congruent to precisely one of
0,1,...,n — 1. Suppose that x has an arithmetic inverse modulo » and that
x = a(mod n), 0 < a < n — 1. Then by our discussion above, gcd(x,n) =1,
and thus from Lemma 19 we see that gcd(a, n) = 1. Conversely, if x is any
integer such that x = a(mod n) (0 < a < n — 1) with gcd(a,n) = 1, then x
has an arithmetic inverse modulo ». Indeed, since gcd(e, n) = 1, @ has an
arithmetic inverse a*, and a* is an arithmetic inverse for x since

xa* = aa* = 1(mod n).
Thus, we have completely proved the following result:

Proposition 20: Suppose that the integers a in the complete residue system
0,1,...,n — 1such that gcd(e, n) = 1 are given by a,, a,,. . ., a,. Then an
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integer x has an arithmetic inverse modulo » if and only if
x = a,(mod n)
for some i.

Example 21:
(i) n = 3. Then the integers a among 0, 1, 2 such that ged(a, 3) = 1 are

1 and 2, so that # = 2 and x has an arithmetic inverse modulo 3 if and only

if x=1 or 2(mod 3). '

(ii) n = 12. The integers a among 0, 1, 2, ..., 11 such that gcd(a, 12)

= larel,5,7,11,sothatz = 4 and x has an arithmetic inverse modulo 12

ifand only if x =1, 5, 7, or 11(mod 12).

(iii) n = p, a prime. The integers a among 0, 1,...,p — 1 such that

ged(a,p) =1 are 1,2,...,p — 1, since p is a prime. Thus, x has an

arithmetic inverse modulo the prime p if and only if x=1,2,3,..., or

p — 1(mod p).

Proposition 20 utilized the complete residue system modulo # given by
0,1,...,n — 1. However, we leave it to the reader to verify that any
complete residue system modulo n could be used instead and the proposition
would still hold. Modulo this bit of checking, the reader should notice that
the members a of ‘a complete residue system modulo » which are relatively
prime to n are very special. This motivates the following definition:

Definition 22: A reduced residue system modulo n is a set of integers a,, . . .,
a, relatively prime to n with the following property: Every integer x such that
ged(x, n) = 1 is congruent to one and only one of a5, . . ., a;.

The simplest way of obtaining a reduced residue system modulo » is to
determine which integers a of a given complete residue system modulo # are
relatively prime to n. The set of such integers is a reduced residue system
modulo n. For suppose that r,, . . ., r,is a complete residue system modulo n
and that the integers relatively prime to n from among r,,...,r,are a,,.. .,
a,. Then if x is an integer such that gcd(x, n) = 1, we certainly have x =
r(mod n) for some i (since r,...,r, forms a complete residue system
modulo 7). Moreover, since gcd(x, n) = 1, we have gcd(r;,, n) = 1 by Lemma
19, Thus, r,is one of a,, . . ., a,, and so x = a(mod n) for some j. Finally, x
is congruent to only one of a4, . .., a,, since the a, are part of a complete
residue system modulo n. Thus, a,,...,a, is a reduced residue system
modulo n.

Example 23:
(i) »n = 3. A reduced residue system modulo 3 is 1, 2.
(i) n = 12. A reduced residue system modulo 12is 1, 5, 7, 11. Another
is 41, 45.
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(iii) A reduced residue system modulo n = p, where p is a prime, is
,2,...,p—1.

(iv) The reduced residue system derived from the complete residue
system 25, 26, 27, 28, 29 modulo 5 is just 26, 27, 28, 29.

Ifa,...,a,and b,,..., b, are two reduced residue systems modulo n,
then each g, is congruent to precisely one b, modulo » and no two a, are
congruent to the same b;. Moveover, each b, is congruent to precisely one a,
and no two b, are congruent to the same q,. Therefore, s = ¢, and any two
reduced residue systems modulo 7 contain the same number of elements. By
using the reduced residue system derived from the complete residue system
0,1,...,n— 1, we see that the number of integers in a reduced residue
system modulo 7 equals the number of integers between 0 and n — 1 which
are relatively prime to n.

Definition 24: Let ¢(n) denote the number of integers between O and n — 1
which are relatively prime to n. Then ¢(n) is called Euler’s phi function, after
the Swiss mathematician Leonhard Euler, who first studied its properties.*

You will find a table (Table 1) of the values of ¢(r) for n < 200 at the end
of the book.
From our above discussion, we have the following result:

Proposition 25: Every reduced residue system modulo » contains the same
number of integers, and this number is precisely ¢(n).

Example 26: From Example 23, we see that ¢(3) = 2, ¢(12) =4, ¢(p) =
p — 1 for p a prime, ¢(5) = 4. Note that it is not generally true that ¢(n)
=n — 1; for example, ¢(12) =4 = 12 — 1.

We shall meet both the notion of a reduced residue system modulo » and
Euler’s phi function later in this chapter as well as later in the book, so let us
refrain from further discussion at this point.

To close this section, let us apply our congruence machinery to study a
particular Diophantine equation. Let us consider the equation

x4y =12,
which is a special case of the famous Fermat equation. We shall show that

If (x, 9, z) is a solution of x* + y* = z3, then at least one of x,y,z is
divisible by 3.

Proof: We shall in fact show that the congruence
x3 4 y3 = z%(mod 9) )
allows us to draw our conclusion.

*Note that by our definition we have ¢(1) = 1.
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We first observe that if w is any integer, then
w? = w(mod 3)
since —1, 0, 1 is a complete residue system mod 3, and these three cases are

easily checked one by one. Since any congruence mod 9 is also a congruence
mod 3, congruence (9) tells us that

x + y = z(mod 3), (10)
0
z=x+y-+3a forsomea.

Plugging this back into Eq. (9) yields
X¥+y=22=x+y+3a°
=x3 4+ y* 4 3x%y 4+ 3y2x + 9x2a 4+ 9y%a
+ 27a%x + 27a%y + 27a® + 18xya
= x* 4+ y* 4+ 3x*y 4+ 3y2x(mod 9).
Subtracting x* 4 y* from both sides yields
3xy(x + y) = 0(mod 9),
or from Proposition 11
xy(x + y) = O(mod 3).
Applying (10) again shows that
xyz = 0(mod 3).
That is, 3| xyz, so x, y, or z is divisible by 3. B

3.2 Exercises

1. Let f(x) = 11x% + 15x2 4 9x — 2.
(a) Find the remainder when f(2) is divided by 7.
(b) Find the remainder when f(6) is divided by 7.
(c) Find the remainder when f(97) is divided by 11.

2. Show that the following are complete residue systems modulo 11:
(@ -5 —4,-3,—-2,—-1,0,1,2,3,4,5.
(b) 0, 12,24, 36,...,120.
(© 20,21,22,23,...,30.
(d) Any 11 consecutive numbers.
3. If nis a positive integer, define n! (n factorial) by n! =n(n — 1) --- 1
(a) Which integer among the complete residue system 0, 1,...,n — |

is (n — 1)! congruent to modulo # for n < 24?
(b) Can you make a general conjecture on the basis of part (a)?
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10.

11.
12.

13.
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Find the reduced residue system associated with the complete residue
system 0,1,...,n — 1 for

(@ n=)9.
(b n=15.
(©) n=24.

On the basis of Exercise 4, compute ¢(9), ¢(15), ¢(24).
Prove that ¢(p”) = p~ — p'~!, where p is a prime.

Find all solutions of the following congruences:

(@) 3x= 1(mod 5).

(b) x2 4 1= 0(mod 4).

() x4+ 2x+ 1=0(mod 7).

@ x%+x*+4+x*4+ x4+ 1=0(mod 5).

Find the remainder when 117! is divided by p, where

(@ p=2.
b)) p=3.
(c) p=5.
@ p=1
(e) p=11.
© p=13

(g) Solve parts (a)-(f) with 11 replaced by 5.

Compute the remainder when 3#™ is divided by n, where

(@ n=1 ) n=6.

(b) n=2. (& n=T1.

(©) n=3. (h) Solve parts (a)-(g) with 3
d n=4. replaced by 5.

() n=>5. (i) Can you make a conjecture

based on parts (a)-(h)?
Solve the following congruences:
(@) 3x = 9(mod 5).
(b) 3x = 9(mod 24).
(€) 5x = 15(mod 12).
Find the arithmetic inverses modulo 11 of 1, 2, 3, 7, 9, 10.

(a) Which integers have arithmetic inverses modulo 18?
(b) Find arithmetic inverses for all integers which have them modulo
18.

Suppose that a* and b* are two arithmetic inverses of a modulo n.
Prove that a* = b*(mod n).
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14,

15.

16.
17.
18.

19.

20.

21.

22.

23.
24.
*25.

26.

Solve the following linear congruences:

(a) 2x = 5(mod 7).

(b) 19x = 15(mod 8).

() 6x = 12(mod 14).

(d) 13x = 27(mod 52).

(a) Show that 1143 has an arithmetic inverse modulo 1957.
(b) Find the arithmetic inverse in part (a).

Show that a perfect cube is congruent to 0, 1, or —1(mod 9).
Show that a fourth power is congruent to 0 or 1(mod 5).

Letr,,...,r,beacomplete residue system modulo n.

(a) Show that if ais any integer, thenr, 4+ a, ..., r, + aisa complete
residue system modulo n.

(b) Show that if gcd(a, n) = 1, then ar,,. . ., ar, is a complete residue
system modulo n.

Let sy, . . ., S4n be a reduced residue system modulo ».

(a) Show that if gcd(a,n) =1, then as,,..., ds,, is a reduced
residue system modulo n.

(b) Is it true that s, 4+ a, ..., S, + a is a reduced residue system
modulo » for all integers a?

Let p be a prime and r be a positive integer. Suppose thata doesnothave
an arithmetic inverse modulo p”. Then show that some power of a is
congruent to 0 mod p".

Let a be a given integer. Write a computer program to determine which
integer among 0, 1, ..., n — 1is congruent to @ modulo ».

Let f(x) be a polynomial with integer coefficients. Write a computer
program to compute which integer among 0, 1, ..., n — 1 is congruent
to f(x) modulo n. Try to carry out your calculation as efficiently as you
can, remembering that what is an easy calculation, in principle, may
yield numbers too large for a computer to handle.

Find all solutions of the congruence 2x + 3y = 5(mod 7).
Find all solutions of the congruence x? + y? — 5y — 2 = O(mod 9).

When can the congruence a,x, + -+ + a,x, = b(mod n) be solved
for x,, ..., x,? If it can be solved, what will the solutions be ?

(Casting out nines) Suppose that we are given an integer
x =a,10" 4+ a,.,10""! 4 ... + q,,

where the g, are chosen from among 0, 1,...,9. Then a, - - - a, is the
decimal representation of the integer x.
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27.
28.

29.
30.

31.

32.

33.

34.

35.

*36.

37.
38.

39.
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(a) Show that
x=a,+ a,_,+ --+ + ay(mod 9).
(b) Is 5,785,684 divisible by 9?
Prove Proposition 2, part (ii).
(a) Show that 2 does not have an arithmetic inverse modulo 4.

(b) Modulo what integers does 2 have an arithmetic inverse ? What is
the inverse?

Give a direct proof of Proposition 10 without using Proposition 8.

Let ry, ..., r, be any complete residue system modulo » and suppose
that the integers a amongr, . . ., r, such that gcd(a,n) = l are a, ...,
a,. Then x has an arithmetic inverse modulo » if and only if x =
a mod n) for some i.

Prove that the linear congruence ax = b(mod n), where gcd(a, n) =1,

has a solution using the fact that there exist x and y such that ax + ny

=1

Prove that if a = a’'(mod n), then gcd(a’, n) = ged(a,n). (This is a

generalization of Lemma 19.)

Let n be a given integer.

(a) Show that x2 — y2 = nis solvable in integers if and only if z is odd
or 4|n.

(b) Ifx2 — y? = nis solvable in integers, determine all the solutions.

Show that the number of reduced fractionsa/b,0 < a/b< 1,1 <b <,

is just ¢(1) + ¢(2) + --- + P(n).

Let m be odd and let ry, . . ., r, be any reduced residue system modulo

m. Show thatr, + r, + --- 4+ r, = O(mod m).

(Euler) Show that 22° + 1 is divisible by 641. (Hint: 232 = 24.228 =

(641 — 54).228)

Prove that 112*¥ 4 192% is divisible by 241 when k is odd.

(@) Forn=2,3,4,6,8, 12, 18, 24, 30, show that the integers between

1 and 7 and relatively prime to # (i.e., the standard reduced residue
system mod 7) consist of 1 and primes.

**(b) Show that for n > 30, the standard reduced residue system mod n

always contains a composite.
Solve the system of congruences
2x + Ty = 2(mod 5)
3x — y = 11(mod 5).
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3.3 Some Special Congruences

In this section, we shall prove two special congruences which are of both
historical and technical importance in the theory of numbers. The first of
these is due to Euler and was a generalization of a theorem of Fermat. The
latter is called Fermat’s Little Theorem (to distinguish it from Fermat’s Last
Theorem). The second result is called Wilson’s theorem. We shall prove both
these results and present some applications of them.

In principle, it is always possible to test whether two integers x and y are
congruent modulo #n. We need only calculate x — y and divide by n. However,
if x — y is large, it is extremely tedious to carry out the division. Both the
theorems of Euler and Wilson allow one to deal with certain congruences
where x and y are huge. Moreover, they have the advantage that they are
“general” congruences.

We first state Fermat’s theorem.

Theorem 1 (Fermat’s Little Theorem): Let p be a prime and assume that
pta. Then
a?~! = 1(mod p).

Before proving Fermat’s theorem we shall give some examples. We have
219 = ](mod 11) and 99%2° = 1(mod 821). (821 is a prime.) Moreover, the
calculation in Example 2.6’ is trivial from Fermat’s theorem. We shall give
another application which is typical. Let us determine the remainder when we
divide 2!*37 by 17. Since 17 is a prime and 17 } 2, Fermat’s theorem implies
that

216 = 1(mod 17).
We have

1137 =16-71 + 1.
Therefore,

21137 = (216)71.21 = 171.2 = 2(mod 17).
Thus, the remainder on dividing 2!*37 by 17 is 2. Note that 21137 is a number
so large that actually carrying out the division would be impractical.

From Example 2.26, if n = p is a prime, then ¢(n) = p — 1, and we see
that Fermat’s theorem is a special case of the following theorem due to Euler:
Theorem 2 (Euler): If ged(a, n) = 1, then

a*™ = 1(mod n),
where ¢(h) denotes Euler’s phi function.

Proof: Letr,,...,r4, beareduced residué system modulo . (See Defini-
tion 2.22 and the subsequent discussion.) Since gcd(a, n) = 1 and ged(r,, n)
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= 1, we see that gcd(ar,, n) =1 for all i. Therefore, by the definition of a
reduced residue system, each ar, is congruent to one of the integers ry,...,
4+ Moreover, no two ar; are congruent to the same r;, for if ar, = r (mod n)
and ar, = r;(mod n), then

ar, = ary,(mod n),

so that r, = r,(mod n) (Proposition 2.10), which implies that r, = r, since

no two of ry, ..., ry, are congruent modulo n. Thus, we see that ary,...,

ary, are congruent to ¢(n) different integers from among ry, . . ., ry,,. That

is, ary, . . ., ary, are congruent to r,, . . . , ry,, modulo n, in some order.
Thus,

(ar,)ary) - (argm) = riry - - - rgm(mod n),
so that
FiFy st Pan@® ™ =ryry - - - ryy(mod n).
Since ged(ry - -+ 74, n) = 1, Proposition 2.10 again implies that
a*™ = 1(mod n).

This completes the proof of Euler’s theorem. [ |

One interesting application of Euler’s theorem is that it allows one to
exhibit explicitly arithmetic inverses of integers modulo »n. Suppose that
ged(a, n) = 1. Then we see that a* = g*™-! is an arithmetic inverse of a
modulo n, for by Euler’s theorem we see that

aa* = g-a*""! = a*™ = 1(mod n).

Thus, a*™ -1 is an arithmetic inverse of a modulo n.
Let us now turn to Wilson’s theorem.

Theorem 3 (Wilson): Let p be a prime. Then
(p — D! = —1(mod p).
Proof: If p =2 or 3, the theorem may be checked directly since
1= —1(mod 2)
1.2 = —1(mod 3).

Thus, we may assume that p > 3.

The idea of the proof is to break up the integers 2,3,...,p — 2 into
pairs of integers, each pair having product congruent to 1. Then only 1 and
p — 1 remain in the product (p — 1)! from which the result is clear.

For each integer r with 1 <r <p — 1, let r* be its arithmetic inverse
mod p lying in the interval 1 < r* < p — 1. (An arithmetic inverse of r exists
since p } r; we surely can choose r* so that 0 < r* <p — 1 since 0, 1,.. .,
p — 1is a complete residue system mod p; finally r* = 0 implies that 1 =
rr* = O(mod p), which is absurd.) We assign to each integer r its arithmetic
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inverse r*. In particular r* is assigned its arithmetic inverse, which we denote
by r**. But

r*r** = 1(mod p)
and

r*r = 1(mod p)
imply that r*r = r*r**(mod p) and thus by Proposition 2.10 we have r** =
r(mod p). Since both integers r and r** lie between 1 and p — 1, we see that
r** — r. So we have assigned to the integer r* the integer . We have broken
up the integers 1, 2, . .., p — 1 into pairs of integers (r, r*) except that there
is the possibility that r = r*. Now r = r* implies that » = r*(mod p), and so
r2 = rr* = 1(mod p); we have then that p|r2 — 1 = (r — 1)(r + 1) and so
plr —lorp|r+ 1. Thus, r = 1(mod p) or r = —1 = p — 1(mod p). Thus,
if we exclude 1 and p — 1 from the list 1,2, ..., p — 1 we have divided up
the p — 3 integers 2, 3,...,p — 2 into s = (p — 3)/2 pairs which have no
elements in common. Let us list these pairs:
o).y (ry, r¥).

Then

2:3.0-(p —2) = ryrtryt ot
=1.1..-1(mod p) (since rr¥ = 1(mod p))
= 1(mod p).
Thus,
1:2.3...(p — )= (p — 1)(mod p)
= —1(mod p),

whence Wilson’s theorem. [

Example4: If p=7, (p — 1)! =720 =7-102 4+ 6 = —1(mod 7). Note
that the pairing described in the proof of Wilson’s theorem in case p = 7 is
2,4), G, 3).

Let us give a few quite surprising applications of Wilson’s theorem and
Fermat’s theorem.

Theorem 5: Let p be an odd prime. The congruence
x? = —1(mod p)

has a solution if and only if p = 1(mod 4). When p = 1(mod 4), then x =
((p — 1)/2)! is a solution.

Thus, we have a complete characterization of all primes p for which there
is a square root of —1 mod p. For example, x2 = —1(mod 7) has no solutions,
while x2 = —1(mod 5) does. (Check complete residue systems modulo 7 and
5, respectively.)
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Proof of Theorem 5:  First assume that x2 = —1(mod p) for some x. Then
xP-l — (xz)(p-l)/z = (_ l)(p-l)/z(mod P)
On the other hand, by Fermat’s theorem,
x?~! = I(mod p).

Therefore, 1= (—1)*""2(mod p), so that p|l — (=1)*"v2 If
1 — (=112 2,0, then 1 — (—1)?-V/2 =2, which contradicts the fact
that p is odd. Thus, 1 =(—1)?"12 so that (p — 1)/2 is even; i.e.,
p =1 (mod 4).

Conversely, assume that p = 1(mod 4). Then

(p— 1! = 1.2...1’7—1(1,_ D(p _2)...(1,_25_1)
=1.2...2=1_1y=2)... _P_—1>
=1.2 > (—D(=2) ( >—)(mod p)
 (—1\e-D/2.12.92... (P —1 2:( . .”__p—1>2
— (—1)-1/2.12.2 (2)_12 o) (mod p)
(since p = 1(mod 4)).
On the other hand, by Wilson’s theorem,
(» — D!'= —1(mod p),
so that if we set x = 1.2 --- [(p — 1)/2], we have
x? = —1(mod p). [ ]
The preceding theorem is concerned with the solution of a special quad-
ratic congruence. We shall study quadratic congruences in detail in the next
chapter, and thus we shall refrain from putting Theorem 5 in its proper

context now. However, let us draw a few elementary but startling conclusions
from Theorem 5.

Corollary 6: Let x be an integer and let p be an odd prime dividing x2 + 1.
Then p = 1(mod 4).

Proof: If p|x* 4 1, then x2 = —1(mod p). Thus, we are done by Theorem
5. |
Example 7: If x =6, then x2 4 1 =37 = 1(mod 4). If x =8, then
x% + 1 =65 = 5-13, and both 5 and 13 are = 1(mod 4).

Example 8: Let us apply Theorem 5 to study the special Diophantine
equation

y? =x3+4 23. 6))
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We shall show that there are no solutions. This equation is a special case of
the Bachet equation y* = x* + k, which was discussed by Bachet* in 1621.
The reader should note that our study of Eq. (1) uses only Theorem 5 and
elementary facts concerning congruences. However, one cannot do this for
general k. The argument for (1) makes use of special properties of the number
23.

We shall now show that (1) has no solutions. We shall do this by elimi-
nating the four possible cases modulo 4; namely x must be congruent to one of
0, 1, 2, 3(mod 4). First we see that if x = 0 or 2(mod 4), then x* = 0(mod 4),
and so

y? =x* + 23 =23 = 3(mod 4).

But the squares are congruent to 0 or 1(mod 4), so that x cannot be congruent
to 0 or 2(mod 4). Next, suppose that x =3 = —1(mod 4). Then

y2 =x*423=(—1) + 23 =22 = 2(mod 4).
Again the squares are congruent to 0 or 1(mod 4), and so x cannot be
congruent to 3(mod 4).

We now have only the possibility x = 1(mod 4). This case is more
difficult and requires an ingenious idea. We write (1) in the form

y:4+4=x%4 33
=(x4+ 3)(x2 —3x+9).
Then x = 1(mod*4) implies that
x2—3x4+9=1—-3+9=7= —I1(mod 4). A3)

Then there is a prime p such that p = —1(mod 4) and p| x2 — 3x + 9. This
is true since it is easily seen that for all integers x, x2 — 3x + 9 > 2, and so
we may write

@

x*—=3x+9=pp,-- P
as a product of primes. If each p, = 1(mod 4) (1 < i < ¢), then
x*—3x+9=pp,---p,=1:1...1= 1(mod 4),
violating Eq. (3). So we have some p,, call it p, dividing x2 — 3x + 9 such that

*There is an incredibly rich literature concerning the Bachet equation. Special cases
were discussed by many mathematicians during the eighteenth and nineteenth centuries.
It was proved by L. J. Mordell in the early part of this century that the Diophantine equa-
tion y2 = x3 + k (k given) has only a finite number of solutions. In 1966, A. Baker of
Cambridge provided the first finite procedure for determining the solutions, although as of
this writing the theory is not quite at the stage where it can be put on a computer.
The Bachet equation is a historically important Diophantine equation, and we shall return
to special cases of it throughout this book to illustrate the power of various theorems we
shall prove.
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p = —1(mod 4). Then, in particular, Eq. (2) implies that
y? = —4 = (—1)2%(mod p). @

Since p = —1(mod 4), p is an odd prime, and thus 2 has an arithmetic
inverse 2* mod p. Thus, (4) implies that

(2*y)? = —1(mod p).

Thus, 2*y is a solution of the congruence z2 = —1(mod p), which contra-
dicts Theorem 5 since p = —1(mod 4).
This completes the proof that Eq. (1) has no solutions.

3.3 Exercises

1. Find a*(mod 7) fork =0, 1,2, 3,4, 5, 6 and

(@ a=1. d) a=4.
(b) a=2. e a=S>5.
(c) a=3. f) a=6.

In each case you should use the complete residue system 0, 1,2,...,6.

2. Continue Exercise 1.
(@) Compute a*(mod 7) for any k and fora =1, 2, 3, 4, 5, 6.
(b) Can you make any conjectures about the powers of a*(mod 7)?
(¢) Can you make any conjecture about the smallest value of k > 0
for which a* = 1(mod 7)?
(d) Test any conjectures you make in parts (b) and (c) by carrying out
Exercises 1 and 2 for powers of integers modulo 11 and 13.

Show that if p is a prime, then a? = a(mod p).

4. Carry out the proof of Wilson’s theorem numerically in the cases
p=>5,7,and 11.

5. (@) Does the congruence x2 = —1(mod 17) have a solution ? If it has
a solution, find it.
(b) Repeat part (a) for the congruence x> = —1(mod 43).

Does the congruence x* = —1(mod 91) have a solution ?
Does x2 = —1(mod 65) have a solution?

Prove that if @' =1 (mod m) and a" = 1(mod m) foranyr < m —
1, then m is a prime.

9. Prove the converse of Wilson’s theorem: Show that if m is an integer
such that (m — 1)! = —1(mod m), then m is prime. In fact, show that if
mis not prime and m > 4,then (m —1)! =0(mod m).
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10.
11.

12
13.

14.

15.

*16.

17.

18.

**19.

20.

Show that the Diophantine equation x> + 1 = 23y has no solutions.
Let a be an odd integer. Show that if k=3,

a?” = 1(mod 2¥).
(Hint: Use induction on k. For k£ = 3, we considered this in Section 3.2.)
Show that y? = x* — 73 has no solutions in integers.

Let m be an integer having no prime factor = 3(mod 4), » an arbitrary
integer. Show that the Diophantine equation

y:+4m? =x* 4 (4n — 1)3
has no solutions.

Write an efficient computer program to compute the arithmetic inverse
a* of a modulo n. (Your program should include a test to determine if a
has such an inverse.)

Let p be a prime > 2,0 < a < p — 1. Show that
(P - 1) = (—1)*(mod p).

a
We showed that for p = 1(mod 4), we have

pP—1\/?_ _
( - ) = —1(mod p).
Show that this is false mod 532 and we have

(ﬂg_l) 1"+ — 1 (mod p?) (p = 1 (mod 4), p < 53).

Let p be a prime such that » < p < 2n. Then prove
@ (2:) = 0(mod p).

® (%) % o(mod p?).

n

Let p be a prime, a, b integers. Show that a? = a(mod p). Conclude
that (a 4+ b)? = a? + b?P(mod p).

(Wohlstenholme’s theorem) Let p > 3 be a prime. Show the numerator
ofl +1+4+ --- 4 1/(p — 1) is divisible by p2. (Hint: Note that the
polynomial (x — 1) - - - (x — (p — 1)) has (p — 1)! as its constant term.
Put x = p and study the divisibility of the coefficients by p, and look at
the coefficient of x.)

By Wilson’s theorem (p — 1)! + 1 = kp for some k.
(@) Whencank =1?
(b) Whencank =p?
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21. Let p be an odd prime.
(a) Show that
22.42.6% ... (p — 1) = (—1)@*+V/2(mod p).
(b) Show that 12.32...(p — 2)? = 2%2.42.62 ... (p — 1)*(mod p).

3.4 Solving Polynomial Congruences, |

Let f(x) be a nonzero polynomial with integer coefficients and let » be a
positive integer. In this section, we shall take up the problem of determining
the solutions to the congruence

f(x) = 0(mod #n). 0))

We have previously considered a number of special cases of this problem. For
example, we considered the linear congruence ax = b(mod n), which corre-
sponds to f(x) = ax — b. Furthermore, we considered the congruence
x* = —1(mod n), which corresponds to the polynomial f(x) =x% 4 1.
From these two special cases, we see that finding the solutions of polynomial
congruences can be a tough business. In fact, mathematicians by no means
have the complete story on solving polynomial congruences, and what we have
to say on the subject will barely scratch the surface.

We have already seen that if x is a solution to congruence (1), then any y
such that x = y(mod n) is also a solution. Thus, in order to keep track of the
solutions to (1), we regard two solutions x and y to be “different” if x =%
y(mod n). Thus, (1) can have at most # different solutions because there are
precisely n possible incongruent integers mod n. To find the solutions to (1) it
would suffice to test the n integers in a fixed complete residue system (e.g.,
test 0,1,2,...,n — 1). Suppose that the elements of the complete residue
system which provide solutions to (1) are a,,. . ., a,. Then x is a solution of
(1) if and only if

x=a,(modn), or x=a,(modn), ..., or x= a,(mod n).

Let us emphasize again that 0,1,...,n — 1 is often not the most
convenient complete residue system for computations. If # is odd, then the
complete residue system

n—1 n—1 _ n—1
_T,—T—I-l,..., 1,0,1,2,.--, 2

consists of numbers smaller in absolute value and so is easier to compute with.
For example, if we were interested in the congruence

x5 = 2(mod 24)
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and if we wished to determine whether x = 23(mod 24) was a solution, it
would be senseless to use the number 23, for then we would have to raise 23 to
the fifth power and decide whether 24 divides 235 — 2. Since 23 = —1(mod
24), it is much simpler to compute (—1)* = —1 from which it is immediately
seen that 23° = 2(mod 24).

Let us now take up the problem of solving congruence (1). Suppose that

n=pt--pf

where p,, ..., p, are distinct primes. Then if x is a solution of f(x)=
0(mod n), x is also a solution of all the congruences

J(x) = 0(mod p7)
@

f(x) = O(mod p7).
Conversely, suppose that x is a simultaneous solution of all congruences (2).
Then f(x) is divisible by p%, by p%, ..., by p. Since all the p* have no
common factors, f(x) is divisible by p% - - p®* = n, and therefore x is a
solution of the congruence f(x) = O(mod #). Thus, we have seen that the
solutions of congruence (1) are the same as the simultaneous solutions of all
congruences (2).
Hence, in order to arrive at a complete solution of the congruence
f(x) = 0(mod n), we may proceed in two steps:

1. Solve each of the congruences

f(x) = 0(mod p?) i=1,...,1)
separately.
2. Determine which solutions are common solutions of all congruences (2).

To better understand what is involved in step 2, let us assume that part 1
is completely settled and that the solutions of the congruences

f(x)=0modpy) (=1,...,1 ?3)
are determined (somehow) to be
x = b;,(mod p?), x = b,,(mod p¥) , . ... @

For a given x to be a solution of f(x) = O(mod n), we have seen that it is
necessary and sufficient for x to satisfy each of congruences (3). Therefore,
since the solutions of (3) are given by (4), x is a solution of f(x) = 0(mod n)
if and only if x is congruent to one of b,,, b,,, . . .(mod p%'), to one of &, ,,
b,,, . . .(mod p%), and so forth. Thus, we arrive at the following result:
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Theorem 1: The integer x is a solution of the congruence f(x) = 0(mod n)
if and only if x satisfies a system of congruences

x = b,(mod p?)

x = b,(mod p%),
where b, is a solution of the congruence
f(x)=0modp) (=1,...,0.

From Theorem 1, we see that, provided part 1 is solved, then part 2 can
be solved provided that we can solve systems of simultaneous congruences of
the form

x = b,(mod p3)

x = b(mod p¥),
that is, to find x which satisfies all the congruences simultaneously. Let us

now take up this problem, which we shall completely settle. Namely, we shall
prove the following result:

Theorem 2 (Chinese Remainder Theorem): Suppose that the positive inte-
gers my, m,, . . ., m, are relatively prime in pairs; that is, ged(m,, m;) =1 if
i #j, 1 <i,j <t Further, let b, b,, . . ., b, be arbitrary integers. Then the
congruences

x = b,(mod m,)

x = b(mod m,)

have a simultaneous solution. Moreover, the simultaneous solution is
unique modulo mm, - .- m,. That is, if y is another solution, then x =
y(mod mm, --- m,).

Before we prove Theorem 2, some remarks are in order.

Remark 1: Since, in the preceding discussion, the integers p%, ..., p* are
relatively prime in pairs (the primes p,, p,, . . . , p, are all distinct), the system
of congruences of Theorem 1 always has solutions, and the solution is unique
modulo p$p% - - - p# = n. We shall apply this remark to our original problem
of solving polynomial congruences later in this section.
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Remark 2: Our proof of Theorem 2 will be constructive, in the sense that
the proof will provide a computational technique whereby the solutions of
the system of congruences can be calculated in a finite number of steps.

Remark 3: The reason that Theorem 2 is called the Chinese Remainder
Theorem is that rudimentary forms of it go back to the ancient Chinese.

Proof of Theorem 2: The idea of the proof is to write x in the form

x =J’1b1 + .- -I-y,b,,
where y, = 1(mod m,) and y, = O(mod m,) 2 < i < 1), y, = 1(mod m,) and
Y, =0mod m) (i=1,3,4,...,7, and similarly for y;,..., y,. To have .
Y1 =0(mod m,) 2 <i<t¢) we must have m, ---m,|y,, since the m, are
relatively prime in pairs. Thus, in general, set
ml — mlmz R m,.
i mi

Then ged(m,, m;) =1 since m,,...,m, are relatlvely pnme in pairs.
(Exercise.) Thus, m; has an arithmetic inverse m;* mod m;:

mi*m; = 1(mod m,).

Set y, = m*m;, and correspondingly set

x = mFmib, 4+ --- + m*mb,.
Let us show that x = b,(mod m,). Indeed, for 2 < i < ¢, we have
ml | m;’

so that m;*m;b, = O(mod m,) for 2 < i < ¢t; also m'*m) = 1(mod m,), so
that m'*m' b, = b,(mod m,). Thus,

x=b;+0+ --- +0=b,(mod m,).

It follows similarly that x = b,(mod m,) for all i, 1 <i <t

As to the uniqueness of the solution, let x’' be any other simultaneous
solution. Then x = x'(mod m,) for i =1,2,..., ¢ Therefore, since m,,
m,,...,m, are relatively prime in pairs and since x — x’ is divisible
by m,, m,,...,m, we have that mm, --- m,|x — x’. Thus, x=
x'(mod mym, --- m,). [ ]

The above method of proof is completely constructive, in that it gives us a
specific method for computing the solution x. Let us first do a simple example.
Find x satisfying the congruences

x = 1(mod 3)
x = 4(mod 5).
Here m; =3, m, = 5,b, =1, b, = 4. Thus, m}, = (5-3)/3 =5and m, = 3.
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Then since m}* is an arithmetic inverse of m(mod m,), m* must satisfy
Sm’¥ = 1(mod 3),
so that m* = 2(mod 3). Also 3m3* = 1(mod 5) implies that m%* = 2(mod 5).
Thus,
x =251+ 2:3.4 = 34 = 4(mod 15).

As a more complicated example we find the simultaneous solutions of the
congruences

x = 7(mod 8)
x = 2(mod 9)
x = —1(mod 5).
Here
b, =1, b, =2, b; = —1,
and
m; =38, m, =9, my =35,
and thus

m, =9.5=45 m,=85=40, m;=28.9=72
Therefore,
45m'* = 1(mod 8), 40m’* = 1(mod 9), 2m’} = 1(mod 5),
so that
m¥ = 5(mod 8), m3¥ = —2(mod 9), my¥ = 3(mod 5).
We therefore set ‘
x =5-45-7 4 (—2)-40-2 4 3.72.(—1) = 1199 = 119(mod 360)

(360 = 8-9-5). It is easily checked that x = 119 satisfies the original con-
gruences.

By combining Theorems 1 and 2, we see that the problem of solving
polynomial congruences is reduced completely to the problem of solving
polynomial congruences of the form

f(x) = 0(mod p),

where p is a prime. This may seem like a small simplification, but it is signifi-
cant for at least two reasons. If n is divisible by small powers of many primes,
the congruences modulo the prime powers can be solved by testing all
possible cases. This should involve considerably less work than testing all
cases modulo n. For example, if n = 48 = 3.24, then the number of residue
classes modulo 7 is 48, whereas the numbers modulo 3 and 24 total 3 + 16
= 19. However, an even more compelling reason for reducing the problem
of solving polynomial congruences to the case of congruences modulo a
prime power is that many theoretical results can be established about prime
power congruences which cannot be proved in general.
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Before we go any further, however, let us illustrate the ideas we have
introduced thus far by means of the numerical example x2 = 1(mod 56).
Since this congruence is equivalent to x2 — 1 = O(mod 56), we may set
f(x) = x2 — 1. Moreover, since 56 = 2%.7, the original congruence is
equivalent to the pair of congruences

x? — 1 = 0(mod 2%)

x2 — 1 = 0(mod 7).
The first congruence has the solutions x = 1, 3, 5, 7(mod 232). (For now, we
obtain solutions by just testing all elements of a complete residue system, in
this case modulo 8.) Similarly, the second congruence has the solutions
x=1,6(mod 7). Therefore, the congruence x? = l(mod 56) has eight

solutions modulo 56, namely the solutions of the following eight pairs of
congruences:

{x = 1(mod 23) {x = 1(mod 23) {x = 3(mod 2%) {x = 3(mod 2%)
x=1(mod 7), |lx=6(mod7), (x=1(mod7), (x=6(mod 7),

{x = 5(mod 23) {x = 5(mod 23) {x = 7(mod 2%) {x = 7(mod 2%)
x=1mod 7), (x=6(mod7), |x=1(mod7), |x= 6(mod 7).

The solutions of the pairs of congruences give the solutions to the original
congruence. And the solutions of the pairs of congruences can be found using
the Chinese Remainder Theorem. They are

x = 1l(mod 56), x =4l(mod 56), x =43(mod 56), x = 27(mod 56),
x = 29(mod 56), x = 13(mod 56), x = 15(mod 56), x = 55(mod 56).

Let us now make a few comments about congruences of the form

f () = O(mod p),

where p is a prime. Our first goal will be to show that in order to solve such a
congruence, it is actually sufficient to solve the simpler congruence

f(x) = O(mod p).

Actually, what we shall do is prescribe a procedure for calculating the
solutions of the congruence

f(x) = 0(mod p**?)
from the solutions to the congruence
f(x) = 0(mod p°).

Thus, starting from the solutions of a congruence modulo p, our procedure
will allow us to calculate successively the solutions of the same congruence
modulo p2, p?, and so forth.
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Let us suppose that @ > 1 and that the solutions to the congruence
f(x) = O(mod p%)
are given by
= b,(mod p?), . .., x = b,(mod p°).
Our problem is to determine the solutions of
f(x) = 0(mod p*+1).

First, however, we need a preliminary result about polynomials. If
f(x) =ay+ ayx 4 -+ + a,x™, denote by f’ the formal derivative of f,
given by the usual formula

fx)=a, +2a,x+ -+ + ma,x™'.
The usual rules for differentiating apply to our formal derivative, namely for
polynomials £ and g we have
fF+a=r+7¢ O]
(af) =af’  for an integer a. 6)
We shall denote the second derivative of f (that is, the derivative of f*) by f”'.

More generally, we shall denote the ith derivative of fby f*°. In what follows,
we shall require a particular case of what is called Taylor’s formula in calculus.

Lemma 3: Let f(x) be any polynomial of degree m. Then
- ') f (X) S  m
S+ y)=fx)+ 9 y+ »+- +1—.my

Moreover, if f has integer coeﬂic1ents, so do all the polynomials f'(x)/1,
freNe2,..., f™X)/1:2--m

Proof: By properties (5) and (6) of the derivative, it suffices to prove our
lemma for the polynomial f(x) = x™. In this case, f(x + y) = (x + y)"is
given by the binomial theorem:

fGx )= am o Mooty 4 PO = Dnoayap gy,

where all the coefficients (the so-called binomial coefficients) are integers.
Now

f&x)_m o f'x) _mm —1) n
T =1 " T2 Tz~
and so forth. Therefore,
G+ =10+ L8y 4 LBy gy

and the lemma is proved. [ ]

Let us now return to the congruence f(x) = O(mod p*+?!). If x is a solu-
tion, then x is also a solution of f(x) = 0(mod p?), and therefore x =
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b(mod p°), where b is one of b,, b,, . . . , b,. Thus, we may write x = b + kp*
for some k. Let us determine the condition which k must satisfy in order for
x to be a solution of f(x) = O(mod p**!). By Lemma 3, with x = b, y = kp?,

f(x) = f(b+ kp?)
— f(b) + flgb)kpa + f{:(g)(kpa)z + ..o+ 1..fé(”.l#)’n(kpa)m.

By Lemma 3, the polynomials

') f(x) S™(x)
12127712 m

have integer coefficients, so that

f (b) 0] L™(b)
12777102 m

are all integers. Moreover, since a > 1, we have a + 1 < 24, so that p?s,
p*,...,p™ are all = 0(mod p°*!). Thus,
1@ = 1®) + LBkpemod p+y.

Since f(b) = O(mod p°), we may set f(b) = tp° for some ¢. Thus,
f(x) = p@¢ + f(B)k)(mod p**?).
Thus, f(x) = 0(mod p*!) for x = b + kp° if and only if
(¢ + f'(B)k) = O(mod p**1),
which is equivalent to
t + f'(b)k = O(mod p) (Proposition 2.11).

We have thus derived the condition that k¥ must satisfy in order that
x = b + kp® be a solution of f(x) = O(mod p**!), namely

f®)k = — %”)(mod p). ™

(Recall that f(b) = 0(mod p°) by assumption, and so f(b)/p® is an integer.)
Thus, to determine the solutions of f(x) = O(mod p°*!) knowing the solu-
tions of f(x) = 0(mod p?), it suffices to solve the linear congruence (7) for k,
modulo just the prime p. We discussed this subject thoroughly in Section 2.
We shall nevertheless carry out the solution explicitly in the present situation.
There are two cases to consider.

Case 1: f'(b) = 0(mod p). In this case congruence (7) can only be satisfied
provided that

%ab) = O(mod p),
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which is equivalent to

f(b) = 0(mod p°*1).
Thus, there are two possibilities. Either f(b) = O(mod p**!), in which case
x = b + kp° is a solution of the congruence f(x) = O(mod p**?) for arbi-
trary k. Or f(b) = O(mod p°*'), in which case x = b + kp® is never a
solution of the congruence f(x) = 0(mod p*+?) for any k.

Case 2: f'(b) = O(mod p). In this case congruenée (7) will have exactly one
solution, namely

k= —r®©* L (mod p),

where f'(b)* is an arithmetic inverse of f'(b)(mod p). Thus, in Case 2, there
is a unique solution of the congruence f(x)= O(mod p**') of the form
x = b + kp°(mod p°*?'), namely

x=b— f’(b)*%’,’)pa (mod po+1).

Thus, we have seen that in all cases we can determine the solutions modulo
p°**1 once we know the solutions modulo p°. We shall conclude this section by
giving some examples. _

Example 4: Find all solutions of the congruence

f(x) =x* — 2x 4+ 1 = 0(mod 32).
We start by determining all the solutions of f(x) = O(mod 3) by inspection.
There are only three possibilities, namely x = 0, 4 1(mod 3). We readily
check that x = 1(mod 3) is the only solution.

We now solve f(x) = O(mod 32). There is one solution mod 3, so b = b,
= 1. Also, f(1) =0 and f'(x) = 3x% — 2, so that f'(1) = 1. Thus, by (7),
we must solve the congruence

1:k = $(mod 3),
which has & = O(mod 3) as the unique solution. Thus,
x=b+k-3=1(mod 9)

is the unique solution mod 9. (In this case it would not be too difficult to
check this result directly by checking all the nine possible cases modulo 9.)

Example 5: We shall find all the solutions of the congruence
f(x) =x2 4+ x + 1 = 0(mod 49).

We must again start by solving the congruence f(x) = 0(mod 7). Checking
the seven possibilities directly we see that f(x) = O(mod 7) if and only if

x=2 or —3(mod?7).
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We now solve f(x) = O(mod 72). Here b, = 2 and b, = —3. We compute
f@ =17 and f(-3)=1T.
Also f'(x) =2x 4+ 1, and so
f[@=5 and f'(—3)=-5.
To find the solutions of the form x = 2 + 7k we must solve (7), in this case
5k = —Z(mod 7),
s0 k = —3(mod 7) and x = —19(mod 49). Similarly, if x = —3 4 7k, we

must solve

—5k = —Z(mod 7)
s0 k= 3(mod 7) and x = 18(mod 49). Thus, the solutions of f(x) =
O(mod 49) are x = 30, 18(mod 49).

Both Examples 4 and 5 fall under Case 2 above. Let us give an example
where Case 1 occurs.

Example 6: Find all the solutions of
J(x) =x? 4+ x + 7= 0(mod 27).

We see that x = 1(mod 3) is the only solution of f(x) = O(mod 3). We
now solve f(x) = O(mod 32). Here b; =1, f(1) =9. Since f'(x) =2x + 1,
we have f’(1) = 3. Thus, the solutions are of the form x = 1 4 3k, where k
satisfies

3k = —%(mod 3)
or
3k = —3(mod 3).

It is clear that any k satisfies this congruence, so that k¥ =0, 1, 2(mod 3)
yield solutions x = 1 4 3k and so
x =1, 4, or 7(mod 9)

are the solutions of f(x) = 0(mod 9).
We now, finally, solve f(x) = O(mod 3%). Here b, = 1,5, =4, b, =1.

Thus,

fM =9 f@=21, [f()=63
and

Q=3 [f@=9 f(MH=15.
The solutions are of the form x = b, 4+ 9k fori =1, 2, 3. For i = 1, k must
satisfy

3k = —3(mod 3)

and there are clearly no solutions. For i = 2, k must satisfy
9% = —%](mod 3),
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and so any k works mod 3 yielding solutions x =4 + 9.0 = 4(mod 27),
x=4+9:1=13(mod 27), and x =4 + 9.2 = 22(mod 27). Fori =3,k
must satisfy

15k = —8} = —7(mod 3),
and so there are no solutions. Thus, f(x) = 0(mod 27) if and only if

x =4, 13, or 22(mod 27).

3.4 Exercises

1. Find all simultaneous solutions of the congruences
(@) x=3(mod 7), x = 2(mod 6). .
(b) x = 5(mod 2), x = I(mod 3), and x = 2(mod 5). Y=7 v
(©) x=1(mod9), x = 5(mod 7), and x = 3(mod 5).

2. Find all integers » which leave the remainder 4 when divided by 8, leave
the remainder 6 when divided by 7, and leave the remainder 1 when
divided by 5.

3. Show that for any integer k > 1, there are k successive integers which

are divisible by squares larger than 1. (Hint: Use the Chinese Remainder
Theorem.)

4. Solve the following congruences using the Chinese Remainder Theorem:

(@) x2%+4 1=0(mod 65).
>(b) 5x2 4 7x — 3 = 0(mod 35).

(¢) 1lix + 1 = 0(mod 210).

5. Determine whether the following sets of simultaneous congruences have
solutions. If they have solutions, find them all.
(@) x = 5(mod 6) and x = 7(mod 10).
(b) x = 1(mod 6) and x = 8(mod 15).

*6. Let m and n be positive integers. Let d = gcd(m, n). Prove that the
simultaneous congruences
x =a(mod m) and x = b(mod n)

are solvable if and only if a = b(mod d).

7. Find all simultaneous solutions of the congruences
(@) 3x = 1(mod 10) and 4x = 2(mod 7).
(b) 3x = 2(mod 4), 2x = 7(mod 15), and 4x = —1(mod 7).

8. Let m,,m,,...,m, be positive integers which are relatively prime in
pairs. Let by, b,,...,b, and a,,a,,.. ., a, be given integers such that
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10.

11.

*12.

13.

14.

ged(b, m) =1 for i =1,2,...,k. Prove that the simultaneous
congruences
b,x = a,(mod m,)

b,x = a,(mod m,)

bx = a,(mod m,)

are always solvable. Give a formula like the one given in the Chinese
Remainder Theorem for x in this case.

Using the method developed in this section solve the following con-
gruences:

(@ x*+ 2x+ 4 =0(mod 27).

(b) x? = —1(mod 125).

(€) x%+ 3x — 3 =0(mod 49).

(d) x?+ 3x — 10 = O(mod 49).

Find all solutions of the following congruence:
4x* 4 9x3 — 5x%* — 21x + 61 = O(mod 1125).

(Note: This problem has been set up to illustrate all the concepts and
cases discussed in this section. The answers are x = 323, —52,
—427(mod 1125).)

Let p be a prime larger than 2 and suppose that p } a. Assume that
x2 — g = 0(mod p) is solvable. Show that for all n > 1

x? — a = 0(mod p")
has precisely two solutions.

Let p > 2 be a prime. Analyze the solvability of x2 + a = 0(p") for all
n>1 when p|a. (There will be many cases depending on the highest
power m such that p™ | a and the resulting quotient a/p™).

Let m and n be positive integers such that gcd(m, n) = 1. Let ry,. ..,

rym be a reduced residue system modulo m and let sy, ..., 54, be a

reduced residue system modulo 7.

(a) Show that if gcd(x, mn) = 1, then there is a unique pair (i, j) with
1<i< ¢(m) and 1 <j< P(n) such that x = r(mod m) and
x = s,(mod n).

(b) Conversely show that given any pair (i, j) there is a unique x
modulo mn such that x = r(mod m) and x = s,(mod ») and
ged(x, mn) = 1.

Use Exercise 13 to prove that if gcd(m, n) = 1, then ¢(mn) = d(m)d(n).
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15. Prove that if n = p%'p%* - - . p¥r is the canonical factorization of n as a
product of primes, then

¢ =pt~'(py — DPs~'(p — D -+~ pr~'(p, — D).
(Use Exercise 14 above and Exercise 6 in Section 3.2.)

16. Prove directly from the definition of formal derivative of a polynomial
given in the text that for polynomials fand g and integer a, we have

@) (@) =d".
® f+e=f+¢g.
© (f9=fg+fe.

3.5 Solving Polynomial Congruences, Il

In this section we shall develop further the theory of polynomial con-
gruences f(x) = O(mod n). Our primary goal is to study the congruence
f(x) = O(mod p) where p is a prime. The main effort of the last section was in
showing that if we could solve polynomial congruences modulo primes, then
we could pass fairly routinely to the case of a general modulus n. Thus, allthe
difficulties must already occur in the prime case. Unfortunately, all we shall
do in this section is prove some general facts about solving polynomial con-
gruences modulo primes. We shall not give a procedure for actually solving
them or even give a procedure for determining whether they have a solution.
Indeed, no such procedures are known. Moreover, all of Chapter 4 deals with
this problem just for quadratic polynomials.

Let us begin by making a few general observations. Since we are attempting
to solve

f(x) = 0(mod n) 0))

for a polynomial f(x) = a,x™ + --- + a,x + a,, with integer coefficients,
it certainly does not matter if we change one (or more) of the g, to another
integer congruent to it modulo n. We would have precisely the same solutions.
Indeed, if we are working modulo n, it is very natural to consider two
polynomials, all of whose coefficients differ by multiples of », as the “same”
modulo n. We are thus motivated to give the following definition:

Definition 1: Suppose that f(x) =a,+a;x+--- and gx) =
b, + b,x + - -- are polynomials with integer coefficients. We say that f(x)
is congruent to g(x) modulo n and write

f(x) =, g(x)(mod n)
provided that a, = b,(mod ») for all i.
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Example 2:

() x*+x+4+1=,x*+ x — 2(mod 3).

(i) x*+x+1=,4x® + x + 7(mod 3).
i) x*+x+1=,3x" + x* + x + 1(mod 3).
(iv) 58x7 4+ 89x5 + 18 =, 3x7 4+ 4x5 + 3(mod 5).

It is clear that, in general, we may replace congruence (1) by one in which
all the coefficients of the polynomial are between 0 and » — 1 (or in any
complete residue system). This helps considerably in computations.

Now if f(x) =, g(x)(mod n), there is a polynomial #(x) with integer
coefficients such that

f() — g(x) = nt(x)
(since the coefficients of f(x) — g(x) are the a, — b, in Definition 1). Thus, if
f(a) = O(mod n), we see that

g(a) = f(a) — nt(a) = O0(mod n).
That is, congruence (1) has precisely the same solutions as the congruence
g(x) = O(mod n). We have proved the following result:

Proposition 3: Suppose that f(x) =, g(x)(mod n). Then the congruence
Jf(x) = 0(mod n) has precisely the same solutions as the congruence g(x) =
0(mod n). Moreover, it always suffices to consider polynomial congruences
where the polynomials have coefficients between 0 and n — 1.

Now let us return to the idea in part (iii) of Example 2. All the coefficients
of f(x)in Eq. (1) which are divisible by » may be replaced by 0. In particular
we might be able to lower the degree of f(x). This motivates the following
definition:

Definition 4: Let f(x) =a, + a;x + --- + a,x™ be a polynomial with
integer coefficients. Assume that not all the g, are divisible by n. Then, by the

degree of f modulo n, written deg, f(x), we mean the largest integer i such that
a, % O(mod n).

Thus, for example, if f(x) = 12x* 4+ 3x2 4+ x 4+ 1, then degsf =4,
deg,, f =2, deg, f =2, and deg, f = 1.

Now let us begin our theory concerning the actual solutions to Eq. (1).
Let f(x) and g(x) be polynomials, g(x) % 0. Then the process of long
division of polynomials you learned in high school produces two polynomials
q(x), the quotient, and r(x), the remainder, such that

FG) x)
FORRAE6)

or S () = g(x)g(x) + r(x), *)
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where the degree of r(x) is less than the degree of g(x). It is not true in general
that g(x) and r(x) have integer coefficients even if both f(x) and g(x) have
integer coefficients.

We shall not need this general situation. We shall only need long division
in the case where g(x) = x — a. We shall prove the result («) for this par-
ticular case completely. The proof will involve -a slick application of induc-
tion. Howeyver, if you just set up and do the long division of x — g into
f(x) =a,x™+ --- + a,, you will see that the induction is simply a way of
saying “and so forth” in the long division process:

amx”“l 4+ ...

X —Q)anX™ + @po X"+ @y x4 +ay
a,x™ — aa,x™"!
(-1 + aa)x™ '+ a,_,x" 24 ...+ a,

Lemma 5: Let f(x) =a,x™+ -+ 4+ a, be a polynomial with integer
coefficients and let a be an integer. Then there is a polynomial g(x) with
integer coefficients such that
f(x) = (x — a)q(x) + f(a).

Proof: We shall prove the result by induction on the degree of f(x). If f(x)
is the constant polynomial f(x) = a,, then we may take g(x) =0, as we may
readily check. Thus, we have taken care of the case where the degree of f(x)
is zero.

Thus, we may assume the truth of Lemma 5 for all polynomials of degree
<m—1. Set

- [i(®) =f(x) — a,x™"(x — a)
= (@p-1 + aa,)x™ 1 + @y xm 2+ oo+ a.

The degree of f,(x) << m — 1, and we may apply the induction hypothesis.
Thus, there is a polynomial g,(x) with integer coefficients such that

fi(x) = (x — 9)q,(x) + f1(a).

f(x) =f1(x) + apx™"'(x — a)
= (x — a)(g:() + amx""") + fi(a).
Let g(x) = q,(x) + a,x™"*. Then g(x) has integer coefficients, and
f(x) = — a)g(x) + fi(a).

Finally, plugging x = a into this last result we see that (@) = f,(a). Thus,
Lemma 5 is completely proved. [ ]

Thus,

We obtain immediately from Lemma 5 that if a is a solution to (1) then we
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may “factor out” x — a modulo n. Namely,

Proposition 6: Let f(x) be a polynomial with integer coefficients. Let a be
an integer. Then f(a) = 0(mod ») if and only if there is a polynomial g(x)
with integer coefficients such that

f(%) =, (x — a)g(x)(mod n). @
(Equation (2) is a congruence of polynomials as in Definition 1).
Proof: If f(a)=0(mod n), we obtain from Lemma 5 that f(x)=
(x — a)q(x) + f(a), where n|f(a). Thus, with g(x) as in Lemma 5 we indeed
have (2). Conversely, applying Proposition 3, we see that since a is a solution
of the congruence (x — a)q(x) = O(mod #), it must be a solution of f(x) =
0(mod n) also. |

Corollary 7: The polynomial g(x) in Proposition 6 can always be chosen
so that its degree is at most deg (f(x)) — 1.

Proof: The q(x) from Proposition 6 came directly from Lemma 5. Examining
the proof of Lemma 5, we see that
q(x) = am-xm_1 + (am—l + aam)xm—z + ]

and so the result is clear. [

We now must specialize to the case where we solve

f(x) = O(mod p),
that is, where n = p is a prime. In this case we can limit the number of
solutions by the degree of the equation. First we prove

Theorem 8: Let f(x) be a polynomial with integer coefficients. Let b,,
by, ..., b, be t incongruent solutions of f(x) = 0(mod p). Then there is a
polynomial g(x) with integer coefficients such that

Fx) =, (x —b)(x —b,) -+ (x — b)g(x)(mod p).
Moreover, deg, g(x) < deg, f(x) — ¢.
Proof: By replacing f(x) by a polynomial congruent to it modulo p we may
assume that f(x) = a,x™+ -.-+ a,, where a, 7= O(mod p). That is,
deg, f(x) = m. By Proposition 6 and Corollary 7 there is a polynomial g,(x)
such that
f(x) =, (x — by)q,(x)mod p)
with deg, ¢,(x) <m — 1 = deg, f(x) — 1.
Plug x = b, into this last result, and we obtain

Sf(b2) = (b, — b4)q,(b;)(mod p).

But f(b,) = 0(mod p) implies that p| (b, — b,)q,(b.), and so p|b, — b, or
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plg.(b,) (by Lemma 2.4.3). By assumption, b, == b,(mod p) and thus p |g,(b,),
so that ¢,(b,) = O(mod p). Again applying Proposition 6 and Corollary 7 we
see there is a polynomial g,(x) such that

4:(x) =, (x — b;)q,(x)(mod p)
with deg, g,(x) < deg, q,(x) — 1. Therefore, a quick resort to definitions
implies that
F(x) =, (x — byXx — b;)g,(x)¥mod p)
with deg, ,(x) < deg, ¢,(x) — 1 < deg, f(¥) — 1 — 1 = deg, f(x) — 2.
Now plug x = b, into this last result. Proceed similarly and obtain
S(x) =, (x — b)) (x — b, )(x — b3)gs(x)mod p)

with deg, g5(x) < deg, f(x) — 3.
Continuing in this way we arrive at Theorem 8. [ |

Corollary 9: Let f(x) be a polynomial with integer coefficients not all
divisible by p. Then the number of incongruent solutions of f(x) = 0(mod p)
is at most the degree of f(x) modulo p.

Proof: Ifb,,...,b, aretincongruent solutions, then we have from Theorem
8 that

fx)=.(x —by)--- (x — b)g(x)(mod p),
where deg, g(x) < deg, f(x) — ¢t. Now g(x) must have some coefficient not
divisible by p or else all the coefficients of f(x) will be divisible by p. Thus,
0 < deg, g(x) < deg,f(x) —t
or t < deg, f(x), as asserted. [ ]

Example 10: The assertion of Corollary 9 is false if we are not working
modulo a prime. For example,

x* — 1 = O(mod 8)

has the four solutions x = 1, 3, 5, 7(mod 8), whereas degg(x? — 1) = 2.

But of course, x2 — 1 = O(mod p), p a prime, can only have the solutions
x = 4 1(mod p) because we know from Corollary 9 there are at most two
solutions, and x = 4-1(mod p) are obviously solutions.

Example 11: By Fermat’s theorem (Theorem 3.1) we have that if p } a, then
a?~! = 1(mod p), and so a? = a(mod p). Thus, ais a solution of
x? — x = 0(mod p). ©))

It is clear that x = 0 also satisfies this congruence. Thus, every integer satisfies
congruence (3). Applying Theorem 8 to (3) and the solutions 0,1,...,p — 1
we see that

X —x=,x(x— 1)+ (x — (p — 1))g(x)(mod p), @
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where deg, g(x) < p — p = 0. Thus, g(x) is a constant, say g(x) = b, where

b is an integer. Then the coefficient of x? on the left-hand side of (4) is 1 and

on the right-hand side of (4) is . Thus, b = 1(mod p), and
x?—x=,x(x—Dx—2) -+ (x — (p — D)(mod p).

For example, x* — x =, x(x — 1)(x — 2)(mod 3). (Multiply it out and check

it directly.)

It is possible to reduce further the degree of the polynomial in a con-
gruence modulo a prime by using the results in Example 11. Since x? =
x(mod p) is satisfied for any value of x, we may replace x? in a polynomial by
x without altering the set of solutions. For example,

x7 4+ x2 4+ 5 = 0(mod 7)
has precisely the same solutions as
x + x2 + 5= 0(mod 7)
since x? = x(mod 7) for any value of x. However, x7 4 x2? -+ 5,
x 4+ x2 + 5(mod 7).
As a more elaborate example, consider
x35 — x10 4 x — 3 = O(mod 5). ®)
Since x35 = (x%)7, we have
x3% = x"(mod 5)
for all values of x. Since x7 = x°x2, we have
x7 = x+x? = x3(mod 5)
for all x or
x3% = x*(mod 5)
for every integer x. Similarly,
x10 = x%(mod 5)
for all x. Thus, congruence (5) has precisely the same solutions as the con-
gruence
x} — x2 + x — 3 = 0(mod 5).
We started with a polynomial of degree 35 and found it sufficed to solve one
of degree 3.
It should be observed that by replacing x? by x in a congruence, possibly

repeating the operation many times, we can always end up with a polynomial
of degree << p — 1. We record this in

Theorem 12: Let p be a prime. Then the congruence

f(x) = 0(mod p)
can be transformed into a congruence

g(x) = O(mod p)
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having precisely the same solutions and where the degree of g(x) is at most
p — 1 or g(x) is the zero polynomial.

Thus, modulo 5, we need never consider polynomials of degree larger
than 4.

3.5 Exercises

1. Test whether the following pairs of polynomials are congruent modulo 7:
(@) x*+ 2x+ 1land 8x3 — 5x+ 1.
(b) x*+ 2x+ 1and 8x® — 6x 4 1.
(©) 3x°%4 2x%* 4 xand 10x° — 12x2 4 x + 7.
(d 7x*4 2and 7x + 2.

2. Let f(x)=35x*+ 7x*+ 2x 4 1. What are deg, f, deg,f, deg;f,
deg, f, and deg,, f?

3. Let f be a polynomial. Show that for all primes p, deg, f << deg f and
that there are only finitely many primes p such that deg, f < deg f.

4. For the following polynomials f(x) and integers a notice that f(a)=
O(mod 11). In each of these cases find a polynomial g(x) such that

f(x) =, (x — a)g(x)(mod 11).
@ f(x)=x*4+10x+3,a=6.
® f=x*—x24+x+4+10,a=1.
€ f(x)=x%—6x2—2x+20,a= —3.

5. The solutions of f(x) = 0(mod 13), where f(x)= x* — 6x® — 3x?
—T7x + 2, are x = +1(mod 13). Find a polynomial g(x) such that

f() =, (x — D(x + 1g(x)(mod 13).

6. Show that the polynomial f(x)= x*+ 3x*> + 2x + 2 cannot be
factored modulo 5. (That is, we cannot find polynomials g(x) and A(x)
such that deg; g(x) <3 and degs A(x) <3 such that f(x)=,
h(x)g(x)(mod 5).)

7. Convert the following polynomial congruences into congruences with
the same solutions having degree less than 5:

(@ 2x'7 4 3x% + 1 = 0(mod 5).
(b) x'° 4 2x% 4 1 = 0(mod 5).
(©) 3x23 + 2x2° + 4x'7 — x6 4 x5 — 3x3 4 2x 4+ 1 =0 (mod 5).

8. Let p be a prime. Let f(x) = a,x" + - - - + a,x + a, be a polynomial.
Show that one can find a polynomial g(x)of degree << p — 2 such that

the congruences f(x) = 0(mod p) and g(x) = O0(mod p) have the same
nonzero solutions.
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9. Find all solutions of the congruences in Exercise 7.

10. Let p be a prime. Let a and b be integers such that ¢ > 1. Find all
solutions of the congruence

x?* = b(mod p).
11. Prove the following polynomial congruences for primes p:

@ ' —1=x—-DKx—=2)-- (x—(p— 1)mod p).
b) x»24x3+ .- +x+1=,(x—2)--- (x—(p—1))(mod p).

12. By comparing coefficients of the two sides of the polynomial congruence
in Exercise 11(a), prove the following for primes p:

(a) Wilson’s theorem (look at the constant term).

(b) Forp>3,14+2+ ...+ (p — 1) =0(mod p).

(¢ Forp>5,1-24+13+--- +1(p—1)+2:34 ...
+2(p—D+34+---+3(p-—D+---+(@—2p—-1)
= 0(mod p).

d Forp>512---(p—2)+1-2---(p—3p—1)
+12---(p—D—-2p—D+---+1:3---(p—1)
+2:3...(p — 1) = 0(mod p).

13. Let p be a prime and let a > 1 be an integer. Let ry, ..., ry4,« be a
reduced residue system mod p°. Prove the following polynomial con-
gruence:

(7 — 1™ =, (x — 1 )% — 13) -+ (¥ — FyipmXmod p).

3.6 Primitive Roots

In this section we shall give an extremely useful application of the theory
of polynomial congruences modulo a prime p. We shall explore the con-
gruence properties of the various powers of an integer a modulo p.

Let us begin with some experimentation. Suppose that p = 7. In Table
3-1, we have tabulated the powers a* modulo 7 for a=0,1,2,...,6 (a
complete residue system)and k =0, 1, 2, . . ., 6, with respect to the complete
residue system 0, 1,2, ..., 6 modulo 7.

Why did we quit with k¥ = 6? We quit because we know by Fermat’s
Little Theorem (Theorem 3.1) that if 7 } a4, then a® = 1(mod 7), and so
a’ = aa = a(mod 7), a® = aa? = a*(mod 7), a® = a®a® = a*(mod 7), and
so forth. Thus, the powers repeat themselves when the exponent changes
modulo 6.

What do we observe from the table about the powers of a given integer
a (read across the rows of the table)? There are two integers a in the list,
a = 3, 5, which have all the integers 1, 2, 3, 4, 5, 6 (i.e., 1 through p — 1) as
powers of them. In other words, every integer b such that b = O(mod p) is
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congruent to a power of 3 (or 5) modulo 7. Does this phenomenon persist for
all primes p? If it did, we would be able to reduce the study of arithmetic

TasBLE 3-1
Powers a* of a(mod 7)

k 0 1 2 3 4 5 6
a
0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1
2 1 2 4 1 2 4 1
3 1 3 2 6 4 5 1
4 1 4 2 1 4 2 1
5 1 5 4 6 2 3 1
6 1 6 1 6 1 6 1

modulo p to the study of the powers of a single element (together with zero).
It is, in fact, true that for every prime p there are such integers, and they are
called primitive roots. The proof of their existence and their uses comprise the
subject of this section. Let us first formally define a primitive root.

Definition 1: Let p be a prime. By a primitive root modulo p we mean an
integer g such that

g’ = l’ga gz"'-’gp_z (l)
is a reduced residue system modulo p. That is, the integers (1) are a rearrange-
ment, modulop,of1,2,...,p— 1.

Although Definition 1 tells us what primitive roots are all about, it is not
convenient for determining them, and so let us go back to Table 3-1 and see
what else we can discover. We notice in the rows corresponding to integers
other than 3 and 5 (excluding a = 0, of course) that the entries repeat
themselves. For example, for a = 2 we have 1, 2, 4 repeated. This happens
since 23 = 1(mod 7), and so 2¢ = 23.2 = 2(mod 7), 25 = 23.2% = 4(mod 7),
and so forth. That is, if a* = 1(mod 7) then a**! = a*a = a(mod 7), and so
forth. Thus, we see that the important point is that there is a lowest power of
a that yields 1 modulo 7. Thereafter the powers of a repeat themselves. In
particular, a can be a primitive root modulo 7 if and only if the first power of
a that gives 1(mod 7) is 6. (This power can be no larger than 6 by Fermat’s
Little Theorem.) We are thus led to the following definition:

Definition 2: Let p be a prime and a an integer such that a = 0(mod p). Then
by the order of a mod p we mean the least integer k£ > 1 such that
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a* = 1(mod p).
We denote this integer by ord, a.

For example, ord,2=3, ord,3 =6, ord,4=3, ord, 5= 6, and
ord, 6 = 2.
By Fermat’s Little Theorem, we see that ord, a is an integer such that

1<ord,a<p—1.

Also from our above discussion we are led to the following result.

Theorem 3: Let p be a prime and let g be an integer such that g = 0(mod p).
Then g is a primitive root mod p if and only if ord, g = p — 1.

Proof: We first suppose that g is a primitive root mod p. Then, by Definition
1, g%g!, 82, ...,g7 % is a reduced residue system modulo p. In particular, no
two of these numbers are congruent. Since g° = 1, we have g* == 1(mod p)
for 1 <k <p—2. Since g7~! = 1(mod p) (Fermat’s theorem again), we
have immediately from the definition of ord, g that ord, g = p — 1.

Conversely, suppose that ord, g = p — 1. Since there are p — 1 numbers
g% g',...,g7 % and for each k, p } g*, it suffices to show that no two of these
numbers are congruent modulo p in order to show that g is a primitive root
modulo p.

Suppose then that this statement is false. Then we can find i, j such that
0<i<j<p—2and

g' = g/(mod p).
Since g/ = g'g/~' and p } g', we may cancel g’ (Proposition 2.10) and obtain
= g/~!(mod p).
Since 1 <j—i<p—1 we have now contradicted the hypothesis that
ord,g=p— 1. |

It should now be clear from Theorem 3 that we must make a careful study
of ord, a. We shall accumulate the results in

Proposition 4: Let p be a prime and let a be an integer such that p } a. Then
() ord,adividesp — 1.
(ii) If a®* = 1(mod p), then ord, a divides v.
(iii) ord,(a*) = ord, a/gcd(u, ord, a).
Proof: Since, by Fermat’s Little Theorem, we have a?~! = 1(mod p), we
see that part (i) follows immediately from part (ii).

Part (ii) is an immediate application of the general principle noted
following the proof of Theorem 2.2.3. Namely, writing k = ord, a (just
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shorthand) we can find ¢ and r such that

v=kq+r, 0<Zr<k.
Then
1 = @’ = g***" = (a¥)Ya’” = 1%a” = a’(mod p).

But k is the least integer # > 1 such that ¢* = 1(mod p), and thus a" =
1(mod p) and 0 < r < k imply that r = 0. Thus, k| v, as we asserted.

For part (iii), let us again write k = ord, a; also write m = gcd(u, ord, a)
= gcd(u, k). Then by part (ii), we have

(@*Y = a* = 1(mod p)
if and only if k| uz. But this is equivalent to saying
T
m|m

Since gcd(k/m, u/m) = 1 (Theorem 2.3.6) this last statement is equivalent to
the condition

L3 I t

m

(Theorem 2.3.6).

Thus, we have shown that (¢¥) = 1(mod p) if and only if (k/m)|¢. Thus,
k/m is the least integer ¢ such that (a*) = 1(mod p), and so ord(a*) = k/m,
as we wished to prove. [ ]

We need one more result before we can prove that primitive roots exist.

Proposition 5: Let p be a prime and let a,, a, be such that p f a, and p } a,.
Further, suppose that ord, @, = k,, ord, a, = k, with gcd(k,, k,) = 1. Then
Ordp(alaz) = klkZ'

Proof: Since
(@184 = (a)(ap)* = 191+ = L(mod p),

we have by Proposition 4, part (ii), that ord,(a,a,) divides k,k,.
Now suppose that

(a;a,) = 1(mod p).

Then @' a4, = 1(mod p), and a is an arithmetic inverse of a,.
The following lemma is then relevant:

Lemma 6: If pta and a* is an arithmetic inverse of a, then ord,a =
ord, a*.

Proof: Let k = ord, a. Since a* = 1(mod p), we see that

a** = 1.q0* = gka** = (aa*)* = 1* = 1(mod p),
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and so by Proposition 4, part (ii), ord, a* divides k. Now suppose that ord, a*
= v. Then, exactly as above,

a’ = a*"q* = 1" = 1(mod p),
and so ord, a = k divides v = ord, a*. Thatis k|v and v | k, and so v = k.
|
Proof of Proposition 5 Continued: From what we had before, we deduce
immediately from Lemma 6 that
ord, @, = ord, aj.
Thus, we conclude from Proposition 4, part (iii), that
ky k|
ged(s, ki) ged(t, k)
Since gcd(k,, k,) = 1, k, and k, have no common factors greater than 1; the
last relation implies that

k, k.

ged(t, ky) — ged(s, k;)

Then k, = ged(¢, k,) implies that k,|¢ Similarly, k,|¢. Again, since
ged(ky, k,) = 1, we may conclude that &k, | ¢.

This all shows, in particular, that k,k, | ord (a,a,). Since we also had that

ord,(a,a,)| k,k,, we have k,k, = ord (a,a,). ]

1.

Corollary 7: Let p be a prime and let a,, ..., a, be integers such that
pftaa, - a,. Assume that ord, ¢, = k, and that the k, are relatively prime
in pairs. Then

ord(aia; -+ a,) =kik, -+ k,.
Proof: Exercise (Ex. 6). [ ]

Let us now prove the fundamental result of this section.

Theorem 8: Let p be a prime. Then there exists a primitive root modulo p.
Proof: If p = 2, then any odd number will do, so assume that p is odd. Then
p — 1> 1, and so we may write

p— 1 =p‘;lp“zt .o .p:r’
where p,, p,, . . . , p, are distinct primes. It suffices to find integers g,, g,,. . .,

g, such that
ord, g =pr, 1<i<r, *)

since then, by Corollary 7, setting g = g,g, - - - g,, we would have
ord,g =pip% -+ pr=p—1,
and so g would be a primitive root modulo p by Theorem 3.



90 Chap. 3 Congruences

The proof of the existence of the g, is based on

Lemma 9: Let k|p — 1. Then the congruence x* — 1 = 0(mod p) has
precisely k solutions.

Proof: Write p — 1 =kt. We use the following polynomial identity
familiar from high school:

xp—l —1= (xk . lxxk(t—l) _|_ xk(r—Z) _|_ e + 1)

Let x be one of the integers 1,2,...,p — 1. Since x?~! — 1 = O(mod p)
(Fermat’s Little Theorem), we have that

(xF — )X+~ 4 x+¢=2 4 ... 4 1) = O(mod p).

Thus, p|(x* — 1)(x*¢-V 4 ... 4 1), and so by Euclid’s lemma (Lemma
2.4.3) we see that

plx*—1 or p[x¥eD4 ... 41

In other words, every x among 1,2,...,p — 1 is a solution of one of the
congruences
x¥ — 1 = 0(mod p) )]
or
x*¢-D 4 ... 4+ 1 = 0(mod p). ?3)

Since x = 0 satisfies neither congruence (2) nor (3), the pair of congruences
(2) and (3) have a total of p — 1 solutions. By Corollary 5.9 the first must
have < k solutions, and the second must have < k(¢ — 1) solutions. Thus,
the two of them must have << k 4 k(t — 1) = kt = p — 1 solutions. The
only way for this to happen is for (2) to have k solutions and (3) to have
k(t — 1) solutions. The assertion for (2) is the statement of Lemma 9. |

Proof of Theorem 8 Continued: By (*), we see that it is enough to show that
there is a g, such that ord, g, = p’. What are the conditions that g, must
satisfy ? First,

gi™ = 1(mod p). ©)
That is, g, must be a solution of the congruence
xP* — 1 = 0(mod p). )

Let us assume that we have any solution g, of (5). What other condition must
g satisfy in order to guarantee that ord, g, = pf*? Let b = ord, g,. Then,
since g, satisfies (4), we see that b| p%', so that b = p for some v < a,. Now
ord, g, # p% if and only if b 7= p%, which is equivalent to sayingv < a; — 1.
Now if v < a; — 1, we have
g™ = (g9 = 1(mod p),

and so g, satisfies the congruence

xP — 1 = O(mod p). (6)
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Conversely, if g, satisfies (6), then ord, g, | p§-!, so that » < a; — 1. Thus,
we see that ord, g; 7 p3 if and only if g, satisfies congruence (6). Thus,
ord, g, = p% if and only if g, satisfies (5) but does not satisfy (6). By Lemma
9, (5) has p% solutions and (6) has p3*~! solutions. Since p§~! < p%, we can
find a solution of (5) which is not a solution of (6). Thus, we have proved the
existence of g,.

In a similar way, we can construct g,, ..., g,. [ ]

We observe that superficially the above proof of the existence of primitive
roots is constructive, that is, gives a method of finding primitive roots.
However, it is of little practical value. For in the notation of the proof of
Theorem 8, we must find a solution of (5) which is not a solution of (6). We
have no method of solving (5) other than plugging in specific values for x and
determining if they yield a solution. This is no better a computational
technique than determining the order of specificintegers directly by computing
their powers and determining the first power congruent to 1 modulo p.
However, it should be observed that the ideas used in the proof of Theorem
8 together with the results of Proposition 4 and Corollary 7 can often simplify
the work. We shall give an example.

Example 10: Let p = 23. Then p — 1 = 22 = 2.11. Thus, for integers a
such that 23 } a, ord,; a = 1, 2, 11, or 22 (Proposition 4(i)). We begin by
computing ord,; 2. By an easy computation we see that 22 = 1(mod 23) and
that 2! = I(mod 23), and thus ord,; 2 = 11. Now let us observe that
ord,;(—1) = 2. Thus, applying Corollary 7, we see that ord,;(—2) = 2-11
= 22. That is, —2 is a primitive root mod 23.

Let us see how this example fits into the scheme of the proof of Theorem
8. Since p — 1 = 2-11, we wished to find a solution to x2 — 1 = O(mod 23)
which was not a solution of x — 1 = 0(23) and a solution of x!! — 1 = 0(23)
which was not a solution of x — 1 = 0(23). We showed that 2 satisfied the
last condition and observed that —1 satisfied the first condition and con-
cluded that 2.(—1) = —2 was a primitive root.

Let us go into more detail now on how we use primitive roots. Let g be a
primitive root modulo a prime p. Then g°, g', ..., g?~2 is a reduced residue
system mod p, and so no two of them can be congruent modulo p. In general,
when can g’ and g’ be the same mod p? Well, if i < j and

g' = g/(mod p),
then we have g/~ = 1(mod p). Thus, ord, g = p — 1 implies thatp — 1|j — i
(Proposition 4 (ii)). Conversely if p — 1 |j— i, then j =i+ k(p — 1), and
P
s0
g = giHke-D — gi(gr-1)e = gllk — g'(mod D).
We have shown
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Proposition 11: Let g be a primitive root modulo p. Then g’ = g/(mod p)
if and only if i = j(mod p — 1).

In this way, multiplicative problems modulo p may be reduced to additive
problems modulo p — 1. (Note the analogy with logarithms.) We shall
illustrate this by studying the following example in some detail. We wish to
solve the congruence

x" = a(mod p), U]

where n > 0 and q are given integers. Integers a for which (7) has a solution
x are called nth power residues mod p.

If p| a, then the answer is easy, for then a = 0(mod p), and so our con-
gruence (7) is x* = O(mod p). If x is a solution, then p|x". But then p|x by
Euclid’s lemma (Lemma 2.4.3) and so x = 0(mod p). Conversely x=
O(mod p) is clearly a solution. Thus, the solutions when p| a are precisely the
x such that x = 0(mod p). We may, from now on, assume that p } a. In this
case, we see that x = O(mod p) cannot be a solution.

Congruence (7) need not have any solutions. For example,

x? = 2(mod 5)
has no solutions. We see this simply by checking the four possible cases
x =1, 2, 3, 4mod 5), obtaining x2 = 1, 4, 4, 1(mod 5), respectively. In fact,
congruence (7) is quite subtle, its theory is very involved, and there remain
many unsolved problems. Let us make an initial attempt at developing
a criterion for determining whether (7) is solvable.

Let us fix a primitive root g mod p. Then g° =1,g, g% ...,8° %isa
reduced residue system mod p. Since p } a, there must be an integer b such
that

a = g¥(mod p).

Moreover, any solution x of (7) cannot be divisible by p and thus must be of
the form x = g”(mod p). Congruence (7) is then the same as the congruence

g" = g¥(mod p), ®
and we must find solutions y. By Proposition 11, (8) is equivalent to
ny = b(mod p — 1), ©

our old friend the linear congruence in one variable. We know that (9) is
solvable for y if and only if gcd(n, p — 1)| b. Thus, we have proved

Theorem 12: Let p be a prime and a be an integer such thatp Y a. Letgbe a
primitive root mod p and let a = gb(mod p). Then the congruence x" =
a(mod p) is solvable if and only if gcd(n, p — 1)| b.

Example 13: Let us consider the case where p = 23. We observed in
Example 10 that g = —2 = 21(mod 23) is a primitive root mod 23. More-
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over, we know from Theorem 12 that if a = (—2)*(mod 23), then x"=
a(mod 23) is solvable if and only if gcd(n, 22) | b. Thus, for example, if n = 2,
then b must be even. If n = 11, then b must be divisible by 11. Also if 2} n
and 11} n, any b works, and hence there is a solution for any a.

How do we actually compute solutions ? To do this we must actually solve
congruence (9). But before we can do this we must know what bis. Now b is
determined by the condition that a = g%mod p), where a is given to us in
advance. To do this for explicit @’s we must then tabulate the powers of g.
Using the primitive root g = —2 of Example 10 we tabulate in Table 3-2 the
powers gb for 0 < b <p — 2 =21, using the reduced residue system
L2...,p— 1.

It is easy to solve equations of the form x” = a(mod 23) using Table 3-2.

TABLE 3-2
Powers of the Primitive Root —2 Modulo 23

blo|1|2)3]4|5|6]|7|819(10|11(12]13|14[15|16(17]|18}19|20]|21

gl 12114 |15(16|14]18]10| 3 |17|12(|22] 2 |19|8 | 7|95 |13]20} 6 |11

For example, we solve
x7 = 17(mod 23).

Looking at Table 3-2, we see that 17 = (—2)°(mod 23). We write x =
(—2y(mod 23). Then, x” = 17(mod 23) is the same as
(—2)” = (—2)°(mod 23)
or
7y = 9(mod 22).

We check easily that 7* = 19(mod 22) (noting that 3.7 = —1(mod 22)),
and so

y=19.9 = —27 = 17(mod 22).
Thus, x = (—2)!"(mod 23) is a solution to the original congruence. Again

using Table 3-2, we see that x = S(mod 23) is a solution. It is the only
solution. (Why ?)

Theorem 12 has the disadvantage that one must first find a primitive root
g mod p to calculate b. However, we may deduce from Theorem 12 the
following simple criterion which does not suffer from this defect:

Theorem 14 (Euler’s criterion): Let p be a prime and let a be an integer such
that p ¥ a and let n be positive. Set s = ged(n, p — 1). Then the congruence
x" = a(mod p) is solvable if and only if a»~1/* = 1(mod p).



94 Chap. 3 Congruences

Proof: Let g be a primitive root mod p and write a = g%(mod p).
First suppose that x* = a(mod p) has a solution x. Then

a'®P~V/s = (x®)P~ Vs = (x2~1)"s(mod p).

(Recall that s|n, so that n/s is an integer.) By Fermat’s Little Theorem,
x?~1 = 1(mod p), and so

a(p-l)/s = ln/s — l(modp).

Conversely, suppose that a»~!/* = 1(mod p). Then a = gb(mod p)
implies that

= a(p—l/.r = gb((p—l)/:)(modp)'

Thus, since ord,g =p — 1 (Theorem 3), we conclude from Proposition
4(ii), that

_11p2—1,
p— 16—

and thus b/s is an integer. That is, s | b, and so by Theorem 12, x" = a(mod p)
is solvable. |

Let us specialize Theorem 14 to the case n = 3. If p = 2(mod 3), then
p — 1= 1(mod 3),sothat3 yp — 1and gcd(3,p — 1) = 1. If p = 1(mod 3),
then 3|p — 1, so that gcd(3, p — 1) = 3. Thus, we derive the following
result:

Corollary 15: Let p be an odd prime, p # 3, and suppose that 3 } a. Then
the congruence

x3 = a(mod p)
is always solvable if p = 2(mod 3). If p = 1(mod 3), then the congruence is
solvable if and only if

a'?»~V/3 = 1(mod p).

Proof: Use Theorem 14. If p = 2(mod 3), the congruence is solvable if and
only if a?~! = 1(mod p), which holds by Fermat’s Little Theorem. [ ]

3.6 Exercises

1. Let n be a positive integer (not necessarily a prime), and a an integer
such that gcd(a, n) = 1. Define the order of a modulo n to be the least
positive integer k such that a* = 1(mod n) (write k = ord, a). Prove the
following analogues of the statements in Proposition 4:

(@) ord, a exists.

(b) ord, a divides ¢(n).

(¢) If @® = 1(mod n), then ord, a|v.
(d) ord,(a*) = (ord, a)/gcd(u, ord, a).
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2.

10.

11.
12.

13.

14.

15.

Determine ord, a where

(@ n=11,1<a< 10

(b) n=13,1<a<12.

) n=9a=1,2,4,5,17,8.

d n=12,a=1,5,7,11.

() n=15a=1,2,4,17,8,11, 13, 14.

Recall that Proposition 4 or Exercise 1 simplifies your work.

Let p be a prime. Prove that ord, a = 2 if and only if a = —1(mod p).
Is this result true if p is not a prime ?

Do Exercise 8 of Section 3 using the concept of order. That is, prove
that ord, a = n — 1 implies that » is a prime.

Prove that part (ii) follows directly from part (iii) of Proposition 4.
Prove Corollary 7.

Determine primitive roots for the following primes: p = 11, 13, 19,
23, 29.

Let p be a prime and let g be a primitive root mod p. For integers n > 1,
show that g" is a primitive root mod p if and only if gcd(n,p — 1) = 1.

Let p be an odd prime, p f a. Show that a?~V/2 = 4 1(mod p).

Let p be a prime. Let a be an integer such that p } a. Call a a quadratic
residue mod p if there is a solution to x2 = a(mod p). Otherwise call a
a quadratic nonresidue. Use Theorem 14 (Euler’s criterion) and Exercise
9 to show that the product of two quadratic residues or of two quadratic
nonresidues mod p is a quadratic residue mod p, whereas the product of
a quadratic residue and quadratic nonresidue is a quadratic nonresidue
mod p. Make up some numerical examples illustrating this result.

Use the existence of primitive roots to prove Wilson’s theorem.

Let p be a prime and let a be an integer such that p } a.

(a) Show that if ord, a = nm and gcd(n, m) = 1, then a = bc(mod p),
where ord, b = n and ord, ¢ = m (Use the note on p. 21.)

(b) Show thatif ord, a = n;n, - - - n, and the n, are pairwise relatively
prime, then a = b,b, --- b, (mod p), where ord, b, = n,. (Hint:
Use induction.)

Let p be a prime. Show there are ¢(p — 1) primitive roots mod p.
(Hint: Use Exercise 8).

Let p be a prime and let # be a positive integer such that n|p — 1. Show
that the number of integers @ mod p such that ord, @ = nis §(n). (Look
at Exercise 13).

(Indices) Let p be a prime and let g be a primitive root mod p. Then if a
is any integer such that p } a, we know that a = g'(mod p) for some



16.

17.

18.

19.

20.

21.

22.
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integer i, 0 < i < p — 1. Call i the index of a with respect to g mod p.

We write i = ind a when p and g are understood. Prove

(@) a= b(mod p) if and only if ind @ = ind b(mod p — 1).

(b) ind ab =ind @ + ind b(mod p — 1).

(¢) inda* = —ind a(mod p — 1), where a* denotes the arithmetic
inverse of a mod p.

Note the analogy between indices and logarithms.

Compute tables of indices fora =1, ..., p — 1 for the primitive roots
mod p you computed in Exercise 7.

Use the tables computed in Exercise 16 to compute the values mod p of

the following numbers (your answer should lie between 1 and p — 1):

(@ 5-6:7-8 = 2mod 11).

(b) 175-14°.921.25 = 2(mod 29).

() 154.(—8)10.411.2]1¢ = Y(mod 13).

Find all solutions of the following congruences:

(a) x5 = 13(mod 23).

(b) x'7 = 50(mod 23).

(©) 5x° = 43(mod 23).

(d) x°3 = 100(mod 23).

(e x!'°= §(mod 23).

(f) x2¢ = 10(mod 23).

(Note: Use Table 3-2.)

Let p be a prime. An integer a such that p } a is called a fifth power

residue if and only if the congruence x° = a(mod p) is solvable. Show

that

(a) If gcd(5, p — 1) = 1, then every integer is a fifth power residue.

(b) If 5|p — 1, then there are precisely (p — 1)/5 fifth power residues
mod p.

[l

Let p be a prime and let n = 1, a be integers. Give a formula for the
number of solutions of x» = a(mod p) (assuming there are solutions).

In Exercises 21-29 we shall determine precisely which moduli » have
primitive roots. By a primitive root mod » we mean an integer a such
that gcd(a, n) = 1 and ord, a = ¢(n). (See Ex. 1.) You should assume
the formula for ¢(n) given in Exercise 15 in Section 3.4. In these prob-
lems p denotes an odd prime.

Deduce the following congruence from the binomial theorem:
(a + p*by®* = a"?* + np‘a"**~'p*b(mod p2**%), k > 1.

(a) Let g be a primitive root mod p. Let r = g 4 pt. Show that there
is a ¢ such that
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%23,

24.
2s.

217.
28.

29.

31.

r*~1 =14 ps,
where p | s. Conclude that r is a primitive root mod p2.

(b) Conversely, show that if r is a primitive root modulo p2, then
r*~! =1 + ps for some s such that p } s.

Show that the integer » of Exercise 22 is a primitive root mod p* for all

integers k = 1. Do this in the following steps:

(@) Let m =ord,r. Show that m = p‘d, where { <k — 1 and
dlp—1.

(b) Looking at (r%)** mod p, show thatd = p — 1.

(¢) Using the formula r»~* =1+ ps(p/ts), show that { = k — 1.

(d) Notice by parts (a)-(c) and Exercise 22 that, if ris a primitive root
modulo p?, then r is also a primitive root modulo p* (k > 1).

Determine primitive roots mod 9, 27, 81, 243, 25, 125.

Let p be an odd prime and let r be a primitive_ root mod p*. If r is odd, let
s =r, and if r is even, let s = r + p*. Show that s is a primitive root
mod 2p*.

Find a primitive root mod 50 and 98.
Show that 2 and 4 have primitive roots.

Use Exercise 3.11 to conclude that if k¥ > 3, then there is no primitive
root mod 2%,

Now let n=p% --- p*. Let M = the least common multiple of

o), . - ., $(PF).

(a) Show that a™ = 1(mod n) for all a such that gcd(a, n) = 1.

(b) Show that in order for n to have a primitive root we must have
&(n) | M, so that n = 2p*, p*, 2, or 4.

Using the primitive root obtained in Exercise 24, solve the following

congruences:

(@) x'7 = 50(mod 81).

(b) 7x?5 = 10(mod 81).

Here is a method for computing a table of the powers of a(mod p). First

make a table:

1 2 ... p—l

a 2a -+ (p—1a (modp)

If a” = j(mod p), 0 <j < p — 1, we can find a'*! = gj(mod p) from
this table. Use this method to compute the powers of 13 modulo 23.
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3.7 Congruences—Some Historical Notes

We have gone through this chapter without previously discussing to any
serious extent the historical development of the theory of congruences. Let us
rectify this now.

The essential idea behind congruences was already used in the seventeenth
and eighteenth centuries, and many special facts concerning congruences were
noted. For example, the congruences of Fermat, Euler, and Wilson date from
this period. During the eighteenth century, further contributions were made
by Lagrange and Legendre. However, the real birth of congruences as a
coherent theory occurred in 1799, with the publication of Gauss’ Disquisi-
tiones Arithmeticae. It was Gauss who first systematically studied congruences
for their own sake and who introduced the convenient notation still in use
today. It also was Gauss who first posed the problem of solving the general
polynomial congruence

a, + a;x + a,x* + --- + a,x™ = 0(mod n).

In his Disquisitiones and in later works, Gauss made a study of the general
congruence as far as he could carry it, and then he launched into a deep study
of congruences of the first, second, third, and fourth degrees. To solve
congruences of the second degree, Gauss discovered and proved* the law of
quadratic reciprocity, which will be the topic of the next chapter.

Cubic congruences were studied further by Gauss’ star pupil Eisenstein,
who in the 1840’s proved a law of cubic reciprocity. Gauss, himself, proved a
law of quartic reciprocity, having to do with the solution of congruences of
the fourth degree.

Gauss’ work provided the direction which much of number theory took
for the entire nineteenth century. In an effort to reformulate and better
understand Gauss’ Disquisitiones, Lejeune Dirichlet wrote the definitive
treatise in 1863 entitled Virlesungen iiber Zahlentheorie. Over the years,
Dirichlet added supplements to various editions of his book.in order to
reflect current research. In a very famous supplement, Dirichlet’s successor
Richard Dedekind reinterpreted Gauss’ theory of congruences in terms of
ideals, which had been introduced by Ernst Kummer in connection with his
work on Fermat’s Last Theorem. Dedekind’s so-called Twelfth Supplement
provides the first organized treatment of the subject known today as algebraic
number theory. Thus, we see that Gauss’ work led in a quite direct manner to
the development of a whole new field of number theory.

*Actually parts of it were guessed by Euler, and the full law was conjectured by
Legendre, although Gauss was unaware of their work.
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Over the past fifty years, extensive research has been done on polynomial
congruences, especially congruences in several variables. This work is very
technical. Often simpleminded arithmetic questions about congruences in
several variables become inseparable from rather highbrow mathematics such
as algebraic geometry. Suffice it to say that congruences provide for extensive
research opportunities, even today.
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The Law of Quadratic
Reciprocity

4.1 Introduction

In Chapter 3, we devoted a considerable amount of time to a discussion of
the polynomial congruence

f(x) = O(mod m),

where f(x) is a polynomial in one variable and m is a positive integer. We
showed that if we could solve the congruence

f(x) = 0(mod p)

for every prime p dividing m, then we could solve the original congruence
modulo m. We then went on to discuss polynomial congruences modulo
primes and discovered a number of properties which greatly facilitate their
solution. However, when all was said and done, we gave no general method
for solving congruences modulo a prime or even for determining whether or
not a solution exists. (Of course, trial and error is a method which involves
checking only p cases for a congruence modulo p, but we have in mind a some-
what more enlightening method than just checking a complete residue system.)
The reason we gave no method for solving general polynomial congruences
is that no such method is currently known. Indeed, as we mentioned in the
preceding chapter, finding a general method for solving polynomial con-
gruences modulo a prime is one of the most important unsolved problems in
the theory of numbers. In general, the problem is not nearly solved. How-
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ever, if we restrict our attention to a special class of congruences, it is
sometimes possible to arrive at a satisfactory solution.

For example, we prescribed a method for solving linear congruences in
the last chapter. Let us recall our results. In the case of linear congruences,
f(x) = ax + b, where we may assume, without loss of generality, that p } a.
(Otherwise, our congruence is equivalent to the trivial congruence b =0
(mod p).) Then the linear congruence ax 4+ b = O(mod p) is always solvable
and there is precisely one solution modulo p. This solution is given explicitly
by

= —ba?~*(mod p).

(See the remark after Theorem 3.3.2). Thus, in the case of linear congruences,
we have the best of all possible worlds: A solution always exists, and we can
write down an explicit formula for the solution.

In this chapter, we shall discuss the next case in order of difficulty, namely
the one in which f(x) is a quadratic polynomial, say f(x) = ax? 4 bx + c.
It will turn out that the theory of the congruence

ax?® + bx + ¢ = 0(mod p) ()

is much more complicated than the theory of linear congruences. First, no
solution may exist. Second, even when it is known that a solution exists, it is
not easy to compute it explicitly. However, there are some affirmative state-
ments we can make. We shall describe a procedure for determining when
congruence (1) has solutions and when it does not. This procedure, which is
the main result of this chapter, makes use of Gauss’ Law of quadratic reci-
procity. We must emphasize, however, that although we shall always be able
to determine, via the reciprocity law, whether (1) is solvable, our procedure
will not give us any means better than trial and error for finding the solutions
when they exist.

The law of quadratic reciprocity is one of the most celebrated and impor-
tant results in all of number theory. In addition to its role in determining
whether congruence (1) is solvable, it turns out to be the key tool, often unex-
pectedly, for solving many number-theoretic problems. We shall meet some
of these applications in Chapter 6 and in the second half of this book.

Let us begin, then, by considering the general quadratic congruence

ax?* + bx + ¢ = O(mod p), (¥3)

where p is a prime. Without loss of generality, assume that p } a, for if
p)a, then congruence (2) is equivalent to the linear congruence bx + ¢ =
0(mod p), which can be handled as we described above. If p = 2, then it is
easy to solve (2) by trial and error. We leave the results to the exercises.
Henceforth, let us assume that p = 2. (Unfortunately, the discussion which
follows is not valid for p = 2.) Let us now try to solve (2) by imitating the
procedure used in high school algebra for solving quadratic equations,
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namely, completing the square. Let us then recall the procedure for solving
the equation
ax2+bx+c¢c=0,

where a, b, ¢ are any real numbers, a = 0. We write

axz+bx+c=a(x2+%x+%)

_ b \? c b2\
= “((" + z) T 472)
Thus, ax? 4+ bx + ¢ = 0 if and only if

<x+£)’__’i_£_b’ — 4dac,

2a)  4a: a = 4a*

Thus, in order to find x, we must look for the square root of (b2 — 4ac)/4a?.
In terms of the square root, x may be given as

_ —b+ /b*—4ac
N 2a

X

The last formula is the so-called quadratic formula of high school algebra.
From the quadratic formula, we see that the main difficulty in solving the
quadratic equation is in extracting the square root of 52> — 4ac. If b> — 4ac
= 0, then there exists a nonnegative real number « whose square is b*> — 4ac,
so that we may set & = »/b* — 4ac. However, if b> — 4ac < 0, then there is
no real number a whose square is b2 — 4ac. To extract »/b* — 4ac in the
latter case, it is necessary to use complex numbers. However, if b* — 4ac <0
and if we insist on solutions x which are real, then our original equations has
no solutions. The situation for quadratic congruences will be similar to that
for quadratic equations.
Let us now return to the quadratic congruence

ax?* + bx 4+ ¢ = O(mod p),

where a, b, ¢ are integers and p f a and p = 2. Let us mimic the method for
solving quadratic equations. The first step was to factor out a. Instead of 1/a,
we need the arithmetic inverse a* of @ modulo p. We can find such an inverse
since p } a (Proposition 3.2.8). Then a* has the property aa* = 1(mod p), so
that

ax® + bx 4+ ¢ =, a(x* + a*bx + a*c)(mod p). 3

The next step is to complete the square inside the parentheses of (3). To do
this, we need an inverse 2* for 2 modulo p. We can find such an inverse since
p #* 2. Infact, we may take 2* = (p 4 1)/2, since 2:2* = p 4 1 = 1(mod p).
Then

x% 4+ a*bx + a*c =, (x + 2*a*b)® + (a*c — 2*2¢*2b*)(mod p). (4)

(Multiply this out and check it.) Therefore, since p } a, Euclid’s lemma of
Chapter 2 together with (3) and (4) imply that ax? 4+ bx + ¢ = O(mod p) if
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and only if
(x + 2*a*b)* = 2*2g*2b?> — a*c(mod p). ©)
Set y = x + 2*a*b, d = 2*%a**b* — a*c. Then we can solve our original
congruence for x if and only if we can solve the congruence
y*=d(mod p)
for y.
Example 1: As an illustration of the above technique, let us solve
5x% 4+ 9x 4+ 11 = O(mod 13). ©6)
Note that since 8-5 = 1(mod 13), an inverse of 5 modulo 13 is 8; i.e., we may
choose 5* = 8. Therefore, (6) is equivalent to
8.5x% 4+ 8-9x + 8-11 = O(mod 13)
or
x? 4+ 7x + 10 = O(mod 13). @
Then an inverse of 2 modulo 13 is 7, so that (7) is equivalent to
(x+ 77+ 10 — (7-7)* = O(mod 13)
or
(x 4+ 10)> = —1(mod 13).

Setting y = x 4 10, we see that the problem of solving (6) is reduced to
solving
y2 = —1(mod 13). @®

Therefore, we need to find the square roots of —1 modulo 13, if any exists.
We can resort to trial and error. (Or, we can observe that since 13 =
1 (mod 4), Theorem 3.3.5 implies that ((13 — 1)/2)! = 6! has the property 6!2
= —1(mod 13).) In any case, we observe that y = +5(mod 13) are two
solutions of (8), and by Corollary 3.5.9, (8) can have at most two solutions, so
y = 45(mod 13) are the only solutions of (8). Thus,

x=y—10= —5, —2(mod 13)
are the solutions of the congruence (6). Indeed,
5:(=5)% +9.(—5) + 11 = 125 — 45 + 11 = 91 = O(mod 13).

The reader should check that x = —2(mod 13) also is a solution.
Note that if we replace (6) by

5x2 + 9x + 9 = O(mod 13),
then there would be no solutions since (8) would be replaced by
y? = 2(mod 13),
which has no solutions. (Check this.)
The point of our discussion is that in order to solve the congruence
ax* 4+ bx + c=0modp), pflap+2,
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it always suffices to solve a congruence of the type
| »* = d(mod p). ©
The remainder of this chapter will be devoted to a discussion of congru-
ence (9). The point is that (9) is much simpler to deal with than the general
quadratic congruence and, moreover, that the Law of Quadratic Reciprocity
will yield a very simple, computationally viable procedure for determining
whether or not (9) has a solution. We shall delay stating the Law of Quadratic
Reciprocity for now, and we shall also postpone a discussion of its long his-
tory until we have developed a little more background.

4.1 Exercises

1. Reduce each of the following congruences to a congruence of the form
x? = a(mod p):

(@) 2x2 + x + 3 = O(mod 5).
(b) 8x% + 5x + 2= 0(mod 7).
(© 4x? + 2 = 0(mod 17).

(d) 14x? + 8x + 7 = O(mod 23).
(e) 3x%*+4 x4+ 9= 0(mod 11).

2. Solve parts (a)—(e) of Exercise 1 by using the results of Exercise 1 and by
testing a complete residue system. (Proper choice of the complete resi-
due system and a few observations should considerably lighten the
computational burden.)

3. Let n be any odd positive integer (not necessarily prime). Show that the
congruence ax* 4+ bx 4 ¢ = 0(mod n) can be reduced to a congruence
of the form x2 = d(mod ») provided that gcd(a,n) = 1.

4. Solve the following congruences:
(a) x2?=2(mod 15).
() 3x% + 2x 4 5= O(mod 22).

5. Show that the general cubic congruence ax® + bx? 4+ cx + d = O(mod
p) can bé reduced to a congruence of the form x* 4+ rx + g = 0(mod p)
provided that p = 3 and p } a.

6. Let a be an odd integer. Completely determine all solutions of the
congruence ax? + bx + ¢ = O0(mod 2).
4.2 Basic Properties of Quadratic Residues

Let us now initiate a study of the congruence
x% = a(mod p), )
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where p is any odd prime and a is any integer. As we have seen in Section 1,
all quadratic congruences modulo p can be reduced to congruence (1).

If a = 0(mod p), then we have seen that the only solution to (1) is
x = 0(mod p). Therefore, let us henceforth assume that p }a. For some
values of a, (1) will have a solution, whereas for some other values of a, (1)
will have no solution. Let us distinguish between these two sorts of a.

Definition 1: Let p be a prime, and let a be any integer such that p f a. We
say that a is a quadratic residue modulo p provided that

x% = a(mod p)
has a solution. Otherwise, we say that a is a quadratic nonresidue modulo
p.

Suppose that p is given. Let us consider the problem of determining all
quadratic residues modulo p. If a is a quadratic residue modulo p, then p } a
and a = x*(mod p) for some x. However, since any integer is congruent to
one of 0, 1, ..., p — 1(mod p), we see that a must be congruent to one of

12,22, ..., (p — 1)*(mod p).
If pis not too large, then this procedure can actually be used for computation.

Example 2: Letp = 13. Then ais a quadratic residue modulo 13 if and only
if a is congruent to one of 12, 22, ..., 12%(mod 13); that is, a is a quadratic
residue modulo 13 ifand only ifa = 1, 4, 9, 3, 12, 10, 10, 12, 3, 9, 4, or 1(mod
13). Thus, the quadratic residues modulo 13 are 1, 3, 4, 9, 10, 12. Hence, the
quadratic nonresidues modulo 13 are 2, 5, 6, 7, 8, 11.

Note that in Example 2 the initial list of quadratic residues we obtain is
symmetric, with each element of the list appearing exactly twice. This is a
general phenomenon. Indeed, we have p — x = —x(mod p), so that (p — x)?
= (—x)*(mod p), and thus

(p — x)* = x*(mod p). ()
Therefore, if a is a quadratic residue modulo p, then a is congruent to one of

12,2, .., (1’2;1>z(mod ).

Lemma 3: Suppose that p > 2 is. a prime and a is a quadratic residue
modulo p, p } a. Then the congruence x* = a(mod p) has exactly two dis-
tinct solutions.

Proof: By the general theory of polynomial congruences the congruence
x2 = a(mod p) has at most two solutions (Corollary 3.5.9). Since a is a quad-
ratic residue modulo p, there exists x, such that x2 = a(mod p). Moreover,
since p } a, we have p } x,. Now (—x,)? = x}(mod p) = a(mod p), so that
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—X, is also a solution of the congruence x* = a(mod p). Moreover, x, £
—x,(mod p), since p > 2 and p } x,. Therefore, the solutions x, and —x, are
distinct, so that there are at least two solutions. We have proved that there are
at most two solutions, so there are exactly two distinct solutions. [ ]

We proved above that every quadratic residue modulo p is congruent to
one of

12,22, ..., (pT_l>z(modp).

Actually no two of these numbers can be congruent modulo p, for if x3 =
y3(mod p) for 1 < xy < yo < (p — 1)/2, the congruence x? = a(mod p) with
a = y? has the solutions x = x,, y,, p — X, (Eq. (2)). Moreover, these solu-
tions are distinct (exercise). However, the congruence cannot have three dis-
tinct solutions by Lemma 3. Therefore, x2 == y2(mod p), and no two of the

integers
2 92 p —1\?
1,2,...,( > )

can be congruent modulo p. As a consequence of what we have just proved,
we note that a quadratic residue modulo p is congruent to one and only one

of the numbers
2 92 P—lz,
1,2,...,( 5 )

Let us summarize our observations in a proposition.

Proposition 4: Let p be an odd prime, p } a. Then a is a quadratic residue
modulo p if and only if a is congruent to one of

12,2, ..., (PT—I) 6)

modulo p. No two of the integers (3) are congruent modulo p. Hence, among
the integers 1,2,...,p — 1, precisely (p — 1)/2 are quadratic residues
modulo p and precisely (p — 1)/2 are quadratic nonresidues modulo p.

We shall find the following notation very convenient:

Definition 5: Let p be an odd prime and a an integer such that p } a. Let us

define the Legendre symbol (%) as follows: Set
(a ) _ [+ if a is a quadratic residue modulo p,
p/ -1 if a is a quadratic nonresidue modulo p.

The reader should not confuse the Legendre symbol (%) with the frac-

tion a/p. From our above calculation of the quadratic residues modulo 13
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(Example 2), we see that

Moreover, since 18 = S(mod 13) and 5 is a quadratic nonresidue modulo 13,
so is 18, and thus
=1

The Legendre symbol was first introduced by the French mathematician
Legendre in the eighteenth century in order to facilitate computations with
quadratic residues. In fact, we shall state the quadratic reciprocity law in
terms of the properties of the Legendre symbol. Let us first establish some
clementary properties of the Legendre symbol.

Proposition 6: Let p be an odd prime and let a and b be integers such that
Pt aand p } b. Then the following results hold:

o ()
(ii) (’%) —1.
(iii) If a = b(mod p), then (%) - (%)

Proof:
(i) The conguence x2 = a%(mod p) has as a solution x = a.
(ii)) Set a = 1 in result (i).
(iii) If a = b(mod p), then the solutions of x> = a(mod p) are the same
as the solutions of x2 = b(mod p). Therefore, the first congruence has

solutions if and only if the second does. Thus, (%) = (i)

p |

The properties of the Legendre symbol given in Proposition 6 are very
elementary. However, a property of the symbol which is by no means obvious
is the following result:

Theorem 7 (Euler’s criterion): Let p be an odd prime and let a be an integer
such that p } a. Then

(%) = a»~Y/2(mod p).

Proof: By Fermat’s Little Theorem (Theorem 3.3.1), we have (a#~1/2)2
= g?~! = 1(mod p). Thus, if A= a» 172, then h?= l(mod p), and so
p|(h — 1)(h + 1). Therefore, p|h — 1 or p|h+ 1, and hence h = a»~1/2

= +1(mod p). Now, p is odd, and thus Theorem 3.6.14 implies that (%)
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= +1 if and only if a*»~V/2 = 1(mod p). Consequently, (%-) = 41 if and
only if a»~V/2 = +1(mod p), respectively: [ ]

Theorem 7 is due to the Swiss mathematician Leonhard Euler, who
proved it in 1755. Euler’s criterion will be an extremely useful technical device
in proving various properties of the Legendre symbol. However, as far as
yielding a simple test for determining the solvability of x?= a(mod p),
Euler’s criterion leaves much to be desired, for to use Euler’s criterion, we

would need to compute a?~!”/?(mod p) in order to determine (%) However,

let us now demonstrate two easy consequences of Euler’s criterion, which
should suffice to demonstrate its usefulness.

Corollary 8: Let p be an odd prime, and let a and b be integers such that
pta,ptb. Then
ab) _ (4)(L).
(7) - ( p )( p )
Proof: By Euler’s criterion

(%) = (ab)?~ 12 = g P-V/2p>-1/2 = (%)(%)(mod D).

Since the numbers (a??) and (i) (%) can be equal only to 1 or —1 and since

14
they are congruent modulo p with p > 2, we see that

N @)- ()8 .

It is an immediate consequence of Corollary 8 that (i) the product of two
quadratic residues modulo p is a quadratic residue modulo p, (ii) the product
of two quadratic nonresidues modulo p is a quadratic residue modulo p, and
(iii) the product of a quadratic residue and a quadratic nonresidue is a quad-
ratic nonresidue.* These results are at once striking and also very useful. Let
us check these facts with a numerical example modulo 13. (See Example 2.)
By our previous calculations, 3 and 12 are quadratic residues modulo 13, and,
indeed, 3-12 = 36 = 62%(mod 13) is a quadratic residue. However, 2 and 5
are quadratic nonresidues, and 2-5 = 10 = 62(mod 13) is a quadratic resi-
due. Finally, 7 is a nonresidue, and 10 is a residue, and indeed, 7-10 = 70
= 5(mod 13) is a nonresidue.

*Note that (i) and (iii) are easy to prove directly. However, (ii) uses the full strength of
Corollary 8.
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Another consequence of Euler’s criterion is a result which we proved in
Chapter 3, although we did not state it then in terms of quadratic residues or
Legendre symbols. Namely we have the following result:

Corollary 9: Let p be an odd prime. Then
—1
= (—1)*-1/2,
(F)=cD

(—1) _{+1 if p = 1(mod 4),
p/ |=1 if p=3(mod4).
Proof: By Euler’s criterion,

<:p_l> = (—1)?~Y/2(mod p).

In other words,

Therefore, since <:pl—) =41 and since p > 2, we have the desired
result. |

Note that Corollary 9 is equivalent to Theorem 3.3.5. Fermat knew of
Corollary 9 in the early seventeenth century. However, it was first proved,
only with great difficulty, by Euler in 1749. Since Euler did not discover his
simple criterion until 1755, he had to devise other methods to prove Corol-
lary 9. These other methods were very laborious. It was not until 1773 that
Lagrange observed that one could write down explicitly the square root of
—1(mod p) for p = 1(mod 4), namely ((p — 1)/2)!, using Wilson’s theorem.
Thus, our earlier proof of Corollary 9 is due to Lagrange.

Let us conclude this section with a few examples of the properties of the
Legendre symbol we have proved, as well as a few comments.

Example 10: By Proposition 6, part (i), Corollary 8, and Corollary 9, we

have
—a? —1\/a? —1
=(—J)—) = = 1)e-v/2,
5)-F)EF) - F)=c
Therefore, the congruence x2 = —a?(mod p) is solvable if and only if
p = 1(mod 4).

Example 11: Can we solve the congruence x? = 19(mod 23)? Well, since
19 = —4(mod 23), we have

B)-G)-@)E -+
since 23 = 3(mod 4). Thus, x? = 19(mod 23) is not solvable.

Example 12: How do we go about computing ( ) for p ¥ a? Suppose that

a=+p% ... p* where p,,...,p, are distinct primes. Since p } a, we see



110 Chap. 4 The Law of Quadratic Reciprocity

that p # p,. Then by Corollary 7, we have

a) _ (E£1)(ea)" ... (&)“.

(5)=G)E) & “
Thus, for example, if p = 5 and a = —24, then

—24 —1\/2\3/3
)= G)
=1.(-1)*(—1)=1.

The point of the representation (4) is that it shows that in order to compute
(%) it suffices to be able to compute (%) where p and q are distinct primes.

This is precisely what the law of quadratic reciprocity will allow us to do.

4.2 Exercises

1. Show that the congruence x? = 0(mod p) has only one solution mod p.
2. Determine all the quadratic residues and quadratic nonresidues modulo

p for

@ p=5.
b) p=1
© p=11.
@ p=17

3. Compute the following:

@ (3) © (7))
® (§)- ® (&)
© (7) ® (7)
@ (q7) ® (57)

4. Use the results of Exercise 2 to verify that

® (3)(3)=(5)
® (7)) - (77)
5. Check numerically that

(%) = 617-1/2 (mod 17).

6. Prove that a primitive root modulo p cannot be a quadratic residue
modulo p.
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7.

10.

11.

12.
13.

14.

15

*16.

Show that the congruence x2 = a(mod p) (p f a) has either two solu-
tions or none by using the existence of a primitive root modulo p.

Solve the congruence x2 = 38(mod 47). (Hint: 38 = —9(mod 47).)

Suppose that » is a positive integer and that n = m2k, where k is not
divisible by any perfect square. (k is called the square free part of n.)

Show that if p } n, then
(3)-G)

Let p be an odd prime. Define quadratic residues and quadratic non-
residues modulo p® in the obvious way. Show that the product of two
quadratic residues modulo p° is a quadratic residue, the product of two
quadratic nonresidues is a quadratic residue, and the product of a quad-
ratic residue and a quadratic nonresidue is a quadratic nonresidue.
(Hint: By Exercise 3.6.23 there is a primitive root mod p°.)

Show that the results of Exercise 10 are not necessarily true if p® is
replaced by an arbitrary integer n. (Hint: Look at modulo 15.)

Show that the sum of the quadratic residues modulo p is divisible by p.
Show that for an odd prime p

L) (2)4. +(P;1)=0
( 7)) 5 p '
Prove Proposition 6, part (iii), using the Euler criterion.
For Exercises 15 and 16,* note the following: Let p be an odd prime.
We showed that there are (p — 1)/2 quadratic nonresidues mod p and

there are ¢(p — 1) primitive roots between 0 and p — 1. Also, by
Exercise 6, every primitive root is a quadratic nonresidue.

(a) Suppose that p = 2g 4 1, where g is an odd prime. There are g
quadratic nonresidues and g — 1 primitive roots. Therefore, the
primitive roots are exactly the quadratic nonresidues with one
exception. Show that 29 = —1(mod p) is the exception.

(b) Use part (a) to calculate the primitive roots modulo 7, 11, 23, 47.

Let p be an odd prime. Show that the number of quadratic residues
modulo p” (i.e., integers a for which the congruence x? = a(mod p*) is
solvable) equals

pn+l __p
G F D) 41, neven

prt—1_,4 dd
prn th modd

*The authors would like to thank Dr. John Hemperly for pointing out these exercises.
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4.3 The Gauss Lemma

Let us now give a criterion for a given integer a to be a quadratic residue
modulo a prime p. The criterion we shall establish is a rather remarkable one,
due to Gauss. At first it will look very strange. Indeed, it took Gauss 10 years
to discover this property of quadratic residues. It is by no means obvious that
it ought even be true. However, not only is it correct, but it will provide us
with the key to an elementary and relatively simple proof of the quadratic
reciprocity law. Let us state Gauss’ criterion.

Theorem 1 (Gauss’ lemma): Let p be an odd prime and let a be an integer
such that p } a. Look at the list of integers a, 2a, 3a,..., ((p — 1)/2)a.
Replace each integer in the list by the one congruent to it modulo p which
lies between —(p — 1)/2 and (p — 1)/2. Let v be the number of negative
integers in the resulting list. Then

)=

Before we proceed with the simple proof, let us look at an example.

Example 2: Let us work again with p = 13, so that (p — 1)/2 = 6. Let
a = 5. Then we look at the list

5, 10, 15, 20, 25, 30.
By subtracting an appropriate multiple of 13 from each element in the list,
we ensure that all remainders lie between —6 and 6 and replace the list by
5, —3, 2, —6, —1, 4.
Then v = 3 and (¥5) = (—1)* = —1. If a = 3, then we look at
3, 6, 9, 12, 15, 18,
which are replaced by
3, 6, —4, —1, 2, 5,

and so v = 2 and ({5) = (—1)* = 1. These results coincide with what we
observed in Example 2.2.

Proof of Theorem 1: First observe thatif k = k' and 1 < k, k' < (p — 1)/2,
then
ka == k'a(mod p)
and
ka £ —k'’a(mod p).
Indeed, if ka = k’a(mod p), then k = k’(mod p). But then k =k’, since
1<k, k' <(p—1)2, which is a contradiction. On the other hand,
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if ka= —k'a(mod p), then k 4 k'’ =0 (mod p). However, since 1<
k,k' <(p—1)/2,wehave 1 < k + k' < p, so that k + k’ 5= O(mod p).

For each k such that 1 <k < (p — 1)/2, let r, be the replacement of
ka(mod p). That is, choose r, such that

_p—1 p—1
I e

r, = ka(mod p).
Then the replaced list referred to in Gauss’ lemma is just

FisFaseeosFp-1y/2- (*
Assume that k = k’. From our reasoning above, we have r, == r,.(mod
p

and r, £ —r.(mod p), so that r, = +r,. In other words, |r.|# |re|.
Since there are (p — 1)/2 numbers

[rels .5 |-l
lying between 1 and (p — 1)/2 and they are all different, they must consist of
the numbers 1, 2, . .., (p — 1)/2, in some order. Therefore, since the list (x)
has v negative entries, we have

Firy e r(p—l)/?.:(_l)vl'z"'pT_l' 6))
On the other hand, since r, = ka(mod p), we have
Py P = aa) - - (p ; la)E a?~v2.1.2 ... pT_l(mod D).

@)
Comparing (1) and (2), we have

(=1y-1-2 ... PT—I = q@-1/2.1.2 ... pT_l(modp),

so that, cancelling the factor 1-2 -- - (p — 1)/2, we have
a®?~V2 = (—1)"(mod p). €)]
Now by Euler’s criterion (Theorem 2.7) and (3), we see that

(i) = (—1)"(mod p).

p
(5)-cv
since p > 2. |

Thus,

Let us now give examples of how the Gauss lemma may be used to calcu-
late (l) .
p
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Example 3: Let us begin with a simple example. Let us apply Gauss’ lemma
to show (for the third time) that

(:1_) = (—1)@-vr2,

p
Here a = —1, and we look at the list
1.(=1),2:(=1),...,2=1 . (—D).

2

All these numbers are negative and lie between —(p — 1)/2 and (p — 1)/2,
Therefore, v = (p — 1)/2, as desired.

Example 4: Let us now do the less trivial example (—127) Herea =2,and we
look at the list

12,2:2,3:2,..., 2 1.2
All these numbers lie between 1 and p. Moreover, it is clear that those that
become negative when replaced are those lying between p/2 and p. (Carry out
explicit calculations for p = 13, 17 if you do not see this.) Therefore, v is the
number of integers k such that

s
IA

2k <p,
or equivalently,

P
<k< 5

Write p = 8m -+ r, where 0 < r < 8. Since p is odd, we must have r =1, 3,
5, or 7. Thus, we must count the number of integers k such that

o

r r
We merely check the four possibilities for . When r = 1, we want to count the
k such that
2m+i<k<d4m+ i,

and these integers are 2m + 1, 2m + 2, ..., 4m. Thus, there are 2m of
them, and v = 2m. In particular, we see that when p = 1(mod 8), then
v = 2m is even, and so

2
Z)=(=1y=(=1p"=1.
(5)=Cv=cDn

If r = 3, then the range for k is
2m+3<k<dm+ 3,
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and thus the relevant values of k are 2m + 1, ..., 4m, 4m + 1. Therefore,
v=2m+ 1is odd, and (%) = (—1)* = —1. For r = 5, the range is

giving k=2m+2,...,4m+ 2, and so v =2m + 1. Therefore, if

p = 5(mod 8), then (%) = (—1)?»*! = —1. Finally, r =7 gives 2m + }

<k<dm+Zor k=2m+2,...,4m+2, 4m+3, or v =2m + 2.
Thus, p = 7(mod 8) implies that (—i-) = 1. Thus, we have completely deter-

mined the value of (%)for all odd primes p. Let us summarize our result in a

separate theorem, since our present result is usually stated as part of the Law
of Quadratic Reciprocity but will not follow from our reasoning to be given
in Section 4.

Theorem S5: Let p be an odd prime. Then
(%) —+1  ifand only if p = 41(mod 8)

(l) ——1 ifand onlyif p = +5(mod 8).

p
Thus, for example, (#) = —1 and (%) =1 as 13 = 5(mod 8) and
17 = 1(mod 8).
If p = +1(mod 8), then (p?> — 1)/8 is even, whereas if p = 4-5(mod 8),
then (p* — 1)/8 is odd. Therefore, Theorem 5 may be rewritten in the form

Corollary 6: Let p be an odd prime. Then

(%_) = (—1)@*-v/8,

The net goal of this chapter is to give a criterion for determining whether
or not the congruence x2 = a(mod p) is solvable. And such a criterion just
amounts to specifying a method for calculating the Legendre symbol (—%—) .

We shall demonstrate with two rather lengthy examples that the Gauss
lemma provides such a method. These examples are worthwhile even though
the Quadratic Reciprocity Law will supersede them, since Gauss’ lemma is
the crucial ingredient in the proof of that law. We hope that the examples will
give further insight into the behavior of the Legendre symbol.

Example 7: Let a = 3, and let p be an odd prime such that p } a. Then p
must be greater than 3. We shall determine (%) We saw in Example 4 (for
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a = 2) that the value of (%) depends on the residue class of p modulo 8.

Similarly, the value of (%) depends on the residue class of p modulo 4a = 12,

In the Gauss lemma, we look at the list

1.3,2:3,3.3, ... ,PT‘I .3
All these numbers lie between 1 and 3p/2. When the list is replaced, it is clear
that the integers between 1 and p/2 will be replaced by positive integers,
those between p/2 and p will be replaced by negative integers, and those be-
tween p and 3p/2 will be replaced by positive integers. Therefore, v = the
number of integers k such that

3k<p

]
IA

or

o
IA

P,
k$3

Write p = 12m + r where* r = 1, 5, 7, or 11. Then v is the number of inte-
gers k such that

2m+%gkg4m—l——;—.

If we check the values r = 1, 5, 7, 11 explicitly and reason as in Example 4,
we derive the results in Table 4-1. Thus, for p > 3,

(%) — 41 ifandonlyif p= -1(mod 12).
TABLE 4-1
3
Value of (;), p>3
. 3
r Range of k v Parity of v (7)
1 2m + 1to4m 2m Even +1
5 2m+1todm + 1 2m +1 0dd -1
7 2m+ 2todm + 2 2m+1 0dd -1
11 2m+2tod4m + 3 2m +2 Even +1

*Ifr=0,2,3,4,6,8,9, 10, then p = 12m + r would not be prime for m > 1, and for
m = 0 could be prime only for r = 3, but p = 3 has been excluded.
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Before we do a more elaborate example, let us make a few general obser-
vations. First, observe that we do not need to determine v explicitly. We need
only know whether v is even or odd. That is, we must determine the parity
of v. ’

Next, we observe that a positive integer n with p t n will be replaced by a
negative number when it is reduced modulo p to lie between —(p — 1)/2 and
(p — 1)/2 if and only if

£ <n<yp
or

3Ip<n<2p
or

3p<n<3p,

and so forth. To put it another way, » is replaced by a negative integer if and
only if there is an integer # > 1 such that

2t—1

2

Since 2t — 1 and p are odd, we see that (2¢ — 1)p/2 is not an integer, and thus
it will be necessary to count the number of integers k such that o < k < B,
where ¢ and § are given real numbers and « is not an integer. We shall now
prove a lemma (Lemma 9), collecting all the facts we need to facilitate the
determination of the parity of the number of such integers.

p <n<tp.

Definition 8: Let o be a real number. Let us denote by [«] the largest integer
< a. Therefore, [3] = 3, [n] = 3, [4I] = 6. Also, given any real number «,
let &, = a — [&], so that 0 < &, < 1. Then a, is called the fractional part of .

Lemma 9: Let o and § be real numbers, o not an integer, & << 8. Then
(i) The number of integers k such that « < k < B is [B] — [«].
(ii) If nis an integer, then [# + B] = n + [B).
(iii) If n, < n, are integers, then the number of integers k satisfying
2n, + oo < k < 2n, + B and the number satisfying & << k < B have the
same parity.

Proof:
(i) These integers k are precisely [a] + 1, [@] + 2, ..., [B] (since & is not
an integer), and there are [] — [«] of them.
(i) Let B, = B — [B] be the fractional part of f. Then n+ f =
(n + [B]) + B, and n 4 [B] is an integer, so the assertion is clear.
(iii) By parts (i) and (ii), the two numbers of part (iii) are [2n, + S]
— [2n, + &] = 2n, + [B] — 2n, — [a] and [B] — [«], which clearly have
the same parity. H

Let us close with a fairly complicated example.
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Example 10: Let us compute (%) for all primes p = 2, 7. Analogous to
Examples 3, 4, 7, the answer will depend on the residue of p modulo
4.7 = 28. In Gauss’ lemma, we look at the integers

7.9, p—1,
1.7,2.7,..., ) 7.

We must determine the parity of the total number of integers in the intervals

%gksp,

3p <Tk <2p,
30 < Tk < 3p.

These are the only intervals to be considered since 1 < k < p/2 implies that
7k < 7p/2, and the next interval beyond those given would be

Ip < Tk < 4p,
which lies outside our range for 7k. Thus, the three intervals for k are

y2 P,
w=k=3

%P < k<3p,

12 < k<3p.
Write p = 28m -+ r, where r is one of the 12 numbers 1, 3, 5, 9, 11, 13, 15,17,
19, 23, 25, 27. Then our intervals for k are

r r
2m+ﬁ£k£4m+7,

6m+3—r<k38m+27’,

14—
5r 3r
10m+1—4£k312m+—7—-

By Lemma 9, part (iii), we get the same parity if we count the total number of
integers in the three intervals

IA
a-
IA

=¥ =¥ ®
IA
™
'A

IA
>
A
<Y QY S~

Now we simply check the 12 values of r. For example, if r = 1, then there are
no k’s in any of the intervals, and thus v = O(mod 2) is even. Or if r =13,
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there is precisely one k in each of the three intervals (k = 1, 3, 5, respec-
tively), and thus v = 3(mod 2) is odd. The results are tabulated in Table 4-2.

TABLE 4-2
7
Value of (7)
— s 7
p = r(mod 28) | Number of £’s v (—)
p
1 0 Even +1
3 0 Even +1
5 1 0Odd —1
9 2 Even +1
11 3 Odd —1
13 3 Odd -1
15 3 Odd -1
17 3 Odd -1
19 4 Even +1
23 5 0Odd —1
25 6 Even +1
27 6 Even +1

4.3 Exercises

1. Use Gauss’ lemma to compute

@@ ¢ © G-
® &% @ .

2. Show that (%3) — 1ifand only if p = 1(mod 3).

3. Prove Corollary 6.

4. Write a computer program to determine (%) using the Gauss lemma.
5. Use the Chinese Remainder Theorem and the results of Sections 3.4 and

4.3 to determine all positive integers » such that x2 = 2(mod ») has a
solution.

6. Use the Gauss lemma to determine
5
® (3)
11
® (3)
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7.

10.
11.

*12.

13.

14.

Chap. 4 The Law of Quadratic Reciprocity’

Use the facts in Section 4.3 as well as Exercise 6 to show the following
facts:

© G
o G
© (3
@ (5) =) =21,

(a) Prove that if p and g are primes such that p = q(mod 20), then

)-6)

(b) Prove that if p and g are primes such that p = g(mod 44), then

)~

Suppose that p, g are primes and that a is one of 3, 5, 7, 11. Show that if
p = —q(mod 4a), then
a a
)= ()

Evaluate [7.1], [5/2], [22/13], [—1.8], [e], [v/'5 ], [=°].

Show that the number of integers n such that & < n < §, where o and
p are real numbers and « is an integer, equals [f] — [a] + 1 =[f]
—a+ 1

Show that there are an infinite number of primes p = +1(mod 3) and an
infinite number congruent to —1(mod 3). (Hint: For p = —1(mod 3),
generalize Euclid’s proof of the infinitude of primes as follows: Sup-
pose that there are only a finite number, say p,, ..., p,. If ¢t is odd,
look at p, --- p, + 3. If ¢ is even, look at p, --- p,+ 1. For p=1
(mod 3), reason in the same way, except look at (p; --- p)?* + 3 and
use Exercise 2.)

@9 (p#2,5).
=0 (E) (=23,

— (_l)w-n/z(%) (p#27).

Let x be any positive number and let n be a positive integer. Show that

[£1-(3)

Let n be a positive integer. Show that the exact power of the prime p

dividing n! is
w [ n
Z 1+

(Note that after a certain point all terms of the series are zero.)
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15.

*16.

17.

18.

19.

*20.

21.

22.

Show that for a given positive integer » all the binomial coefficients ( ;’ )
(0 < j < n) are odd if and only if n is of the form 2% — 1.
(Eisenstein) Let m, n be odd positive integers, m = 1, n %= 1. Show that

(m=1)/2 nx (n_l)/Z [my] m_l n— 1

x=1

(Hint: Draw an m X n square in the first quadrant of the plane, with
one vertex at (0, 0) and the axes as sides. Draw the diagonal and count
points with integer coordinates below the diagonal.)

Show that the number of points (x, y), with x, y positive integers, which
lie on or below the hyperbola xy = nis just 2 Y ,c,<v3ln/x] — [/ n 2.

Compute the number of points (x, y), with x, y integers, which are
within or on the circle x? 4 y% = nin terms of the function[ ].

(Eisenstein) Let x, n be positive, # an integer. Show that
W+ [x+ 5]+ [x+ 2]+ n_l
n n
Let a, b, m be integers and assume that gcd(a, m) = d. Show that

3]+ [25 ) (ot - o

_(a—Dm—1  d—1,,
- 2 + 2 +b r,

= [nx].

where b =qd +r,0 <r <d.

(a) Show that if A, k, £ are positive integers, then [2h/k] + [2€/k] >
[h/k] + [€/k] + [(h + /K]
(b) Show that

(2m)!(2n)!
m!n!(m + n)!

is an integer.
Let p be a prime of the form 4 + 1, g a prime: Examples are p = 13,
29, 53. Show that 2 is a primitive root modulo p by the following
argument: By direct checking, we may assume that p > 16.
(a) Show that (%) = —1.
(b) Show that 229 = —1 (mod p). (Hint: Use the Euler criterion.)
(c) Show that (%) = —1.

(d) Conclude that 2 is a primitive root modulo p. (Hint: What are
the possibilities for ord, 27?).
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4.4 The Law of Quadratic Reciprocity

We now come to the main topic of this chapter, the Law of Quadratic
Reciprocity. As we have already stated, the Law of Quadratic Reciprocity will

give us a method for calculating the Legendre symbol (—;-) and thereby for

determining whether the congruence x? = a(mod p) can be solved. Euler,
after extensive numerical calculation, was able to conjecture the law by

computing (%) for many specific values of @ and p. In the examples of the
last section we computed many special cases of (%) Indeed we have more

data there than Euler did since we computed (%) fora=—1,2,3,7,andall
primes p. (Of course, Euler did not have the Gauss lemma at his disposal.)
Let us examine our data for (l) > (i) and (l), and let us retrace Euler’s
p p 14

reasoning. (Look at Theorem 3.5 and Examples 3.7 and 3.10, respectively.)
First, we note that in all cases we computed, the precise value of p is not

needed to compute (%), but rather only the remainder left when p is divided

by 4a. In other words, if p and ¢ are primes and p = g(mod 4a), then (—;-)
= <i)
q

Second, we observe that Tables 4-1 and 4-2 are symmetric about their
respective centers. That is, (%) has the same value for the remainders r and
4a — r. To put it another way, we observe that if p and g are primes and
p = —q(mod 4a), then (%) - (%)

Do the properties we have observed on the basis of our calculations per-
sist as general properties of the Legendre symbol (%)? Euler conjectured

that they do, and this is precisely the content of the Law of Quadratic Reci-
procity, which we shall now state.

Theorem 1 (Law of Quadratic Reciprocity—first form): Let a > 1 be a fixed
integer. For a prime p such that p } 4a, write p =4am +r, 0 <r < 4a.

Then (%) depends only on the remainder r and not on p. Moreover, (%)

assumes the same value for the remainders r and 4a — r.
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Euler was not able to prove his conjecture, however. Gauss, working
without any knowledge of Euler’s work, rediscovered Euler’s conjecture and
supplied the first proof. Gauss’ work was done by the time he was 19 and first
appeared in his famous and extremely influential book Disquisitiones Arith-
meticae, published in 1799. (An English translation has recently appeared in
paperback.*) Gauss’ original proof of the Law of Quadratic Reciprocity was
very complicated and used a double induction. However, Gauss was so
fascinated by the result that he continued his investigations and eventually
provided seven proofs of the Law of Quadratic Reciprocity. The theorem has
continued to fascinate number theorists, and by now there are several hun-
dred proofs. The proof of Theorem 1 which we shall give is one of Gauss’
seven proofs and relies on Gauss’ lemma.

Proof of Theorem 1: From Gauss’ lemma (Theorem 3.1) and our ensuing
discussion in Section 3, we must determine the parity of the total number v
of integers k such that 1 << k < p/2 and such that & lies in one of the intervals

1p < ka <p,
3p < ka<2p,
3p < ka<3p,

and so forth. Dividing through by a, we see that we must determine the parity
of the total number v of integers k such that 1 < k < p/2 and such that k lies
in one of the intervals

2a a
.3_p£k£_2£,
2a a
2a a

and so forth. ‘What is the last interval we must consider? The intervals are
all of the form
2s — 1
2a

P
pSkSa
for integers s > 1. Therefore, since 1 << k < p/2, we certainly need not con-

sider any interval beyond the one containing p/2, and for this interval we have

2t —1
2a

b -1
pgzsa

* Disquisitiones Arithmeticae, A. A. Clark, S. J. (trans.), Yale University Press, New
Haven, Conn., 1966.
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or, equivalently,

2t —1
— <5<t ()

From (1), we see that since @ and ¢ are integers, we must have

% if a is even,
=

%+% if a is odd.

Therefore, we need to determine the parity of the total number v of integers
k such that 1 < k < p/2 and such that k lies in one of the intervals

L<k<Z,
2a a

QSkSQ»
2a a
@

2t—1
2a
If a is even, then tp/a = p/2, so that 1 < k < p/2 is automatically implied by
the set of inequalities (2), so that the condition 1 < k < p/2 may be omitted.
If a is odd, then ¢t = a/2 + 1/2 and the last interval of (2) is just

/28
pSksa

ya P P,
ySk=7+%

so that we may omit the condition 1 < k < p/2 if we omit the last interval of
(2). Thus, let us set u = tif ais even, and ¥ = ¢ — 1if ais odd. Then we must
determine the parity of the total number v of integers k lying in one of the
intervals

r<k<Z,
a a
P k<,

2a a
2u—1 up .
2a pskg—a_

Thus, we see the important point that the last interval we must consider
depends only on @ and not on p, since ¥ = af2 if a is even and u = (a/2) —
if a is odd.
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As in the preceding section, set p = 4am + r, where 0 < r < 4a. (Note
that r == 0 since p } 4a.) Then we need to determine the parity of the total
number v of integers k lying in one of the intervals

2m+§$kgmme
a a

3r 2r
6m+%£k£8m+z—,

mm+%gkgum+%

and so forth, up to the interval

2u—1 ur
2Q2u — )m + a rgkg4um-|—7-

By using Lemma 3.9, part (iii), we see that the parity of v above is the same as
the parity of the total number of integers k lying in one of the intervals

st <k<I,
2a a

3r

<k<Z,
a

¢ 3

|

)

2u—1
2a

However, this parity clearly depends only on r and not on p. Thus, we have

r<k<¥.
a

proved that (%) with p = 4am - r depends only on r and not on p. This

proves the first half of Theorem 1.
Suppose that we now replace r by 4a — r in (3). Then the intervals (3)
become

4a—r£k£4a—r’
2a a
3(4a —r) <k <2(4a r)
2a -

5(4a—r)<k<3(4a—r),
2a == a

QQu — 1)(4a — r)S k< u(4a — r),
2a a
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or, equivalently,

2a a

6—%5£k£8—2—”

a a

_5r _3r
10 _agkglz = @

u—2 "D gy T2
a a

By Lemma 3.9, parts (i) and (ii), the number of integers in the first interval of

U e e )
=2+[ﬁ]—[7r{]

since #/2a and r/a are not integers and [—a] = —[«] — 1 for any real & which
is not an integer (exercise). Therefore, the number of integers in the first
interval of (4) is

27 [5]=[3)- [l

Thus, the parity of the number of integers in the first interval of (4) is the

same as the pal'ity Of
_— I |
a 2a

which is just the number of integers in the first interval of (3). Reasoning in
the same way with each interval in (4), we see that the parity of the total
number v’ of integers lying in one of the intervals (4) is the same as the parity
of the total number v of integers lying in one of the intervals (3). Thus, by
Gauss’ lemma, if p and g are primes, p } 4a, q t 4a, with p = 4am +r,
q = 4am’ + (4a — r), then

(§)-cr-cr=(3)

Thus, the Legendre symbol (%) is the same for the remainders r and 4a — r.
This is the second assertion of Theorem 1. [}

We may reword Theorem 1 in the following equivalent way:
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Corollary 2: Let a be an integer greater than 1, and let p, ¢ be primes not

dividing 4. If p = +g(mod 4a), then (%) - (%)

It is possible to reformulate the Law of Quadratic Reciprocity in a more
elegant, if somewhat more mysterious, manner. This reformulation was
first stated by Legendre in 1785 as a conjecture.

Theorem 3 (Law of Quadratic Reciprocity—second form): Let p and g be
distinct odd primes. Then

L) l) = (—1)@-1/2)(@-1)/2)_
(@)=

Thus, (%) = (%), unless p =q = —1(mod 4), in which case (—Z—) =
_(_q_).

p

Theorem 3 is very striking and is quite unexpected, for it says that there is

a relationship between the solvability of the congruence x2 = p(mod ¢g) and
the congruence x% = g(mod p). Moreover, as we shall see below, Theorem 3

provides us with a simple algorithm for calculating (%) .

Proof of Theorem 3: First we assume that p = g(mod 4). Without loss of
generality, assume that p > g. Write p = g 4 4a. Then, by Corollaries 2.8
and 2.9 and Proposition 2.6, we have

@) (=79 =D - D) - )
() =7 -G -FENE) =)

Since p = g(mod 4a), we have by Corollary 2 that (—;—) = (%) so that

(%)(_z_) = (—1)#-v72,

Finally (p — 1)/2 = (g — 1)/2 4+ 2a, and so (p — 1)/2 is even if and only if
(¢ — 1)/2 is even, and thus

(_ 1)(p—l)/2 — (_ l)((p- 1)/2)((g- l)/Z)’

so that the theorem is proved in this case. If p == g(mod 4), then since p and
q are odd, we must have either p = 1(mod 4), g = 3(mod 4) or p = 3(mod 4),
q = 1(mod 4). In any case, if p == g(mod 4), then p = —g(mod 4). Then we
may write p = —q - 4a. Again from Corollary 2.8 and Proposition 2.6, we
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(5) -5 -(D-QH-6)
(7)- ()= (4—;’) -)5)- (%)-

have
and

= (l) and (L> (_q_) = 1. However, in this case,
D q/\p

Pl g9—=1_,, 4

2 2
is odd, so that one of (p — 1)/2, (¢ — 1)/2 must be even. Therefore,
(—1De-1/2ea-0/2)= 1, and the theorem is completely proved. [ ]

Using the Law of Quadratic Reciprocity in the form stated in Theorem 3,
together with Proposition 2.6, Corollaries 2.8, 2.9 and Theorem 3.5, we
can completely reduce the question of the solvability of the congruence
x* = a(mod p) to a simple calculation. (We emphasize again, however, that
our procedure gives no information about what the solutions are, if there
are any.) Let us give a few examples.

Example 4: Can the congruence x2 = 3(mod 43) be solved ? Well, we have
i — 4_3 __1)((3-1)/2)(43-1)/2) — __ L) — —
@) =) (3)=-*

so that the congruence cannot be solved. Since 3 = —40(mod 43), we know
from Proposition 2.6 that

(- @) -
However, as a further example, let us compute ( ) directly:
(@) =)
- (@)@) @)

= (—1)“s3- 1)/2(4&)(4_53) (Example 3.3)

= —(— 1)(13-) (since 43=3(mod 8), using Theorem 3.5)

-3
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Therefore, using the Law of Quadratic Reciprocity, we see that
(_42’0) — (_45_3> — (_)( l)((43 1)/2)((5-1)/2)

— (%) — (__)(_1)((5 1)/2)((3-1)/2)
— (%) - 1.

To give you some idea of the efficiency of the above procedure, let us
compute an example involving larger numbers.

Example 5: Can the congruence
x? = 20964(mod 1987)
be solved ? Note that 1987 is a prime. (You can check that it is not divisible

by any prime less than ./1987.) Therefore, it suffices to compute (2109%674)
Since 20964 = 1094(mod 1987) and since 1094 = 2.547, we see that

(210998674) - (}gg‘;) - (19237)(1%‘;7» - —(1_59%27'>
since 1987 = 3(mod 8) implies that (19287) —1 (Theorem 3.5). Now 547

is a prime and 547 = 1987 = —1(mod 4), so that by the Law of Quadratic
Reciprocity, we have
(1)
547

(fow7) = —(tow) = (sa7) = (537) = (507)(507) =

since 547 = 3(mod 8). Using the reciprocity law again (173 is a prime), we

()= —(75) = (‘7‘3)(133) ~()

(15%7) = () -

- (%)~ -3)- () --(3) -

Thus, our original congruence is solvable.

Let us close this section with one more example, similar to the examples
we worked out using Gauss’ lemma.

Example 6: Let us completely determine (p) for p > 5. We write p =

Sa+r,r=1,2,3, or 4. Since 5 = 1(mod 4), we have from the reciprocity
law that

(%) — ( )( 1)@= /2= 1) (%) = (_5“5$) — (_’5'_)
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Since (L) = 1if and only if r = 1 or 4, we see that

5
(5)_ 1 if p = +1(mod 5),
p —1 if p = +2(mod 5).
Notice that we ended up with a congruence condition modulo 5 instead of a
condition modulo 4.5 = 20 as we know we must by Theorem 1. But, of

course, any congruence condition modulo 5 could be interpreted as one
modulo 20 since 5]20.

4.4 Exercises

1. Use the quadratic reciprocity law to determine whether the following
congruences are solvable:

(@) x%= 15(mod 31).

(b) x2 = 48(mod 89).
(©) x? = —17(mod 89).
(d) x? = 17(mod 31).
(e) x%=23(mod 59).

() x2 = 264(mod 173).
(8) x2 = 4977(mod 1987).

2. Use the quadratic reciprocity law to completely determine for all odd
primes p )
)
a =), (p # 3).
@ (5)@=3
7

® (5) @ =7

@ (3) @=3.
@ (3)@=3.
© (‘75), (5.

(You may check parts (a) and (b) by the examples in Section 3).
3. Determine whether the following congruences are solvable for integers
x and y with x = 0(mod 17) and y 5= O(mod 17):
(@) x2 4 15p2 = 0(mod 17).
(b) x2 4+ 11y% = 0(mod 17).

4. Determine whether the following congruences can be solved:
(@) x?=23(mod 177), (177 = 59-3).
(b) x? = 5(mod 1102), (1102 = 2.19-29).
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10.

11.

120

13.
14.

Write a computer program to evaluate (—;—) for odd primes p.
Show that Theorem 3 implies Theorem 1.
Show that if p is a prime and p = +1(mod 4a), then (%) = 1. (Hint:
Write a as a product of primes and use the quadratic reciprocity law.)
Show that if p is a prime and p = 2a — 1(mod 44) and a = 1(mod 4),
then (i) =1
p

The rest of these exercises extend the definition and properties of the

Legendre symbol (%)

Definition: If n is an odd integer greater than 1 and gecd(a,n) = 1,
write

h=pP2 """ P:
as a product of primes. Define the Jacobi symbol (%—) by

3)=G)GE) -~ G)

Note that this definition agrees with the old definition when 7 is a
prime. Its main use is that it simplifies the work in computing the
Legendre symbol. Throughout these exercises n denotes an odd integer
greater than 1 and a denotes an integer such that ged(a,n) = 1.

Show that if @ = a’(mod n), then (%) - (“7)
Show that (a7a’) = (%)(%)

Show that (%)(%) = (n%n) Thus, (%) =1.

Show that if p,, p,, ..., p, are odd primes (not necessarily distinct),
then
—1

—1 —1 —
polymoly L pns o= lmog),

Show that (_Tl> = (—1)=-vr2,

Show that if p,, p,, . . ., p, are odd primes, then

—_ 2 _ 2 —
P?S 1+P28 1_|_... _|_Pr8 1 _ (pip2 8}’:)2 1(mod2).
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15. Show that (%—) = (—1)"*-1/8_ Thus, (—i—) =1 if and only if n= +1

(mod 8).
16. Show thatif p,,p,,...,p.andq,,q,,...,q, are odd primes, then

> E P qu'z— 1_ pips axb A 14,9, aax A 1 (mod 2).

i=1Jj=

17. (Reciprocity Law) Show that if n and m are odd integers greater than 1
and gcd(m, n) = 1, then

n\(m\ _ _ 1\n-1)/2)(m-1)/2)
(m)(n) =D '

18. Decide whether the following congruences are solvable using the above
results on the Jacobi symbol:
(a) x? = 264(mod 173).
(b) x2 =4977(mod 1987).
(©) x? = 187(mod 389).
Note that the advantage of the above method over the method of just
using the Legendre symbol is that it is no longer necessary to factor the
numerator before inverting the symbol.

19. 'Write a computer program to evaluate ( ) for odd integers n. (Throw

away your computer program from Exercise 5.)

20. (a) Show that if x> = a(mod n) is solvable, then (n) =1

(b) Show that the converse of part (a) is false; i.e., there are integers
a,n with n odd and gcd(a,n) =1 such that (—:T) =1 and

x?2 = a(mod n) is not solvable.

4.5 Applications to Diophantine Equations

Let us now give a few applications of the theory of the preceding sections
to Diophantine equations.
As a first example, let us consider the Diophantine equation
ax* + by + ¢ =0, )]
where a, b, ¢ are given integers and x and y are integers to be determined.
If b = 0, Eq. (1) has a solution if and only if —c/a is an integral square,
Thus, we assume that b > 0. The equation is equivalent to the congruence
ax? = —c(mod b). V)]
Let d = gcd(a, b). Then it is clear that if (1) can be solved, we must have d|c.
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Ifd|cand c = dc',a =da', b = db’, then ged(a’, b)) = 1 and Eq. (1) is equiva-
lent to the equation
ax*+by+c =0,

an equation of the same type as the first, except that in addition we have
ged(a’, b') = 1. Thus, it suffices to consider Eq. (1) for which a and b are
relatively prime. From Proposition 3.2.8 we can find a* such that

aa* = 1(mod b).
Then congruence (2) is equivalent to
x%? = —a*c(mod b). A3)

Let b = p3 --- p* be the decomposition of b into a product of distinct
prime powers. We know from the Chinese Remainder theorem and Theorem
3.4.1 that (3) is solvable if and only if

x?* = —a*c(mod pg¥) (C))

is solvable for 1 < i < ¢. Moreover, from Exercise 3.4.11, we know that if
p, is odd, (4) is solvable if and only if we can solve

x? = —a*c(mod p)), )

and this is solvable if and only if (‘;*c) — 1. Thus, we see that the Diophan-

i

tine equation (1) with gcd(a, b) = 1 and b odd is solvable if and only if

(59

for all primes p such that p| b. Thus, for example, if p is an odd prime, then
x*+py+c=0

has a solution if and only if (_Tc> =1

Therefore, by using the calculations of Examples 4.4, 4.5, and 4.6, we see
that
x2 + 43y — 3 = 0 is not solvable

x2 + 43y 4 40 = 0 is not solvable

x2 4 1987y — 20964 = 0 is solvable
and that

x* 4 py — 5 =0 is solvable, for an odd prime p, if and only if p =
4 1(mod 5).

As a second example, let us consider the equation
y:=x°445, ©)

and let us show how our knowledge of (%) can be used to show that there
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are no solutions. Note that Eq. (6) is a special case of the equation y2? = x*
+ k. The case k = 23 was discussed in Section 3.3, and we shall give a similar
treatment in the present case. We have included a second example of this type
to show how the knowledge of the Legendre symbol (i.e., the reciprocity
law) can often come into a problem in a nontrivial and unexpected way.

Let us now show that (6) has no solutions. The plan of the proof is to
show that each of the eight possible residue classes mod 8 are impossible for
x. We first eliminate all the even residues 0, 2, 4, 6. This is the same as elimi-
nating the possibility that x is even. If x = O(mod 2), then x* = O(mod 8)
implies (from (6)) that y% = 45 = 5(mod 8), but this is impossible since &
perfect square is congruent to 0, 1, or 4(mod 8). Thus, x cannot be even,
Next, we show that x 7= 1 or 5(mod 8). For if x =1 or 5(mod 8), then
x = 1(mod 4), so that x* = 1(mod 4), so that from (6) we deduce that
y? = 46 = 2(mod 4), which is again impossible. Thus, the only possibilities
left for x are x = 3(mod 8) or x = 7(mod 8). These cases require a clever
trick. First consider the case where x = 7 = —1(mod 8). Write (6) in the
form

y2—2.32=x34+2T=(x+3)(x*—3x+9). V)

Then x = —1(mod 8) implies that x> — 3x +9=1 4 3 4+ 9 = —3(mod
8). It then follows that there is a prime p dividing x2 — 3x -+ 9 such that
p = +3(mod 8), for otherwise x2 — 3x + 9 = p,p, - - - p,, where all p, are
prime and p, = 4-1(mod 8) for all i. (Note that all p, must be odd since
x2—3x+9=—3(mod8).) But then x*—3x+9=p,p,~-p,=
(£1) -+ - (£1) = 4-1(mod 8), which is a contradiction. Then, for the prime
p = +3(mod 8) whose existence we have just established, we have y* — 2.33

= O(mod p). Thus, (2_:_2) — 1. But

=(5)-G)G) - G)
However, from Theorem 3.5, we see that (%) =1 if and only if p = 41

(mod 8), which contradicts the choice of p. Thus, x cannot be congruent to
7(mod 8). Finally, we consider the case x = 3(mod 8). Let us write (6) in the
form
yr— 2.6 =x% — 27 = (x — 3)(x%2 4 3x 4 9).
Observe that since x = 3(mod 8), we have
x? 4 3x + 9 = 3(mod 8).

Therefore, there is a p dividing x2 4 3x 4+ 9 such that p = 4-3(mod 8)

(same argument as above), and for this p, we have (?) = 1, which yields

a contradiction in the same manner as the previous case. Thus, all residue
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classes modulo 8 have been ruled out, and y? = x3® 4 45 has no solutions in
integers.

4.5 Exercises

Determine all solutions of the Diophantine equations

(@ 5x*+4+2x+411y+4+5=0.
(b) 3x2+20x 4 11y — 3 =0.
© 7x2+10x+4 13y —6=0.

Show that the Diophantine equation x2 — 7xy 4+ y2 = 3 has no solu-
tions (look modulo 5).

Find all solutions of the following Diophantine equation:
2x2 4+ 3xy + 8y% + 13z =0.
Be sure you show that you have all the solutions. Answer:
(x,p,2) = (k,k + 13t,—k? — 19kt — 104s2)
or
(x,y,2) = (k,—3k + 13t,—5k? 4 45kt — 104¢2),

where k, t may be any integers.
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Arithmetic Functions

5.1 Introduction

" In Chapters 24, we have studied the most elementary properties of the
integers and showed how even the most simple facts about integers allow us to
solve certain Diophantine equations. Let us continue the theme of the
preceding chapters by studying some of the more subtle properties of the
integers, as reflected in the basic facts about arithmetic functions.

To put it simply, an arithmetic function is a function which associates to
every positive integer n a real number f(n). To get the full spirit of what we
have in mind, let us consider a number of examples.

Example 1: All the usual functions of high school algebra are arithmetic
functions. For example, f,(n) = n, f,(n) = n?, f3(n) = n?, and f,(n) = 1/n?
are all simple examples of arithmetic functions.

Example 2: Let ¢(n) denote Euler’s phi function. That is, ¢(n) equals the
number of positive integers less than or equal to » which are relatively prime
to n. Then ¢(n) is an arithmetic function.

Example 3: Let d(n) equal the number of positive divisors of the positive
integer n. Then d(1) = 1, d(2) = 2 (the positive divisors of 2 are 1 and 2), .
d(6) = 4 (the positive divisors of 6 are 1, 2, 3, and 6), and if p is a prime, then
d(p) = 2 (the positive divisors of p are 1 and p).

Example 4: Let o(n) equal the sum of the positive divisors of the positive
integer n. Then o(1) =1, 6(2) = 3, 6(6) = 12, and if p is a prime, then
o@p=p+1

136
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Example 5: For a real number r, let ¢,(n) equal the sum of the r** powers of
the positive divisors of the positive integer #. Then o,(n) = a(n), where o(n)
is as defined in Example 4. Also, g,(n) = d(n).

We could go on giving further examples of arithmetic functions, but let us
refrain from doing so at this moment in favor of the obvious question, why
study the properties of arithmetic functions ?

First, it has already been necessary for us to define the Euler ¢ function
in Chapter 2. It gave us a count on the number of elements in any reduced
residue system (Proposition 3.2.25). Also, it was used in the statement of
Euler’s theorem (Theorem 3.3.2), which, in particular, gave us an explicit
formula for an arithmetic inverse. It should be clear, then, that an explicit
formula for ¢(n) would be useful. One of the main applications of the theory
developed in this chapter is to provide such a formula.

As a second reason we note that arithmetic functions reflect properties of
the integers, properties which are often more subtle than we have hitherto
met in our study of the integers. For example, consider the function d(n). It
measures how far n is away from being a prime, for, as we have seen, if pis a
prime, then d(p) = 2. Conversely, it is easy to see that if d(n) = 2, thennisa
prime. Thus, d(n) = 2 if and only if » is a prime. Moreover, the larger d(n)
gets, the further n is from being prime. Thus, we see that the function d(n)
provides some fairly sophisticated information about the integer n.

Another reason for studying arithmetic functions is their intimate connec-
tion with Diophantine equations. Let us give an example. Let # be a positive
integer. Suppose that we wish to solve the Diophantine equation

x2+y*4+ 22+ w=n. 1)
In other words, we ask for representations of n as a sum of four perfect
squares. Lagrange proved that Eq. (1) always has at least one solution. We
shall prove this result in Chapter 6. But how many different solutions
(x, 5,2z, w) does Eq. (1) have? Suppose that we denote the number of
solutions by r,(n). Then r,(n) is a very interesting arithmetic function. The
theorem of Lagrange is equivalent to the assertion that r,(r) > 1 for all n.
Actually, it is possible to give a quite explicit formula for r,(n), first dis-
covered by Jacobi, namely: Let 6*(n) denote the sum of the odd, positive
divisors of n. Then Jacobi’s theorem asserts that

8a*(n) if n is odd,
ryn) = o s
24c*(n)  if nis even.
Thus, for example, since the odd divisors of 12 are 1 and 3, we see that
rd(12) = 240*(12) = 24-(1 + 3) = 96. Thus, the equation
x2+yr+z2+wr =12
has 96 different solutions. They are (42, 4-2, +2,0), (£2, -2, 0, £2),

(£2,0, +2, +2),(0, £2, -2, +2), (£3, £1, +1, +1),(£1, £3, £1, £1),
(£1, £1, 43, +1), and (&1, &1, £1, +3), where all choices of signs are
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permitted. (The reader should check this calculation.) Thus, we see that the
arithmetic function ¢*(n) is the key to the number of solutions of the Dio-
phantine equation (1). This situation is fairly typical of the link between
Diophantine equations and arithmetic functions.

Finally, a reason for the study of arithmetic functions lies in their his
torical and recreational interest. The properties of integers, as expressed
through the study of arithmetic functions, have been pursued for many -
thousands of years by groups of people so diverse as to include both amateur
mathematicians and mystics. The properties of certain arithmetic functions
were often engraved on good luck charms, called talismans, during the
Middle Ages. We shall discuss one such example, the perfect and amicable
numbers, in Section 5.4. For amateur number theorists, discovering the
properties of arithmetic functions has always been a source of interest
partially for the ease with which one can compile tables and from these
generate empirically derived conjectures. We have included a computer-
generated table of ¢(n), d(n), and o(n) (and another, u(n), which we shall
define in Section 3) for n << 100 (Table 1).

5.1 Exercises

1. Compute the following without using Table 1 at the end of the book:

(@) d@1). (b) d@4s). (¢) d(305).
(d) d(180). (e) d(368). €) d(504).
2. Compute the following without using Table 1 at the end of the book:
(@) o(38). (b) a(20). (© 06(203).
(@ a(100). (e) a(128). ) o(297).

3. (a) Compute d2®)forn=1,2,....
(b) Compute d(6") forn=1,2,....
(c) Show that d(6®) =d(2")d(3")forn=1,2,3,....
4. Verify the following relations:
@) o249 = a(8)a(3).
®) 0(72) = a(8)a(9).
(© 0(108) = a(4)a(27).
5. Verify the assertion r,(n) = 8¢*(n) (n 0dd), r,(n) = 245*(n) (n even) for
the special cases n = 6, 15, 21.

5.2 Multiplicative Arithmetic Functions

Let us now begin by defining a class of arithmetic functions which
contains the most interesting ones for our purposes, namely the multiplicative
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arithmetic functions. We shall show that all the examples discussed in Section
1 are in fact included in this class of arithmetic functions. Therefore, by
studying the properties of the multiplicative arithmetic functions in general,
we shall, at the same time, be studying the properties of all the special
functions introduced in Section 1.

Definition 1: Let f(n) be an arithmetic function. We say that f(n) is
multiplicative provided that whenever n and m are positive integers such that
ged(n, m) = 1 we have

Sfm) = f() f(m). @
Example 2: Let f(n) = n for all positive n. Then

fnm) = nm = f(n)f(m).
Thus, we see that Eq. (1) holds even without the hypothesis that gcd(n, m)
= 1. Thus, f(n) = n is multiplicative. We call arithmetic functions such that
(1) bolds for all n, m, totally multiplicative. Similarly, if g(n) = n", where r is
any real number (positive, negative, or zero), then g(n) is totally multiplicative.

Before the reader gets the wrong impression, note that not all the arith-
metic functions which arise naturally in number theory are totally multi-
plicative. Indeed, d(n), o(n), and ¢(n) are multiplicative but not totally
multiplicative. That d(n), for example, is not totally multiplicative is imme-
diate, since

d(12) = d(2-6) = 6,
whereas
d(2)-d(6) = 2.4 = 8.

It is a very simple matter to prove directly that d(n) is multiplicative.
However, one of our main purposes in this chapter is to give a fairly routine
procedure for handling arithmetic functions. Thus, we shall use that procedure
for d(n) and leave the direct proof as an exercise.

Let us first note our advantage if a function f(n) we are interested in is
multiplicative. Write

n=py'py - p¢
where py,ps,...,p, are distinct primes and a,,a,,...,a, are positive
integers. Then, since f(n) is multiplicative and since ged(p§, p% - -- p¥)
= 1, we have

f@ = f@Ofpz --- p).
Continuing in this manner we see that
S = feNf@g) - f(H.

Thus, the problem of evaluating f(n) is reduced to the case where n is a
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power of a prime. That is, usually, a much easier problem. Let us record this
last observation.

Proposition 3: Let f(n) be a multiplicative function. Write
n= paln p%: e pl::

where p,, p,, . . ., p, are distinct primes. Then
fm = feNf@y) -+ f@H.

We shall now give the result which is the main cog in our “routine”
procedure for deriving formulas for arithmetic functions.

Theorem 4: Let g(n) be a multiplicative arithmetic function. Define another
arithmetic function f(n) by

f) = 3 8(d),

where Y ;, denotes the sum over all positive divisors of n. Then f(n) is a
multiplicative arithmetic function.

Note that according to our definition f(1) = g(1), f(2) = g(1) + g(2),
fB3) =g) +gB), f@ =g()+ g2 +g@), f(5) =g +2g(), and
f(12) =g(1) + g(2) + g(3) + g(4) + g(6) + g(12). Thus, it is quite sur-
prising that f(n) turns out to be multiplicative.

Proof of Theorem 4: Suppose that gcd(m, n) = 1. Then as d runs over the
divisors of m and e runs over the divisors of , it is easy to see that de runs
over the divisors of mn, each divisor occurring exactly once. (Exercise: One
approach is to use unique factorization.) Let us make use of this simple

observation as follows: '

fm) fm) = (SI_; g(d))(; g(e)) (by definition of f)

= ; 2 g(d)g(e) (by multiplying out the sums)
dlm eln
= ;: Z g(de) (since g is multiplicative; and since d|m and
dlm ‘en e|n and gcd(m, n) = 1 imply that gcd(d, e) =1)
= ; g(o (since ¢ = de runs over all divisors of mn once
mn and only once as d and e run over all divisors

of m and n, respectively)
= f(mn) (by definition of f).
Thus, f(n) is multiplicative. [ ]

Note that the converse of Theorem 4 is also true. See Exercise 12 in
Section 5.3.

It would be instructive to write out the steps in the proof for specific
values of m and n, say m = 12 and n = 35.
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We shall now write out explicitly our routine procedure for dealing with
many arithmetic functions. Let f(#) be an arithmetic function.

Step 1: Express f(n) as a sum over all divisors d of n of a multiplicative
function g(n):

fn) = ;. g(d). @
Conclude from Theorem 4 that f(n) is multiplicative.

Step 2: Let p be a prime and a > 1 be an integer. Compute f(p°) from (2).
Indeed,

1) = 3800,

Step 3: Write n = p3p% - - p* and combine Step 2 with Proposition 3,
deriving a formula for f(n):

f® = feOf@s) -+ f(pH.
(Step 1 allows us to apply Proposition 3.)

Let us now give some basic examples of the above procedure. Namely, let
us take f(n) = d(n) and f(n) = a(n). In these cases, f(n) is given “naturally”
in the form where we can carry out Step 1.

We shall first consider the case of f(n) = d(n). Since d(n) is the number
of positive divisors of n, it is the sum over all the positive divisors of n of the
constant function 1. That is, if g(n) = 1 for all n, then

f(n) = gr‘"g(d);
ie.,

din) = ;,; 1.

Since g(n) is clearly multiplicative, we conclude that f(n) = d(n) is multipli-
cative, and we have Step 1. For Step 2 let p be a prime and a > 1 be an
integer. Then

d(pa)=§1=a+1.‘

That is, it is obvious that p° has the a + 1 divisors 1, p, p%, ..., p° Thus,
from Step 3 we obtain

Theorem 5: If n = p3p% ... p* where p,, p,;,...,p, are distinct primes,
then

dn) =(@, + D@, +1)--- (& + 1.
Moreover, d(n) is multiplicative.
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Next consider the case where f(n) = a(n). Since a(n) is the sum of all the
positive divisors of », it is the sum over the positive divisors of n of the
function g(m) = m. That is,

Sy =3 8(d) =2 d= o).

Since g(n) =n is clearly multiplicative, we conclude that f(n) = o(n) is
multiplicative, and we have Step 1. For Step 2 let p be a prime and a > 1 be
an integer. Then

o(p) = ;p d= gp’

=1l+p+p*+--- +p°

pa+1 —_ l

T

(The last expression is the sum of the geometric progression.) Thus, from
Step 3 we obtain

Theorem 6: If n = p%p% --- p* where p,, p,,...,p, are distinct primes,
then

om)=0~+p+pt+---+pOA+p2+pi+ - +0%)--
A +p+pP+ - +p)
it —1pptt —1  ppt —1,
T -1 p—1 = p—1
Moreover, o(n) is multiplicative.

Example 7: Let n = 17640 = 23.3%.5.7%, Then
d17640) =3+ DR+ DA+ D2+ 1) =4.3.2.3=72.
Also,
0(17640) =(1+24+2242)1+3+3)1 4+ 51+ 74+ 7>
= 1513657 = 66690
or

2131517 —1
o(17640) = 5—F 3 =7 57771

= 15-13-6-57 = 66690.

We shall do one more example.

Example 8: For real numbers r we defined o,(n) as the sum of the
powers of the divisors of n. That is,

o, (n) = ;. d.
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Thus, if g(n) = n”, we see that g(n) is multiplicative, and thus ¢,(n) is multi- '
plicative. If p is a prime and @ > 1 is an integer, then
(¢+ Dr __ 1

o (p°) = ; dr= EP" = _p—Tl_

(The last expression requires that r 7= 0.) Thus, if n = p3'p% - - - p», where
Pu P32 - - - » D, are distinct primes, then

g n)=(1+pi +p¥ s +p) - +pl P+ i)
p(|a|+l)r —1 Pt(wﬂ)r —1
T opi—1 pr — 1

(The latter expression requires that r == 0.) This example includes d(n) (r =0)
and o(n) (r = 1) as special cases.

5.2 Exercises

1. Write out the proof of Theorem 4, explicitly verifying all the details, for
n=4andm=29.

2. Prove directly that if n = p3'p% - - - p2- where py, ps, . . . , p, are distinct
primes, then
dn) =(a; + 1)@, + 1) --- (a, + 1).
Conclude from this formula that d is multiplicative.
3. Show that d(n) = 2 if and only if n is prime.
Show that d(n) is odd if and only if n is a perfect square.

5. Show that for every integer m > 1 there are an infinite number of
integers n such that d(n) = m.

6. Show that JJ;,d =n*"/2. (I]s.d = product of all the positive
divisors of n.)

7. Let F (”) > 41 d(k). Derive a formula for F(n). What is F(n) if n =
P: - - * P, D, distinct primes ?

8. Prove that };,, 1/d = o(n)/n.

Let n = p3'p% - -- p*, where p,, ..., p, are distinct primes. Observe
that m|nif and only if m = pypgp --- prrwith0< v, < q, (1 <i<r)
and so

o(n) = 3 pvpy - pr

1= v:=0 =0

<
o
=
S
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10.

11.

12,
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to derive the formula of Theorem 6 for a(n). Conclude that o(n) is
multiplicative from the formula.

For any arithmetic function f(n) show that

Rr@=3%/(2)
Ifn=p,p, -+ Py (P1s D1 - - - » D, Primes, not necessarily distinct), set
Mn) = (1)
(s0A22) = —1,44) = (—1)2 =1,4(12) = (—1)} = —1).SetA(l) = 1.

(a) Show that A(n) is totally multiplicative.
(b) Show that

F(r) = 33 2(d) = {

If n=p,p,--- pr, Where p,,...,p, are primes, set v(n) =2* (set
(1) =1).

(a) Show that v(n) is totally multiplicative.

(b) Derive an expression for Y4, v(d).

1 if n is a perfect square,
0  otherwise.

13. If n = p3:p3 - - - p% where p,, p,, . . . , P, are distinct primes and ¢ is an

14.

integer, set
o(n) = t*.
(Set (1) =1.)

(a) Show that w(n) is multiplicative.
(b) Show that for n as above

§ od)=0 4+ a,)(1 + ayt) --- (1 + ad).

Let p be a prime. Define
0 if p|n,

o) = {(l) itphn.

p
Let F(n) = Xa1» 2(d).
(a) Show that Q is multiplicative.
(b) Compute F(p¥)fork =1,2,....
q

(c) Let g p be a prime. Considering the cases where (7) =1 and

(%) = —1, derive a formula for F(¢g*¥),k =1,2,....

(d) Derive an espression for F(n) forn =1,2,....

(e) Writing more specifically F,(n) for the function above, show that
if p and ¢ are distinct primes and one of them is congruent to 1
mod 4, then
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Fy(g*) = F(p").
Is this result true if ¢ = p = 3(mod 4)?

15. For arithmetic functions f and g, define another arithmetic function

16.
17.

**]8.

19.

21

*2.

denoted f * g (called the convolution of f and g) by
(f *om) = 2 f@De (%)

Prove the following results for arithmetic functions f, g, A:

@ frg=g+/f

®) (f*g)*h=f*(g*h).

© (fto*h=f+h+gx*h (f+ g)n) = f(n) + g(n) by
definition.)

(d) fand g multiplicative implies that f g is multiplicative.

Define the special functions I(n) = n, I(n) = n*, and 1(n) = 1.

(e) fis multiplicative implies that 1 * £ is multiplicative.

f) d=1=+1.
(g o=1=x1I
(h) o,=1+%1,.

(i) If fis totally multiplicative, then

(f * )m) = f(m)d(n).
(G) Compute o * d.
&) I * I, = n’oy_[n).
Show that d(n) < 2./ n. (Hint: If n = k¢, thenk or £ is < /'n.)
Show that there are an infinite number of integers » such that d(n) >
log njlog 2.
Show that for any integer k there is a constant C > 0 such that there are
an infinite number of integers n satisfying d(n) > C(log n)*.
Show that for all n

n<am < n

Let f(n) denote the number of distinct solutions modulo n of the
congruence x? = a(mod n).

(a) Show that f(n) is multiplicative.

(b) Find a formula for f(n).

Let g(x) be any polynomial with integer coefficients and let f,(n) denote
the number of distinct solutions (modulo n) of the congruence g(x) =
O(mod n). Show that f,(n) is multiplicative.

Let A(n) be the number-theoretic function of Exercise 11. Show that

$am[Z] =171
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5.3 The Modbius Inversion Formula

So far we have dealt with arithmetic functions which were essentially
defined as a sum, over the divisors of an integer, of a multiplicative function.
But this is not always the case. For example, ¢(n) has no obvious expression
in this form, and so it is not clear how to apply the procedure outlined above.
Applying this procedure to obtain a formula for ¢(r) is one of our primary
motivations for this section.

The point is that there is a relatively obvious expression of the required
type except that it is “backwards.” Namely we shall show in Proposition 7
that

n= g‘: &(d).
Thus, the following general question arises: Suppose that
HOESWC 0

for all positive integers n. Can we determine g(n) in terms of f(n)? More
loosely stated, we ask whether we can “solve” for g(r) in terms of f(n)? In
this section we shall answer this question in the affirmative. The result is
called the Mobius Inversion Formula.

Before we go any further, let us convince ourselves that, at least in
principle, we can use (1) to compute g(n) from f(n). By (1), for n =1, we
see that

g() = f(). (1))
For n = 2, we see that
2 =g@) + g,
so that by (2),
g2 = f@ — fQ). 0]
For n = 3, (1) yields
fB3) =g(1) + g(3),
so that by (2),
gB3) = @) — f().
For n = 4, (1) yields
f@ =gQ) + g2 + g4,
so that by (2) and (3)
g4 =S54 —g() — g
=f@ - f0)— Q) — r)
=f@ — 1.
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Proceeding in this way, we can compute g(n) in terms of f(n) for arbitrary n.
But is there a pattern to the formulas? Indeed, there is, and this pattern was
determined by the German mathematician M&bius in 1832. He stated it in
terms of what is now called the M6bius function u(n). Its definition may look
a little strange, but it is very simple, and we should keep in mind that its
definition is motivated by the question of solving (1) for g(r) in terms of f(n).

Definition 1: Let n be a positive integer. The Mobius function pu(n) is defined
as follows:

u) =1
o) = {O, if n is divisible by the square of a prime,
¥ (-1, ifn=p,p, - p,wherep,,p,,...,p, aredistinct

primes.

Thus, for example, u(2) = —1, u(3) = —1, u(4) =0, u(5) = —1, and
u(6) = 1. We have included the values of u(n) for all n << 100 in Table 1 at
the end of the book. As we shall see shortly, the arithmetic function u(n) is an
important function. Before we solve our original problem we must derive
some properties of u(n).

Proposition 2:  u(n) is multiplicative.
Proof: Let m and n be positive integers such that gcd(m,n) =1. If
n =1, then

u(mn) = p(m) = pm)p(l) = p@m)p®),
since u(1) = 1. Thus, we may assume that m > 1 and n > 1. Next suppose
that p is a prime and that p? |n. Then, of course, p?|mn, and thus

umn) =0 = p(m)-0 = p(m)u(n)

since u(n) = 0. Now we may assume that both m and » are not divisible by
the square of any prime. Then we may write m =p,p,---p, and n =
4.4 * * * 4, Where p,, ..., p, are distinct primes and ¢,, ..., g, are distinct
primes. Then, since ged(m,n) =1, no p, can be a g,. Therefore, mn =

D1 D.4, g, is a product of primes where all the primes are distinct.
Thus,

u(mn) = (—=1* = (=1)(=1) = p(m)u®). [ |

Proposition 3: Let n be a positive integer. Then

e ifn=1,
DICE

Proof: Define the arithmetic function f(n) by
£@0) = 33 ().
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We compute f(n) by the procedure outlined in Section 2. First, u(n) is a
multiplicative function. Thus, by Theorem 2.4, f(n) is multiplicative. Now if
pis a prime and ¢ > 1 is an integer, then

S(p) = 2 wd) = u(D) + p(p) + p(p™) + -+ + wp?)
=1-1=0

since (1) = 1 and u(p) = —1 and p?|p?, p?|p?, ..., p*|p?, and so the terms
u(p') (i > 2) are zero. Finally, if n = py'p% - - - p* where p,, p,, .. .,p, are
distinct primes, then

fm) = feNfpy) --- f(p1) =0-0---0=0.
Asitisclear that f(1) = u(1) = 1, Proposition 3 is completely proved. [§

Let us now use the Mo6bius function to answer the question raised at the
beginning of this section.

Theorem 4 (Mobius Inversion Formula): Let g(n) be any arithmetic func-
tion and let f(n) be given by

f(n) = ; g(d).
Then
g(n) = 2 ud)f (%7)-
(Note: It is not required that g(n) be multiplicative.)
Proof: We clearly have

5 @1 () = 5w (3, 5)
= 5.5, Mg,

The last double sum is over all pairs of positive integers (c, d) such that d|n
and c|(n/d). This is the same as the sum over all pairs of positive integers
(¢, d) such that cd|n (exercise). Thus, we compute the double sum in the
following way. First, sum over all ¢ dividing s, and for each fixed ¢, sum over
all those d such that d|(n/c). Then we see that

Su@f () =%, 5 udse)

cln dl(n/c)

= 25,3 @)

d|(n/c)
By Proposition 3, the inner sum equals 0, except when n/c = 1, in which case
it equals 1. Thus, all terms in the sum over c¢ are 0, except for the term corre-
sponding to ¢ = n. Thus,
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> WY (%) = gn) 3 () = gln). m

Let us give some examples of applications of the Mo6bius Inversion
Formula.

Example 5: Since d(n) = Y., 1, we may set g(n) = 1 and f(n) = d(n) to

deduce that
S ued(%) =1,

a fact which is by no means obvious.

Example 6: Since o(n) = Y, d, we may set g(n) = n and f(n) = a(n) to

deduce that
B e () =

Let us now complete our discussion of the Euler phi-function, ¢(n). As
noted before, we require the following result:

Proposition 7: Let n be a positive integer. Then
n= 4. 4

Before proving Proposition 7, let us use it in conjunction with the Mbius
Inversion Formula and our procedure of Section 2 to derive the basic
properties of ¢(n).

First, we apply the Mobius Inversion Formula with g(n) = ¢(n) and
f(n) = n to Eq. (4) to obtain

$(n) = 3 ud) 7

— C]
_,,;n;ﬂ_d_).

We are now in a position to apply our procedure of Section 2. First, u(n) is
multiplicative and the function g(n) = 1/n is multiplicative. Thus, the
function A(n) = u(n)/n is multiplicative. From Eq. (5) and Theorem 2.4 we
conclude that k(n) = ¢(n)/n is multiplicative, and thus, finally, ¢(n) = nk(n)
is multiplicative. Now if p is a prime and @ >> 1 is an integer, then

&)
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Finally, if n = p3p% - - - p®, where p,, p,, . . . , p, are distinct primes, then
$(m) = $(p1)(P%) - - - $(27)

= (1 —pll)pgs(l _51;)...,,:,(1 _%)
=n(1—~pll)(l—plz)...(1_%>

=pt ' (pr — D' (p2 — 1) -+ p?~'(p, — 1).
We shall record our results in a theorem.

Theorem 8: If n = pj'p% - - - p* where py, p,, ..., p, are distinct primes,

then
o=a(i= 1)1~ 1) (1)

=p7 (o — Dpg (P2 — 1) -+ PPN (P — 1)
Moreover ¢(n) is multiplicative. Further, we have the formula

$(m).= n 33 &0

Example 9. $(4320) = $(25-3%.5) = 242 — 1)32(3 — 1)5°(5 — 1) = 1152.

All the above reasoning was done on the basis of Proposition 7, which we
have yet to prove. Before we can prove Proposition 7, however, we need the
following fact:

Lemma 10: Let n be a positive integer and let d be a divisor of n. Then the
number of integers k such that 1 < k < n and gcd(k, n) =d is equal to

$(n/d).

Proof: If ged(k,n) =d, then d|k and gcd(k/d, n/d) ='1. Moreover, if
1 <k < n,thenl < k/d < n/d. Thus, each integer k satisfying the conditions
of the lemma satisfies the conditions d|k, ged(k/d,n/d) =1 and 1 < k/d<
n/d. If k is such an integer, then k = k’d and k' satisfies gcd(k’, n/d) =1 and
1 <k’ < n/d. Conversely, given k’ such that ged(k’, n/d) =1and 1 <k'<
n/d, the integer k = k'd satisfies the conditions of the lemma. Therefore, the
number of k satisfying the conditions of the lemma equals the number of
integers k’ such that 1 < k' < n/d and ged(k’, n/d) = 1. This number is
clearly ¢(r/d). ]

Proof of Proposition 7: First note that every integer k such that 1 <k <n
satisfies gcd(k, n) = d for one and only one divisor d of n. Therefore, by
Lemma 10, we have
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n=36(%) =2 6@

d|n

since as 4 runs over all divisors of #, so does &’ = n/d. [ |

S U b w

10.

11.

12.

5.3 Exercises

Let f(n) be an arithmetic function, and let A(n) = Y_;, f(d). Compute
f(24) in terms of A.

Prove the Mobius inversion formula by the direct proof given in the
text for n << 10.

Calculate u(5), u(64), u(39), and u(30).

Calculate ¢(2), ¢(5), $(47), and ¢(144).

Show that ¢(n) is even for n > 2.

Let f(n) be a multiplicative function such that f(1) = 1.

(a) ShOW that Edln ”(d)f(d) = len, p prime (1 - f(p))
(b) Show that 3 ., #(d)/d = I1 s, 5 prime (1 — (1/P)).

Let w(n) denote the number of distinct prime factors of n. Show that
S u@] = 2.

Show that > ;, u(d)d(d) = (—1)*™ I1,1. (» — 2), where co(n) is defined
in Exercise 7.

Show that 32, #*(d)/d = [],. (1 + (1/p))-

Show that the number of reduced fractions a/b such that 0 < a/b < 1,
b fixed, is just ¢(b).

A famous conjecture due to Mertens states that

| & won| <7

for any r. Verify Merten’s conjecture for r << 30. Write a computer
program to check Merten’s conjecture for r below a given bound. This
seemingly innocent conjecture is very deep. In fact, it implies the so-
called Riemann hypothesis, one of the most celebrated unsolved prob-
lems in mathematics. It seems likely that Merten’s conjecture is false,
but present-day computers are not fast enough to allow a sufficiently
extensive search for a counterexample.

Let f(n) be an arithmetic function and define F(n) by
F(n) = ; f(@@).
Show that if F(n) is multiplicative, then f(n) is multiplicative.
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13.

14.

15.

16.

17.

18.
19.
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Let n be a fixed positive integer. Show that there are only finitely many
integers x such that ¢(x) = n.

Suppose that f(n) is a number-theoretic function and suppose that
I @)=n
for all n. Show that f(n) = ¢(n).

It is an unsolved problem to show that whenever ¢(m)|m — 1, m is
prime. Show that if ¢(mm)|m — 1, then m is square-free.

Prove that

2 n|_nn+1)
S )=
(Hint: Use induction on ».)
For n, k positive integers, set o5(n) = X%y, geatm=1 i*-
(a) Show that
S old) 1R gt
din d k n"
(b) Use part (a) and the M&bius inversion formula to compute o¥(n),
o%(n), and o¥(n).
Prove that 327, ceaam=1 @ = 3nd(n).
Let a, b be positive integers and let ¢ denote the product of all primes
dividing both @ and b.
(a) Prove that

$(ab) = ¢(a>¢(b)qﬁ- |

(b) Using part (a), find all pairs of integers a, b for which @(ayp(b)
= ¢(ab).

20. Let f(n) be any arithmetric function and suppose g(n) is defined by

£ = 3w/ (%)-
Prove that
f) =3 ¢(@).

5.4 Perfect and Amicable Numbers

As an application of our theory of arithmetic functions, let us study two_

classes of numbers which have been known and studied since ancient times,
the perfect and amicable numbers.
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Defimition 1: A perfect number is a positive integer n which equals the sum
of its proper divisors (i.e., the positive divisors of n, excluding # itself).

Example 2:

(i) The proper divisorsof 6are 1,2,3,and 1 + 2 4 3 = 6, and so 6 is
perfect.

(ii) The proper divisorsof 28 are 1,2,4,7,14,and 1 +2 4+ 44 7 4+ 14
= 28, and so 28 is perfect.

(iii) The reader should not have too much difficulty verifying that 496
and 8128 are perfect.

The perfect numbers have occurred throughout history in connection with
various forms of numerology. They occurred in the works of the ancient
Pythagoreans, who thought that the property which perfect numbers exhibit
represented some sort of pinnacle of aesthetics, whence the name “perfect.”
Much ancient superstition and mystical belief rested on the special properties
of integers such as the perfect numbers. And very often in the ancient world,
proof by means of numerology substituted for more scientific explanations of
natural phenomena. It was in this context that much number theory, including
our present discussion of perfect numbers, began.

How can we find perfect numbers? Are there infinitely many of them?
These are questions which have been asked by mathematicians for thousands
of years and as yet are not completely answered. We shall give same partial
answers below.

Since o(n) equals the sum of the divisors of n (including n), we see that n
is perfect if and only if 6(n) — n = n, which is equivalent to

o(n) = 2n. )

There is a class of perfect numbers which was already known to Euclid,
namely

Theorem 3: Suppose that 2° — 1 is a prime. Then 2°7(2® — 1) is perfect.

Proof: If p =2°— 1 is prime, then clearly a > 1 and p is odd. Set n =
2¢-1p. Then gcd(2°~!, p) = 1. Thus, by Theorem 2.6, we have

o(n) = a(2°Ya(p) = %;: ll(p + 1) =2n. [

A prime p of the form p = 2° — 1 is called a Mersenne prime. By what we
have just proved, the search for perfect numbers is intimately connected with
the search for Mersenne primes. The following elementary fact is useful in
testing for Mersenne primes:

Proposition 4: If 2° — 1 is a prime, then a is a prime.
Proof: Exercise. [ ]
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By Proposition 4, the Mersenne primes are all of the form 27 — 1, where
p is a prime. The first few are

22 —1=3
2 —1=17
25 —1=31
27 —1=127
213 — 1 = 8191

217 — 1 =131071
219 — 1 = 524287.

Note, however, that not every integer of the form 27 — 1, where p is prime,
is itself a prime. We leave it to the reader to show that 2!! — 1 is not prime.

Is it true that the perfect numbers given by Theorem 3 are the only ones?
This is not currently known. However, we can prove the following result due
to Euler:

Theorem 5: Let n be an even perfect number. Then »n is of the form
2¢-1(2¢ — 1), where 2° — 1 is a Mersenne prime.

Proof: Write n = 2°b, where ¢ > 1 and b is odd. Since n is perfect, a(n)
= 2n, and since o(n) is multiplicative, we have
2n = o(n) = a(2°b) = a(2°)0(b)

= (2°*! — Do (d).
Therefore,

2¢t1p = (2¢*1 — Do (b).
Note that ged(2¢*!,2°*! — 1) =1, and therefore 2°*!|a(d), say a(b) =
214, Then '

b =2+ — 1.

Suppose that d > 1. Then b has at least the following divisors: b, d, 1.
Therefore,

o) =>b+d+ 1=+ —1)d+d+1
= 20414 4. 1,

which contradicts the fact that o(b) = 2¢*'d. Thus,d = 1and b = 2°*! — 1,
so that n = 2°(2°*! — 1). Moreover,

o2+t — 1) = g(b) = 2°+1d = 2°*1, V)]

Now if 2¢*! — 1 is not prime then ¢(2°*! — 1) > (2°** — 1) + 1 since
2°¢+1 — ] has a divisor other than 2¢*! — 1 and 1. But this is a contradiction
of Eq. (2), so that 2°*! — 1 is a prime. Thus, if we set a = ¢ + 1, we see that
n = 2°71(2* — 1), where 2* — 1is a Mersenne prime. [ ]
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There are two basic questions about perfect numbers which mathemati-
cians cannot answer at the present time. First, it is not known if there exists
an odd perfect number. Second, it is not known whether there are infinitely
many perfect numbers. One way of settling the latter would be to prove that
there are infinitely many Mersenne primes. But this is not known to be true
or false. Using high-speed computers, some recent work has been done by a
number of people, including D. H. and E. Lehmer, J. Selfridge, and J.
Brillhart. A recent result of B. Tuckerman is that 21°937 — | is a Mersenne
prime. It has 6002 digits and is the largest known prime. Moreover, it is only
the twenty-fourth known Mersenne prime. Computers have also been used to
factor completely the numbers 22 — 1 for primes p. A recent result of D. H.
and E. Lehmer and J. Selfridge, for example, asserts that

237 — | = 852133201-60726444167-1654058017289-2134387368610417.

Another sort of number which came to be considered by number theorists
by way of the mystics and astrologers is the so-called amicable numbers.

Definition 6: A pair of numbers m, n is said to be amicable if the sum of the
proper divisors of m equals n and the sum of the proper divisors of n equals m.

By reasoning as we did with perfect numbers, we see that for m, n to be
amicable, it is both necessary and sufficient that

o(m) =m + n =a(n).

Amicable numbers were used in preparing horoscopes and preparing
talismans (good luck charms) and were supposed to have the power of
creating ties between individuals. An example of an amicable pair is m = 220,
n = 284, since

o(n) = a(m) = 504 = 220 4- 284.

Another is given by m = 17296 and n = 18416, an example due to Fermat.
Several hundred amicable pairs are known, but it is not known whether there
are an infinite number.

5.4 Exercises

—

. Show that if n is a perfect number, then
1

ra=2

Find all even perfect numbers less than 1000.

3. Show that an odd perfect number cannot be a prime or a product of two
primes.

4. Show that if m, n are amicable numbers, then a(n) = a(m) = n + m.
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A Few Diophantine
Equations

6.1 Introduction

In this chapter, we shall study in detail the theory behind five particular
Diophantine equations. All but one of these Diophantine equations are
quadratic in the following sense. Let us suppose that integers a,, a,, ..., a,n
are given. Let us define the polynomial f(x,, . . ., x;) in the variables x,, . . .,
X, by

S, x0) = axt + - + apxi.
Then we may consider the quadratic Diophantine equation

Sy o0 0 5x) =n. (1)
All but one of the equations we shall consider in this chapter will be special

cases of this general Diophantine equation. For example, in Section 2, we
shall consider the Pythagorean equation

x? 4yt =22 )
which, in this context, can be written x? + xZ — x2 =0, so that (2) is a
special case of (1) with k =3, a, = a, =1, a; = —1, n = 0. In Section 4,

we shall consider the problem of representing a positive integer » as a sum
of two squares, corresponding to the Diophantine equation

x2 4+ y*=n. ©))
This is a special case of (1) in which k¥ = 2, @, = a, = 1. In Section 5, we
shall study the problem of representing a positive integer » as a sum of four

156
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squares, corresponding to the Diophantine equation
x2+y2+z22+wk=n. @

This is a special case of (1) in which k = 4, @, = a, = a; = a, = 1. Finally,
in Section 6, we shall consider Pell’s equation

x2 —dy? =1, ®)

which is a special case of (1), where k =2, a, =1, a, = —d, n=1. We
shall also consider, in Section 3, Fermat’s Last Theorem in the case of
exponent 4:

x* 4yt =z,
Although this equation is not a special case of (1), it nevertheless relies on the
theory of the Pythagorean equation (2), and thus is closely connected with
Eq. (1) in any case.

Before proceeding with a study of our five Diophantine equations, let us
consider the general equation (1) and let us get some idea of the sort of ques-
tions we can ask. The first and most obvious question is, does the Diophan-
tine equation (1) have any solutions ? If the answer to this question is no (for
particular choice of a,, ..., a;, n), then we are faced with the problem of
proving that the answer is no. In this chapter, we shall meet a novel technique
for doing just this: Fermat’s method of infinite descent.

If the Diophantine equation (1) has solutions (for particular a,, . . . , a;,
n), then the obvious problem confronting us is to find them all. This is usually
a very difficult problem, but occasionally it can be solved. For example, we
shall show how to find all solutions of the Pythagorean and Pell equations.
We shall show that in each case there are an infinite number of solutions and
we shall determine them completely.

A final problem which is suggested by Egs. (3) and (4) is to find all n for
which (1) has a solution (for fixed a,, ..., a;). In the case of Eq. (3), this
amounts to describing all those integers which can be written as a sum of two
squares. In case of Eq. (4), this amounts to describing all those integers
which can be written as a sum of four squares.

It is possible to generalize the Diophantine equation (1) by using a more
general quadratic polynomial in x4, . . ., x,. Indeed, suppose that a,; (1 <1,
J < k) are given integers. Let

8(xyy oy xp) = @y Xt + @1aX1 X, + @y3x, X5 + 000+ QX
Then g(x,, ..., x;) is the most general quadratic polynomial in k£ variables
with integer coefficients. One can study the Diophantine equation
8(Xy, ..., X)) =n

for a given integer n. This leads to a whole branch of number theory in which
research is still going on. The reader will get some taste for this theory in
the second half of this book, where we shall consider the special case k = 2.
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That is, we shall develop the theory of Diophantine equations of the form
ay1xt + @1%1%; + a3x3 =n. ©

The questions we shall ask will be the same questions as we asked above:
Are there any solutions (for given a,,, a,,, a,,, n)? If there are solutions,
describe them explicitly. Suppose that a,,, a,,, a,, are given. For which a,
does (6) have solutions? These questions will lead us very rapidly into the
theory of quadratic fields, first studied by Gauss.

In Section 5, we shall prove the remarkable result that Eq. (4) is solvable
for every positive integer n. In other words, every positive integer » is the sum
of four perfect squares. This leads to a natural question: Can every positive
integer n be represented as a sum of a fixed number of perfect cubes ? That is,
we ask if there is a positive integer k such that the equation

xi’—'—...—l—xi:n

is solvable for every positive integer n. We can ask a similar question about
fourth powers, fifth powers, etc. In 1775, the English mathematician Waring
asserted that every positive integer n could be written as a sum of 4 squares,
9 cubes, 19 fourth powers, and so forth. Waring had no proof for his asser-
tion, and the statement remained unproved until 1909, when David Hilbert
finally proved it. Hilbert showed that for every k > 2 there is an integer N,
such that every integer is the sum of N, kth powers. Let g(k) be the smallest
possible value of N,. Then from our results of Section 5, we shall show that
g(2) = 4. 1t is also known that g(3) = 9. However, the values of g(4) and -
g(5) are not known. The values of g(k) for k > 6 are all known, however.

6.1 Exercises

1. Find all solutions to the following Diophantine equations:
(@ x*+4 y*=8.
(b) x2+ y2=>51.
© x4 y*+z2=10.
@ x2+y*+4z24 w2 =18.
(e) x*+ 2xy+ 2p2 =17.
2. Let (x,, yo) be a solution of the equation x2 — 6y% = 1.
(a) Show that (5x, + 12y,, 5y, -+ 2x,) is a solution.
(b) Use part (a) to compute at least five different solutions to x2 — 6y?
=1.
(c) Show that x> — 6y? = 1 has infinitely many solutions.

3. Show that not all positive integers are sums of two squares. Of three
squares.

4. Write all integers < 20 as sums of four squares.
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5. Foreach integer x < 64, determine the smallest number of perfect cubes
whose sum is x.

6. Determine which primes p < 30 are sums of two squares. Can you make
a general conjecture?

7. Determine which primes p << 30 are sums of three squares. Can you
make a general conjecture ?

8. Let a, b be integers and set x = a?> — b%, y = 2ab, and z = a® + b>.
Show that x2 4 y2 = z2. Conclude that there is an infinite number of
distinct Pythogorean triples.

9. Assume that x* + y" = z" has no solution for x, y, z nonzero whenever
n =4 or n = a prime p > 2. Show that x» 4+ y* = z" has no solution
for x, y, z nonzero for all n > 3.

10. Let f(x, y) be any polynomial with integer coefficients. Let a, b, ¢, d be
integers such that ad — bc = +1. Let

g(x,y) = fl(ax + by, cx + dy).

Show that f(x, y) = n is solvable in integers x, y if and only if g(x, y)
= n is solvable in integers. This gives a general method for changing
one equation into another without changing the solutions. You should
do some special cases with, say, the equation of Exercise 2.

6.2 The Equation x2 + y2 = z2

One of the oldest of all Diophantine problems is the determination of all
right triangles whose sides are integers. If x, y, z are the lengths of the three
sides with z = the length of the hypotenuse, then the Pythagorean theorem
asserts that

x2 + y? = z2%, @
Thus, it suffices to solve the Diophantine equation (1). Although Eq. (1) is
usually associated with the Pythagorean school (around 570 B.C.), it appears
that the ancient Babylonians more than 1000 years before knew more about
its solution than the Pythagoreans did. The Babylonians, for philosophical
and computational reasons, dealt only with rational numbers whose denom-
inators they could handle easily in their base 60 number system. They used
solutions to (1) to prepare a rudimentary table of trigonometric functions for
angles differing by about 1 degree with the values of x, y, z chosen so that the
entries .in the table had finite expansions in their number system. That
required extremely sophisticated knowledge of Eq. (1) and of mathematics in
general.

Let us now determine all integer solutions to (1). First, we observe that if
(x, y, z) is a solution, then so is (4-x, 4y, 4+ 2z) for any choice of signs. Thus,
we may assume that x > 0, y > 0, z > 0. Next, note that if x, y, and z have
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a common factor d, then if we set x, = x/d, y, = y/d, z, = z/d, we have
x§ +y§ =1zi, (+*)
so that (x,, y,, 2,) is also a solution of (1). We may clearly choose d so that

X9, Vo, and z, have no common factors, and x, > 0, y, > 0, z, > 0. Assume
that such a choice of d has been made. We claim that

ged(x,, yo) = ged(xo, 2o) = ged(yo, 2o) = 1. @
Indeed, suppose that e|x, and e|y,. Then e?|xZ + y2, so that e?|zZ. Thus,
e|z,;and e is a common factor of x,, y,, and z,. Therefore, by assumption,
e = +1 and gecd(x,, y,) = 1. We may prove similarly that ged(x,, z,) =1
and ged(yo, zo) = 1.
Next let us observe that either x, or y, must be even, for if x, and y, were
both odd, then x2 = y? = 1(mod 4). Thus,
z2=x24+y2=1+41=2(mod4).
As we observed many times before, a perfect square cannot be congruent to
2(mod 4). Thus, either x, or y, must be even. Note that by (2), both cannot
be even since ged(x,, y,) = 1. Thus, let us assume that x, is even. Then y,

is odd, and also, since z2 = x} + y2, we see that z, is odd. Thus, y, — z,
and y, + z, are both even, and we see that

Xo 2 Zo — Yo Zo +J’o_
(2) -2 2 G
Next, note that
ot (e e, B 0) @
2 2 ’

since any common factor of (z, — y,)/2 and (z, + y,)/2 divides

Zo+ Yo | Zo — Yo
)

=zo

and
Zo+ Yo Zo — Yo
2 2

=y0’

and we have proved that ged(y,, z,) = 1.

By (3), the product of (z, — y,)/2 and (z, + y,)/2 is a perfect square.
Moreover, since z, > 0 and y, > 0, we have (z, 4 y,)/2 > 0. And from (3),
we see that (z, — y,)/2 > 0, so that, by (4), (zo — ¥,)/2 and (z, + y,)/2 are
perfect squares. Thus, there are integers @ and b such that

Zo — Yo __ p2
Zo +J’o___az.

Solving these equations for y, and z, gives
Yo = a* — b2, z, = a® + b2,
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We then obtain from (**) that x, = 2ab. Thus, we see that
x =2abd, y=(a*—0b%d, z=(a%®+ b?)d. ©)

It is a simple matter to check that (5) yields a solution to (1) for any choice
of a, b, d. All the above reasoning is for x, even. If y, were even, then we
would get the same formulas as (5), except that x and y would be inter-
changed. Thus, we have proved the following result:

Theorem 1: Every solution of the Diophantiné equation x2 4 y* = z2is
of the form

x =42abd, y=4(a*—b¥d, z=+(a*®+ b*)d *)
or of a similar form with x and y interchanged. Conversely, if a, b, d are any

integers, then (*), for any choice of signs, is a solution to the Diophantine
equation.

From Theorem 1, we can deduce a result which will be of use to us in
the next section. Let us first, however, make a definition.

Definition 2: Suppose that (x, y, z) is a solution of x2 4 y2? = z2 such that
x, y, and z have no common factors greater than 1. Then (x, y, z) is said to
be a primitive solution.

Suppose that (x, y, z) is a primitive solution of x* + y? = z2, Let us con-
tinue the notation of Theorem 1. It is clear that d is a common factor of
X, , z, and thus d = 1. Moreover, if e is a common factor of a and b, then
e is a common factor of x, y, z, and so e = 1 also. That is, gcd(a, b) = 1.
Furthermore, one of a or b must be even. For if a and b are both odd, then
2 is a common factor of y and z, which means that 2|22 — y* = x2, so that
x is even, which contradicts the primitivity of the solution (x, y, z). Suppose,
furthermore, that x > 0, y > 0, z > 0. Then we may clearly choose @ and b
positive, a > b. Thus, we have proved the following result.

Theorem 3: Let (x, y, z), with x > 0, y > 0, z > 0, be a primitive solution
of the Pythagorean equation. Then there exist positive integers a, b with
ged(a, b) = 1, one of a, b even, a > b, such that either

x=2ab’ y_—_aZ_bZ, Z:az"'"bz,
or the corresponding formulas hold with x and y interchanged.

6.2 Exercises

1. Write down five different primitive Pythogorean triples.
2. Find all solutions of the Diophantine equation x2 + 4y% = z2,
3. Find all angles @ such that sin @ and cos @ are rational numbers.
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**4. Find all solutions of the Diophantine equation 5x2 + 10xy + 10y? =
22 +2z+4 1.

**5. Find all solutions of x% + y? = z4.

6. Show by induction on » that for all n > 1, x2 4 y? = z?" has an infinite
number of solutions for which xyz 0.

7. Show that x2 4 y* = z2 has an infinite number of solutions for which
xyz # 0 and ged(x, y) = 1.

8. Let n >3 be given. Show that there is a Pythogorean triple (x, y, 2)
such that one of x, y, z is n.

9. Determine all right triangles with sides of integral length such that one
leg differs by 2 or 3 from the hypotenuse.

10. Find all solutions of
(a) x4 2y?2 =22,
(b) x*+ 5y =z2.
11. Find all solutions of x? + py? = z2%, where p is a prime.

12. Show that the Diophantine equation x2 — y? = m? is always solvable
for x, y given m.

13. Show that the Diophantine equation x> — y* = m* is solvable for x, y
for any given m, k > 3.

14. When is x2 — y* = m solvable for x, y?

15. For which m is x* — y?* = m? solvable for x, y?

6.3 The Equation x4 + y4 = z2

We showed in Section 2 that the Diophantine equation x? + y? =z?
has infinitely many solutions. This leads us naturally to inquire about the
solutions of

X" 4yt =z" n=>=3). )
As we mentioned in Chapter 1, Fermat conjectured that (1) has no solutions
in nonzero Xx, y, z.

Lemma 1: It suffices to prove Fermat’s conjecture for n = p an odd prime
and n = 4.
Proof: This is Exercise 9 of Section 1. | |
In this section, we shall prove Fermat’s conjecture for n=4.In fact,
since it is no more difficult, we shall prove that the equation
x4yt =2 ©)
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has no nonzero solutions in integers. It is clear that this implies the truth of
the Fermat conjecture for n = 4.

Fhe proof of the theorem makes essential use of the result concerning
Pytha'gorean triples of Section 2. Of course, if x* 4 y* = z2, then (x2, y2, 2)
is a Pythagorean triple. Another way of stating the result then is that there
can be no right triangle whose sides all have integral length with the lengths
of both legs being perfect squares.

More important than the result itself is the general method employed in
its proof. It has many applications in number theory. It is called the method
of infinite descent, and goes as follows. Suppose that (x,,y,, z,) is an arbitrary
solution of (2) with z, > 0. Suppose that from this solution we may derive
another solution (x,, y,, z,) of (2) with 0 < z, < z,. Then we may of course
derive another solution (x;, y;, z3) of (2) with 0 < z; < z, < z,. Continuing
in this way, we arrive at a contradiction because we cannot have an arbi-
trarily long string of integers between 0 and z,. Thus, there could not have
been a solution in the first place.

We can state the method more precisely. Suppose that (x,, y,, z,) is a
solution of (2) with z, > 0 least. (If there are nonzero solutions at all, then
there must be one with z, > 0 least by the well-ordering principle.) Then
from this solution we derive (x,, y,, z,) as a solution to (2) with 0 < z, < z,,
and we immediately have a contradiction.

The proof of the insolubility of (2) is due to Fermat. He wrote out the
proof using his method of infinite descent in another of his famous marginal
notes in his copy of Diophantus’ works. Fermat himself was very pleased
with his method and states, “The proof of this theorem I have reached only
after elaborate and ardent study. I reproduce the proof here, since this kind
of demonstration will make possible wonderful progress in number theory.”
It is a good thing that he did decide to write out his proof. Fermat often
announced his results without giving proofs, thus leaving the proofs to be
supplied by later mathematicians; often their attempts failed and success
only followed arduous efforts.

Theorem 2: The Diophantine equation x* +- y* = z2 has no solutions in
integers x, y, z unless x =0 or y = 0.

Proof: The proof is long, but all the steps are simple. We suppose that
there is a solution (x, y, z) with x 4 0, y = 0, z > 0, and assume that this
solution is such that z is least. We shall apply Theorem 2.3 twice to derive a
solution with a smaller z.

The statement that z is least immediately implies that ged(x, y) = 1, for
if d = ged(x, y), then d*|x* + y* = z2, so that d?|z, which implies that

) -G -
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If d > 1, the last equation would give a solution of x* 4 y* =22 with a
smaller value of z. Thus, d = 1.

We then see that x2, y2, z can have no common factor; that is, they form
a primitive solution of X2 4 Y2 = Z2. Thus, from Theorem 2.3, there are
integers a, b, 0 < b < a, with gcd(a, b)) = 1 and one of a, b even such that

x2 = 2ab, y: =a?®— b?, z=a*+ b2, )
or the corresponding equations hold with x and y interchanged. Since our
original equation is symmetric in x and y, we may assume that (3) holds.

Notice that a is odd, for if a is even, then b is odd, since x, y, z have nd
common facto;‘ > 1, and so

y? = —b?* = —1(mod 4),
which is impossible. Thus, b is even, and
b? 4 y? = a2,
where b, y, a have no common factors (since gcd(a, b) = 1), and so form
another primitive solution of X2 4+ Y2 = Z2, Again from Theorem 2.3 there
are integers u, v such that gcd(y, v) = 1 and
b = 2uw, y =u? —0v?, a=u*-+4 v
Now
x* = 2ab = 4uv(u? + v?). )
Since ged(u, v) = 1, we also have that ged(y, u* + v?) = ged(v, u* + v*) =
1. Thus, all of u, v, 4> + v? must be perfect squares; i.e.,
u=r?, v = s2?, u? 4+ v?2 =2,
Thus,
st 4 rt =12, ©)
and we have another solution to (2).

We need only check that this solution satisfies 0 < ¢ < z with r and s
nonzero. But r = 0 implies that ¥ = 0, which implies by (4) that x =0,
which we have assumed is not the case. Similarly, s = 0. Moreover, since
b # 0 (because x? = 2ab, x # 0), we have

t=u+v=a<a’<a’+ b=z,
and so ¢ < z. Thus, z was not least after all, and Theorem t is proved. [

6.3 Exercises

1. Show that (1/x*) 4+ (1/y*) = 1/z* has no solutions in integers.
2. Show that (x2 4+ 1)* + (> + 2)* = (z + 4)* has no integer solutions.
3. Determine all solutions of the Diophantine equation

(x* + 1* + p12 = (22 + 1)~
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4. Determine all solutions of the Diophantine equation
(x? 4+ y2 —2)* 4+ 16 = z2. _
5. Show that x* 4+ 16 = (y? + z2 — 2)? has no solutions in integers.
6. Show that x* — y* = z2 has no solutions in integers such that xyz == 0.

7. Show that the following Diophantine equations have no solutions in
integers xyz = 0. (Hint: See Problem 10, p. 162.)

(@) x*+ 2p* =22
(b) x*+ 5yt =22

6.4 The Equation x2 + y2=n

In this section, we shall answer the following question: Which integers
can be written as a sum of two perfect squares? (Note: 0 is a perfect square.)
This is the same as asking for those positive integers n for which the Dio-
phantine equation

x2+y2=n
is solvable. We shall give a complete solution to this problem. The results of
this section were first given as another of those famous marginal notes of
Fermat in his copy of Diophantus’ works.

Before we begin, let us make a few remarks. First of all, note that 3 can-
not be written as a sum of two squares, and so the above equation is certainly
not solvable for all n. Second, the reader should observe that here, for the
first time, we are using the theory of congruences in a nontrivial way to show
that a given Diophantine equation actually has a solution.

First, let us show how to reduce considerations to the case of n =p a
prime. We start with the following identity:

O + D2+ yD) = (X2 + y12)? + (2 — yixa)® *)

This identity does not look mysterious if you are familiar with complex
numbers. It is simply the statement that the absolute value of the product
of two complex numbers equals the product of the absolute values of the two
complex numbers.* In any case, even if you are not familiar with complex
numbers, you may verify the identity directly by multiplying out both sides.
What does this identity do for us? It says, in particular, the following:

Lemma 1: If n and m can both be written as a sum of two squares, then so
can nm.

Example 2: Since 13 = 22 + 32 and 29 = 2% 4 52 we know that 13.29 =
377 is a sum of two squares. Indeed, here forn = 13, m = 29 we have x, = 2,

*The two complex numbers we have in mind are x; — o/ —1y; and x3 + +/—1y.
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y1=3,x,=2,y,=25, and so
377 =(2-2 4 3-5)2 + (2.5 — 2.3)2
or
377 =192 + 42,
It should be clear from Lemma 1 that we should attempt to determine

which primes can be written as a sum of two squares. We first use congruences
in a familiar way to find a negative result.

Lemma 3: Let p be a prime. Suppose that p = 3(mod 4). Then p cannot
be written as a sum of two squares.

Proof: Let us suppose that, on the contrary, we have integers x and y such
that

x? 4 y? =p. U]
Then x? + y? = 3(mod 4), which is clearly impossible since a square is con-
gruent to 0 or 1(mod 4). [ ]

We shall now prove the converse of Lemma 3. This is the main and the
most difficult step in determining which integers can be written as a sum of
two squares.

Lemma 4: Let p be a prime. Suppose that p = 2 or p = 1(mod 4). Then p
can be written as a sum of two squares.
Proof: If p =2, then p =2 =12 4 12, and so this case is settled.

Suppose that p = 1(mod 4). Then by Theorem 3.3.5, we can solve the
congruence

x? = —1(mod p).
Since the integers 0, £1, 4-2, ..., (p — 1)/2 form a complete residue sys-
tem modulo p, we may, of course, assume that the integer x is one of these
integers. Thus, we have integers x and ¢, where | x| < (p — 1)/2 < p/2, such
that
x2+1=1p.
Then ¢ > 0, and
t=x2+ 1 <(p/2)2+l
D p

Since 1 = 1% we have shown the following: There are integers x, y, ¢ (y = 1)
such that

_p 1
_4-|-p<p.

x2+y2=1¢tp and 1<t<p. ¥))
This is not quite what we need. We need the same statement with ¢ =1,
We shall show that if # > 1, then # may be reduced in value (by using a differ-
ent x and y). In this way, we obtain (2) with # = 1. (Note the similarity with
the method of infinite descent.)
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Let kK > 1 be the least integer such that kp is a sum of two squares. Thus,
we have integers x, and y, such that

x} + y} =kp. 3

We assume that £ > 1 and derive a smaller value of k, and thus we have a
contradiction. We know from (2) that 1 < k < p.
Choose integers x, and y, such that

x, = x,(mod k) and y,=y,(mod k). )]
Using the complete residue system 0, 41, 42, . . . we may assume that
<X and <X )

Moreover, we cannot have x, = y, = 0 since then x, = y, = 0(mod k) and
thus x? = y? = O(mod k2). But then, from (3), we have

kp = x? + y? = O(mod k?),
which implies that kl p, violating the assumption that 1 < k < p. Now
x} + y2 =x3 + y? = 0(mod k)
using (3) and (4). Thus, there is an m such that
x2 4+ y: =km. 6
Then

since one of x,, y, is nonzero and k > 0. Moreover, by using (5), we have
SLCE T P

That is, 1 < m < k. Combining (3) and (6) with our basic identity (*), we
have

k*mp = (x,x; + y1y2)* + (x1y2 — x291)%
Using (4) again, we have
X1%, + y1y2 = x} + yi = 0(mod k)
and
X1Y2 — Xo¥1 = X1¥1 — X1y = 0(mod k).
Thus,

mp =

(x,xz '}C‘J’IJ’Z)Z + (le’z 7(' sz’l)z’

where (x,x, + y,,)/k and (x,y, — x,,)/k are both integers. We have now
reached the desired contradiction. Namely, mp is a sum of two squares and

1<m<k. B
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Let us now combine Lemmas 1, 3, and 4 to determine precisely which
integers may be written as a sum of two squares. First, any perfect square s3
can trivially be so represented:

s 4+ 02 = g2 x=sy=0).

Thus, if z is a positive integer, write n = s2n,, where n, has no square factors.
Write ny =p,p,---p, where p,,...,p, are distinct primes. Applying
Lemmas 1 and 4 we see that if for each i, p, =2 or p, = 1(mod 4), then
n = s2p,p, - - p, can be written as a sum of two squares.

Conversely, suppose that n can be written as a sum of two squares. Let us
prove that if we write n = s?p, - - - p, with p,, ..., p, distinct primes, then
either p, = 2 or p, = 1(mod 4) for 1 <i <t Let us reason by contradic-
tion. Suppose that some p;, is congruent to 3(mod 4). Without loss of general-
ity, suppose that p, = 3(mod 4). Then, if x2 4 y? = n, we have x2 + y3
= O0(mod p,). Assume that p, }/ y. Then there exists an arithmetic inverse
y* of y mod p,. Then we have (xy*)? = —I1(mod p,), so that —1 is
a quadratic residue mod p,, which contradicts the fact that p, = 3(mod 4).
Thus, p, } y leads to a contradiction. Similarly, p, } x leads to a contradic-
tion. Thus, we conclude that p, | x and p, | y. Thus,

pix*+y*=n=s%p---p.
Since p,, . . ., p, are different primes, we must have p, | s2, so that p, | s. Thus,

X\ () = (2,
G +G) =)

Replacing n by n/p?, we see that n/p? is a sum of two squares and nfp? =
w2p, - -+ p,. By repeating the same argument with n replaced by n/p}, we
may remove another factor of p, from w. By repeating this process, we even-
tually arrive at an integer n, such that n, is a sum of two squares, say n, =
a® + b*, n, = v2p,--- p, with p, } v. But then, applying the same argument
one more time, we get p, | v, which is a contradiction. Thus, p, 5= 3(mod 4).
(Note that the argument we have just used is another application of infinite
descent.)

We have now completely proved the following result:

Theorem 5: Let n be a positive integer. Write n = s2n,, where n, has no
square factors. Then » can be written as a sum of two squares if and only if
the only prime factors of n, are among the primes 2 and the primes p =1
(mod 4).

Example 6: 888 = 23.3.37. Thus, 888 = 22(2-3.37). Since 3 = 3(mod 4),
we see that 888 cannot be written as a sum of two squares.

Example 7: 332514 = 2-32.72.13.29 = (3-7)%(2-13+29). Since 13 =29 =
1(mod 4), we see that 332514 can be written as a sum of two squares. Let us
use the identity (*) to actually carry out the computations to get some idea
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concerning its efficiency. In Example 2 we already used (*) to show that

13-29 =192 42,

Combining this with 2 = 12 4 12, we obtain

2:13:29 = (19-1 + 4-1)% + (19-1 — 4-1)? = 232 + 152,

Then finally

332514 = (3-7)2(23% + 15%)
= (3-7-23)2 + (3-7-15)
— 4832 4 3152,

6.4 Exercises

Suppose that ged(a, b) = 1. Show that if a is not a sum of two squares,
then ab is not a sum of two squares.

Prove that there exist an infinite number of Pythagorean triples using
the results of this section.

Determine whether the following integers can be written as sums of two
squares. In each case determine all possible representations as a sum of
two squares. (Don’t forget to include squares of negative integers.)

@@ n=3.
(b) n=>5.
(c) n=49.
d) n=60.
() n=285.
) n=29.

Using the results of Exercise 3, explicitly represent 85-29 = 2465 as a
sum of two squares.

For n a positive integer, let r,(n) denote the number of representations
of n in the form x2 4 y2. Let us agree to count 3% 4 5% and 5% - 32,
for example, as different representations.
(@) Using Exercise 3, compute r,(3), r,(5), r.(49), r,(60), r,(85), and
r,(29).

(b) Using the identity of the text, show that r,(n) is multiplicative.
(c) Show that for p a prime,

8, poddand = 1(mod 4),

r z(P) =14, D= 2;
0, otherwise.

(Hint: It suffices to consider the first case. Moreover, it suffices to
show that there is only one solution of x* 4 y* = pwith0 < x <
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y < p. Let (x, y) and (x,, y,) be two such solutions. Show that
(xy*): = (x,y¥)* = —1(mod p) and then that x = x;, y =y,.)

6. Show that the Diophantine equation 5x2 4+ 14xy 4+ 10y? = n is solv-
able in x, y if and only if n is representable as a sum of two squares.

*7. Let n > 0 be given. Determine a necessary and sufficient condition that
x2 4- 2y? = n be solvable in integers x, y.

6.5 The Equation x2 + y2 + 22 + w2 =n

In the last section we completely settled the question of which integers
could be written as a sum of two perfect squares. In particular we observed
that not all integers could be written in this way. Then, can we write every
integer as a sum of three squares? For example, 3 is not the sum of two
squares but 3 = 12 + 12 4 12, and 43 is not the sum of two squares but
43 = 32 4- 32 { 52, But, alas, 7 is not the sum of three squares, as is readily
checked. Now 7 = 2% 4 12 + 12 4 12 is the sum of four squares. Bachet in
1621 conjectured that every integer is a sum of four squares.

Now we come to yet another of the famous marginal notes of Fermat.
He stated that he had indeed proved the result by his method of infinite
descent. Unfortunately he gave no further indication of how the proof was
accomplished. Later he challenged the other mathematicians of his day to
establish the validity of the result to determine, as he stated, “whether I value
my discovery higher than it deserves.” There is little doubt that Fermat could
prove the result, but it was not for more than 100 years after Fermat’s death
that a proof was finally given in 1770 by the French mathematician J. L.
Lagrange after the great Euler had tried and failed. The result is, in fact,
usually credited to Lagrange, not Fermat.

From our present point of view the proof can be made to parallel quite
closely the proof given concerning the sum of two squares. We first write
down an identity (*) (discovered by Euler) which says that if » and m can be
written as sums of two squares, then so can nm. This identity is not an
obvious application of complex numbers as was the one in the last section,
and its discovery was a substantial achievement.* Its verification, however,
is trivial as one need only multiply out both sides. It illustrates J. E. Little-
wood’s famous comment that any identity is trivial if written down by some-
body else.

With the identity, it suffices to show that any prime p can be written as
a sum of four squares. To accomplish this we first show that a certain
congruence can be solved (Lemma 3) to show that some multiple of p is a

*It does, however, come from a more recondite system of numbers called the quaternions.
The quaternions, discovered by Hamilton in the mid-nineteenth century, were not known
at the time of Euler.
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sum of four squares. We then show, in a proof that closely parallels the

similar proof concerning two squares, that the smallest multiple of p that

can be written as a sum of four squares is 1-p = p and the proof is complete.
We first give the identity:

G+ yi 4 22 - wh(xE + yi 25+ wh) = (X, + Yo T+ 20z + wow,)?
+ (X2 — y1xs + Zw, — wize)? (0122 — 20X, + Wiy, — yaws)? (%)
+ (awy — wixs + 31z, — 2190)%

As we noted above, the identity may be verified directly by multiplying out

both sides. Thus, we have

Lemma 1: If n and m can be written as sums of four squares, then so can
nm. In particular, if we show that every prime can be written as a sum of four
squares, then we have established that every integer can be written as a sum
of four squares.

Example 2: Since 30 = 12 + 22 + 32 4 42 and 29 =22 | 52 =22 4 52
+ 02 + 02, we know that 30-29 = 870 is a sum of four squares. Indeed, here
forn=30,m =29, wehave x, =1,y, =2,z, =3, w, =4 and x, =2,
y2=5,2,=0,w, =0, and so
870 = (2 4+ 10)2 + (5 — 4)? 4+ (—6 + 20)* 4 (—8 — 15)?
or
870 = 122 4 12 4 142 4 232,

We shall now give the lemma on congruences. Its proof is an interesting
and simple exercise in quadratic residues.
Lemma 3: Let p be a prime. Then there are integers x and y such that

x? + y? = —1(mod p).

Proof: Ifp=2,letx =1and y =0. If p = 1(mod 4), then we know that

(—Tl) = 1, and we may take y = 0 and x as a solution of x* = —1(mod p).

Finally, the case where p = 3(mod 4) remains. In fhis case (—71) = —1.

We want to find integers x and y such that
x2 = —(»% 4+ 1)(mod p).
That is, we want to find an integer y such that

(—(,V;"l‘ 1)) =1.

) - (Y -5

Now
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Thus, we want an integer y such that
(M) — 1.
D

Since the integers y? are just the quadratic residues mod p, our problem is
now the following: Find a quadratic residue @ mod p such thata + 1 isa

quadratic nonresidue. That is, find a such that (—;-) =1 and (aT—!-l) =-1

It is obvious that such an a must exist. Indeed, if a did not exist, then

1 A 1+1 2 A 2+1 3
—)=1 1 tht—)=—=l lies that ={=]=
(p) implies tha ( > (p) implies tha ( 7 ) (p) 1,
and so forth. Then, every integer would be a quadratic residue mod p. We

know that this is not so. [ ]

We may now prove the following theorem:

Theorem 4: Let n be a positive integer. Then n can be written as a sum of
four squares.

Proof: By Lemma 1 we may assume that n = p, a prime. If p =2, then

p =124 12 4 02 4 0%, and so we may assume that p > 2 and so is odd.
From Lemma 3, we may solve the congruence

x? 4+ y? = —1(mod p).
Since the collection of integers 0, +1, . .., 4+(p — 1)/2 is a complete residue
system modulo p, we may, of course, assume that the integers x, y are among
these integers. So we have integers x, y, ¢, where | x|, |y | < (p — 1)/2 <p2
such that
x24+y2+1=1p.
Then ¢ > 0 and

(XAl P2l _p 1
P P 2°p

Since 1 =12, 0 =02, we have shown the following: There are integers
X, ¥, 2, W, t (z=1 and w = 0) such that

x24+y24+ 224+ wr=1¢p and 1<r<p. )
We need the statement (1) with ¢ = 1. We again show that if ¢ > 1, then ¢
may be reduced in value. Or, what amounts to the same thing, we show that
the least value of ¢ that works in (1) is z = 1.

Thus, let £ > 1 be the least integer such that kp is a sum of four squares,
Then we have integers x,, y,, z;, w; such that

xt +yi 4zt + wi=kp. @

We assume that £ > 1. We then have from (1) that 1 < k < p.
Choose integers X,, y,, z,, W, from the complete residue system 0, 41,
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42,...mod k such that
x =x,(mod k), y,=ymodk), z,=z,(modk),

and w, = w,(mod k). (3)

»

Then
k k k k
|x,|£7, |J’z|37’ Izz|£7’ and IleST' ©)
Moreover, we cannot have x, = y, = z, = w, = O sincethenx, =y, =z,
= w, = (mod k), and so from (2)
kp = x? 4+ y? + z? + w? = O(mod k2),

which implies that k|p, violating the assumption that 1 < k& < p.

Again it is not possible that |x,| =|y,| =|z,| = |w,| = k/2 since then
k is even, and so k/2 = —(k/2)(mod k), and thus x, =y, =z, =w, =
(k/2)(mod k), and so x? =y} = z? = w? = (k?/4)(mod k%), which again
gives by (2

k* | k* | k*  k?
kp=xt+yt+zt+wi=7 + 7 +7 +7 =k =0(mod k?),
which is again a contradiction.
Now
x24+yidz2+wi=xt 4 y? 4 z2 + wi=0(mod k)
using (2) and (3). Thus, there is an m such that

x3 +yi+ 23 + wi =km. )
Further,

m=x%+y%_};z%+w§21,

since one of x,, y,, z,, w, is nonzero and k > 0. Moreover, by (4) and the
fact that not all of | x,],|y,], |z.|, |[w,| can be k/2, we have

m < G20 o 29+ RI2)" o K2 _

That is, 1 < m < k. Combining (2) and (5) with our basic identity (*), we
have
k*mp = A* + B* + C? + D,

where A, B, C, D are the four terms on the right-hand side of (*). Using (3)
again,

A = x,%; + y1y; + 212, + wiw, = x1 + i + 21 + wi = 0(mod k)
and

B=2x,y, — yix; + 2w, — Wiz, = X191 — yiX, + 2w, —wyz =0

(mod k)
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and similarly C = 0(mod k) and D = O(mod k). Thus,

. A 2 B 2 C 2 D 2
m=(%) +(z) + (%) +(2)
where A/k, B/k, C/k, D/k are all integers. We have now reached the desired
contradiction. Namely, mp is a sum of four squaresand 1 <m <k. [}

6.5 Exercises

1. (a) Represent 5, 7, and 11 as sums of four squares.
(b) Use the identity of the text to represent 5.7 and 7-11 as sums of
four squares.

2. Let ry(n) denote the number of representations of n as a sum of four
squares. Let us agree to count the order of the squares in such a repre-
sentation. Thus, r,(1) = 8, corresponding to the eight representations
1 =(GEFD2+02402402 =02+ (£1)2 4 0% 4 02 =02 + 0% +
(D2 4 02 =024 0% 4 02 4 (L1
(@) Compute r,(5), r.(7), and r,(10).

(b) Show that r,(n) is multiplicative.
(c) Show that the formula

ryn) =38 ‘;" d
4yd
holds for n = 5, 7, 10. (This formula is due to Jacobi. For a proof,

see Hardy and Wright, The Theory of Numbers, Oxford University
Press, Inc., New York, p. 314.)

3. Show that if n = 7(mod 8), then n is not the sum of three squares.

Complete the following outline to give another proof of Lemma 3:
There are (p + 1)/2 distinct residue classes of numbers x2 and (p + 1)2
distinct residue classes of numbers —(»2? - 1) so there must be an x,y
such that x2 = —(y? + 1)(mod p).

6.6 Pell’'s Equation: x2 — dy2 = 1

Let us now discuss the equation x> — dy? = 1, which is known in the
literature as Pell’s equation. Here, we assume that d is a given positive integer.
There is one case of Pell’s equation which is trivial. Namely, suppose that
d = a? for some integer a. Then

1 =x2 —dy? =x? — a’y* = (x — ay)(x + ay),
which holds if and only if x — ay = 41, x 4+ ay = 41, which is equivalent
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tox = +1, y = 0. Thus, henceforth, let us always consider Pell’s equation for
d > 0 not equal to a perfect square. We shall prove that if d is not equal to a
perfect square, then Pell’s equation has an infinite number of solutions. We
shall prove this fact, as well as give a fairly explicit description of all the
solutions. We shall see that the most difficult part of obtaining such a de-
scription is determining one solution of Pell’s equation other than (d4-1, 0).
From one solution other than (4-1, 0) we shall show how to compute infi-
nitely many others. To give the reader a feel for this procedure, let us begin
with a numerical example.

Example 1: Let us find an infinite number of solutions of x2 — 2y? = 1.
It is clear that x = 3, y = 2 is one solution. Thus, solutions other than
x = %1, y =0 exist. Let x,, y, be any solution. Then, we assert that x =
Ix, + 4y, ¥ = 2x, + 3y, is also a solution. Indeed,

x2 — 2y% = (3x, + 4y0)* — 2(2x, + 3y,)*
=x -2 =1.

For example, if x, = 3, y, = 2, then we obtain the solution x = 17, y = 12.
Then, if we set x, = 17, y, = 12, we find x = 99, y = 70. Continuing in this
way, we obtain an infinite number of solutions of x? — 2y? = 1. The solu-
tions are all different, since the value of y keeps increasing. We shall see
later in this section that there is nothing accidental about the above technique
for generating solutions.

The equation x2 — dy? = 1 was labeled Pell’s equation by Euler. How-
ever, this is one instance (among many in mathematics) where a name has
been attached in error to a result and the name was so commonly accepted
in the literature that it stuck. Actually, Pell had little to do with Pell’s equa-
tion. The first mention of the equation seems to date back to Archimedes,
although it is not known what he knew about it. A method for solving it
was given by the English mathematician Lord Brouncker in 1657 using what
are called continued fractions. Wallis and again Fermat claimed to have
proved that there is always a solution other than x = +1, y = 0, and Fermat
first noted that there are always infinitely many solutions. As usual, Fermat
did not publish his proof. The first published proof was given by Lagrange
in 1766.

The proof that x2 — dy? = 1 can be solved for all nonsquare d parallels,
to a certain extent, the proofs given in the preceding sections of the two-
square and four-square theorems. First there is an identity. Then we show
that x2 — dy? = ¢t can be solved. Next we show, using congruences and the
identity, that we may take # = 1. However, in the case of Pell’s equation,
there are more complications than arose in the preceding sections. For
example, it is not enough to show that we can solve x* — dy* = ¢ for some
t. We need a ¢ which gives an infinite number of solutions. Moreover, we
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need a new idea to find z. (We solved congruences to get the ¢ in the two-
and four-square theorems.) Both in obtaining the ¢ and in many other analy
ses concerning Pell’s equation, we must come to grips with the irrational
number ./"d . That the arithmetic of irrational numbers should be able to tel
us anything about the integers is far from obvious and the present section
as well as Appendix B (where the existence of the ¢ will be shown) will provide
some motivation for the extensive study of irrational numbers of certaia
types which we shall undertake in the second half of this book.

Let us begin our study of Pell’s equation with the identity we promised:

(x} — dy}(x3 — dy3) = (x1x, — dyy,)* — d(x,y, — y1%)%. )

To verify this identity, merely multiply out both sides. The identity allows
us to draw a similar conclusion to the ones we drew in the two- and four
square problems (Lemmas 4.1 and 5.1). Namely, if (x,, y,) and (x,, y,) are
both solutions of x2 — dy* = 1, then we may obtain another solution (x,, y,)
by the formulas

X3 = XX, — Ay, V3 = X1)Y2 — V1Xa.

For example, if d =2 and x, =3, y, =2, x, =99, and y, = 70, then we
see that x; = 17, y; = 12 is also a solution. Thus, (*) allows us to generate
new solutions out of given ones. Let us now turn to the problem of deter-
mining at least one solution (other than x = +1, y = 0). As a first stepin
this direction, let us state a result which corresponds to the results of the
previous sections which asserted that certain congruences are solvable.
(Namely, the assertion of Section 4 that p = 1(mod 4) implies that x? =
—1(mod p) may be solved, and the assertion of Section 5 that x% 4 y?=
—1(mod p) may be solved (Lemma 5.3).)

Lemma 2: Set B = 2./ d + 1. Then there are infinitely many distinct pairs
of integers (x, y) such that

|x? — dy*| < B.

For example, if d = 2, then B =2,/2 + 1 < 4, so that Lemma 2 asserts
that there exist infinitely many pairs of integers (x, y) such that |x? — 2y3|
< 4. Of course, the lemma has little interest in itself, since we shall prove
that x2 — dy? = 1 has an infinite number of solutions, which clearly implies
the lemma. However, the lemma is a technical device to get to this point.
To prove the lemma, some quite new ideas are needed, mainly concerning
the approximation of irrational numbers by rational numbers. To put these
ideas in the proper context, let us not interrupt our study of Pell’s equation
to discuss them at this point. Rather, let us postpone the proof of Lemma 2
until Appendix B and let us immediately show how Lemma 2 implies that
Pell’s equation has an infinite number of solutions.
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Theorem 3: Let d > 0 be a nonsquare. Then the Diophantine equation
—dyr =1 M

bas an infinite number of distinct solutions in integers x, y.

Proof: By Lemma 2, there are infinitely many pairs of integers (x, y) such
that |x2 — dy?| < B, where B = 2./ d + 1. Since there are only a finite
pumber of integers k such that | k| << B and since each of the numbers x2 —
dy? are integers, there is an integer k such that there are infinitely many palrs
of integers (x, y) with

— =k )

Ifk = 0, then d = (x/y)?, contradicting the fact that d is not a perfect square.
(Why is x/y an integer?) Therefore, k = 0.

Let us now look at the solutions (x, y) to (2) modulo | k|. For any integers
x,y there are integers a,b such that 0 < a,b < |k| and such that x =
a(mod | k), y = b(mod | k|). There are only k? possibilities for the pair (a, b).
Thus, since (2) has an infinite number of solutions, we see that we can find
a, b such that infinitely many solutions (x, y) of (2) satisfy x = a(mod | k|),
y=b(mod | k|). For any pair (x;, y,), (x;,y,) of these solutions, we have

—dyi =k, xi-dyi=k
and
X, = a = x,(mod | k), v, = b= y,(mod | k). 3)
Using our basic identity (*), we obtain

k? = (x,x, — dy,y,)* — d(x1y;, — y1%,)*
However,
XX, — dy,y, = x} — dy} = 0(mod |k|)

XYy — V1% = X1y, — yix; = 0(mod |k ).
Therefore,

1= (Ldyxyz)z _ d(xlyz — ylxz)z,
k k
so that we get a solution (x, y) to (1), with

x = _ X1)> ;ylxl'

kay:y_z, y
Let us fix one solution (x,, y,) of (2) and (3). Since k # 0, we clearly see that
one of x; or y, is nonzero. Let (x,, y,) run over an infinite set of solutions
to (2) and (3). Then either x, or y, assumes infinitely many values, so that
either x or y assumes an infinite number of values. (Why?) Thus, (x, y) runs
over infinitely many solutions to (1). [ ]
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Let us now give a technique for generating infinitely many solutions of
(). For this purpose, we require the following two identities:
(1 + Ay ), + NV dyn) = (exy + dyya) + S dx0ys + %)) (o
(1 — Ay, — A dyr) = (%:%5 + dy1ys) — A d (X195 + y1%a).
The import of these identities is that the product of two numbers of the form
X + o/ dy (respectively, x — »/dy) is again a number of the same form.

Suppose that x, and y, are integers. Then, by using (**) repeatedly, we
see that

(xl+’\/7yl)”=xn+'\/ dyn (‘)
for integers x, and y,. In fact, since for n > 2 we have
G+ A/ dyy =0+ A/ dy)x + 4/ dy)!
=+ dy)x,, + «/7}%—1),
(*#+) implies that
Xy =XXpo1 T W1Yaets Vo =XVpo1 T ViXa-re ®
Similarly,
(xl - '\/dyl)’l =X, — '\/dyn’
where x, and y, may also be computed from x, and y, using Eq. (5).
Lemma 4: Suppose that n» > 0 and that (x,, ,) is a solution to Pell’s equa-
tion x2 — dy? = 1. Let x, and y, be defined by the condition
(xl + '\/7-.)71)'l =xn + ~ dyn'
Then (x,, y,) is a solution of x* — dy? = 1.
Proof: We have
(s — Ay =%, — A/ d Y,

x2 —dy} = (%, + /Ay )% — &/ dy)
= (%, + ﬁyl)"(xl - /\/7)’1)"
= ((x; + & dy)x, — A dy))
=Gl —dy=1"=1 |

so that

Example 5: Again consider x2 — 2y? = 1. Set x, = 3, y, = 2. Then we
define x, and y, by

X+ /2y = B+ 2/2),

so that
B+2/22=17T4+12/2
B+2/2)»=17T412/2)3+2/2)=99 + 70,/ 2,
which yield the solutions (17, 12), (99, 70) given in Example 1. Note that the
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formulas of Example 1 are precisely the relations (5), namely for n > 2,
xn=3xn—l +4yn—1’ yn=2xn-l +3yn—l'
For n = 2, we see that
X, = 3x; + 4y, Y2 =2x; + 3y,
is a solution of (1) for any solution (x,, y,) of (1).

Now that we have a machine for generating solutions from a single solu-
tion, let us find all solutions. First, note that if (x, y) is a solution, then so is
(£x, +y) for any choice of signs. Therefore, it suffices to determine all those
solutions for which x > 0, y > 0. Moreover, it is trivial to see that the only
solutions for which either x or y is zero are (41, 0). Thus, it suffices to deter-
mine all those solutions for which x > 0, y > 0. Such solutions are called
positive solutions. Let us find a simple way of determining whether or not a
solution is positive.

Lemma 6: Suppose that (x, ) is any solution of x> — dy? = 1. Then (x, y)
is a positive solution if and only if
x+4/dy>1 ©
Proof: If x > 0and y > 0, then x > 1 and y > 1, so that
x+a/dy>14+,/d=>2>1.

Conversely, suppose that (6) holds. If one of x or y is zero, then (x, y)
= (%1, 0) for which (6) does not hold. Thus, assume that x = 0, y £ 0.
Let us consider four cases for x and y.

Case 1: x <0 and y <O. In this case x + ./ dy < 0 and (6) does not
hold.

Case2: x>0and y <O0.In thiscase,x — /dy>1+ ./d > 1,s0 that
by (6) and (1), we have

l=x2—dy* =(x —/dy)x+ /dy)>1:1 =1,
which is absurd.

Case3: x <0 and y > 0. Then —x + ./ dy > 1, and again by (6) and
(1), we have

—l=—x24+dr? =(—x+/dy)x+ J/dy)>1-1=1,

which is also absurd.
Thus, the only possible case is x > 0 and y > 0. [ ]

Let us now tell the complete story about the solutions to Pell’s equation
We know that the equation x2 — dy? = 1 has at least one solution (x,, y,)
in integers with x, == 0, y, = 0 by Theorem 3. Moreover, since (4-x,, 4-y,)



180 Chap. 6 A Few Diophantine Equatioms

is also a solution for any choice of signs, we see that there is at least ome

positive solution, say (x5, ¥;). Set M = x,, + A/ dy,. If (x,, y,) is any positive
solution of x? — dy? = 1, then the condition

x + ﬂ n<Mm Y]
implies that x, << M and y, << M. Thus, in particular, there are only finitely
many choices for x; and y;. Let us choose the positive solution (x,, y,) for
which x, + ./ dy, is least. This is possible since (1) has only finitely many
positive solutions. Call (x,, y,) the fundamental solution of Pell’s equation,
We may now state our main result on Pell’s equation.

Theorem 7: Let (x,, y,) be the positive solution to Pell’s equation for which
x, + o/ dy, is least. For each positive integer n, define x, and y, by

xn +'\/7yn = (xl + A dyl)”'
Then all the solutions of Pell’s equation x2 — dy? = 1 are given by

(x’y)=(:|:1’0) and (x,J’)=(ﬂ:xm:|:J’“ (8)

where all choices of signs are allowed. Moreover, all these solutions are
different.

Proof: We know from Lemma 4 that all the (x,, y,) of (4) are, in fact, soly-
tions of x2 — dy? = 1. Let us next prove that the (x, y) in (8) are all different,
From Eq. (5), we see, since x; > 0, y, > 0, that x, > 0, y, > 0 for all a.
(Use induction.) Thus, no one of (4-x,, 4-y,) can be equal to (4-1, 0). Thus,
let us prove that all of (4-x,, +y,) are different. It clearly suffices to show
that all of (x,, y,) are different since x, > 0, y, > 0. Howeyver, since (x,, y,)
is a positive solution, we have x, + ./ dy, > 1 by Lemma 6. However, if
(%45 V) = (%> Ym) With say n < m, then we must have

(e + ﬂ)ﬁ)” =X, + ﬂJ’n =X, + ﬁym =(x + ﬁ}’l)"’
so that
(1 + ASdyy =1,
which is impossible since x, + ./ dy, > 1. Thus, all the (x, y) of (5) are
different.

Let (u, v) be any solution of x* — dy? = 1. Since (1, 0) are the only
solutions with one of x or y equal to zero, and since if (x, y) is a solution,
then so is (4-x, 4+y), we may assume, without loss of generality, that u > 0,
v > 0. Let us show that (v, v) = (x,, y,) for some n > 1.

Since (x,, y,) was chosen as the positive solution of x? — dy? =1 for
which x, + ./ dy, is least, we see that

X+ dy, <u+ /do. &)

We assert that there is a positive integer n such that

(x4 +/\/7Y1)"S“+f\/7”<(x1 +A/7J’1)"“- (10)
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Indeed, we have observed that x, + ./ dy, > 1, so that the powers of x; +
A/ dy, become arbitrarily large. Thus, there is a largest value of n for which
w+ /dv>(x, + 4/ dy,). By (9), this largest value of n is at least 1.
Moreover, it is clear that this largest value of n forces (10) to hold.

Let us multiply (10) by (x, — »/ dy,)", which is positive since x, + ./ dy,
>0 and since 1 =x? —dy? =(x; + o/ dy)(x;, — o/ dy,). Then we see
that

1< @+ /do)x, — /dy)y <x, +/dy,. (1)

Recall that (x, — A/ dy,)" =x,— A/ dy, Set u, = ux, — dvy,, v, =vx,

—yu.Then (u + o/ dv)(x, — A/ dy,)* = u, + »/ dv,. Moreover, a simple
calculation shows that

u? — dvi = (u? — dv*)(x2 — dy?) = 1.

Therefore, (u4,, v,) is a solution of x> — dy? = 1. Moreover, (11) asserts that

1<u, +/dv, <x,+./dy,. 12

If u, + o/ dv, > 1, then by Lemma 6, (u,, v,) is a positive solution of x2 —

dy* = 1. However, if this is the case, then (12) contradicts the way in which

(x,, y,) was chosen. Therefore, we must have u, + ./ dv, < 1. However, (12)
implies that 4, 4+ ./ dv, = 1. Thus,

(u+ A/ do)x, —/dy)y =1
Multiplying both sides of this equation by (x, + ./ dy,)", we see that

Ut /A0 =, + /Ay =X, /A, (13)
Thus, u — x, = ./ d(y, — v). If y, — v % 0, we have
u—x,
,\/_d- = .)_1,,—_’0’

so that
— (A =%)
4= (y,, — v) ’
which contradicts the fact that d is not a perfect square. (Why is (¥ — x,)/

(¥, — v) an integer ?) Thus, a contradiction is reached and y, — v = 0. Then,
by (13), we have u = x,, so we have proved that (¥, v) = (x,, y,)- ]|

Example 8: We again consider x2 — 2y? = 1. We have observed before
that x = 3, y = 2 is a solution. Thus, the least solution (x,, y,) must satisfy

X+ A2y, <34+4/2:2<6,
and so x; < 5 and y, < 5. It is easily seen that the only pair x, y solving
x3 —2p? =1satisfying0 <x<S5and 0<y<Sisx=3,y=2 (try all
the cases). Thus, x; = 3 and y, = 2, and so all solutions of x* — 2y% =1
are given by x = +x,, y = +y, (and, of course x = 41, y = 0), where

X+ 2y =0+ 22



182 Chap. 6 A Few Diophantine Equations

We observe that we may obtain x,, y, recursively from x,_;, y,_, more easily
by (5):

Xn =3xn-1 +4yn—1: yn =2xn—l +3yn-l'
Compare this result to Example 1.

It should be pointed out that Theorem 7 allows us to determine all solu-
tions to (1) once we know the least solution. Also from the discussion above,
if we know any solution to (1) with y == 0, it is a simple task to determine
the least solution. However, in practice, determining a solution to (1) can be
an arduous task as even for small d’s the least x,, y, may be very large. For
example, for d = 46, x, = 24335 and y, = 3588. We have given no method
for determining a solution. One method does exist, and it is called the method
of continued fractions. The interested reader should see An Introduction to
the Theory of Numbers, 2nd Edition, by I. Niven and H. Zuckerman, John
Wiley 1966, pp. 151-182.

There is a very simple result that we can obtain now concerning the more
general equation

x2 —dy? =k (19
for fixed integer k. As we have observed many times before, (14) may have

no solutions at all. As a general example, if d = p is a prime, p } k and (%)

= —1, then (14) can have no solutions, as a solution to (14) would give a
solution to
x? = k(mod p),

violating the assumption that (%) = —1. In the second half of this book

we shall deal with the question of deciding for which &k (14) can be solved.
For now we shall settle for the following result:

Theorem 9: If x> — dy? = k has one solution, then it has infinitely many.

Proof: 1If x,,y, is a solution to (14) and x,, y, is a solution to (1) then
X = X,X; + dy1y2, ¥y = X1y, + y1x, is a solution of (14). As x,, y, ranges
through the solutions of (1) (there are infinitely many with x, > 0 and
¥y, > 0), we easily see that we obtain an infinite number of solutions of (14).

[ |
Example 10: Since 52 — 2.32 = 7, define x,, y, (n = 0) by
' X+ A2V =B+ 225+ 23
Then for all n > 0, x> — 2y? = 7. For example, if n = 1, then
x, =3.5+4+2.2.3=27
y,=33+2.5=19,
and 272 — 2-192 =17.
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6.6 Exercises

1. Determine all solutions of x2 — a%y? = n for fixed integers a, n.

2. Find infinitely many solutions of the Diophantine equation x2 — 3y? =
6.
3. Compute fundamental solutions of the following Pell equations:
(a) x2—8y:=1.
®) x2—Ty2=1.
©) x2—3p2=1.
(d) x2—1502=1.
(e x2—17y2=1.

4. Compute all solutions of the Diophantine equations (a)-(¢) of Exercise
3.

5. Let (x,, ;) be the positive solution to Pell’s equation for which x, +
A/ dy, is least. For each integer n (positive, negative, or zero), define
x, and y, by

xn+'\/jyn =(xl + ’\/_‘Tyl)”'

Then show that all solutions of x? — dy? =1 are given by (x, y) =
(* y») and (x,y) = (—x,, —y,). Moreover, all these solutions are
different.

6. Letdbe a nonsquare integer, and assume that the Diophantine equation

x? — dy?* = —1 has a solution (x,, y,).

(@) Show how to determine all solutions of this equation in terms of
the least solution (x,y) for which x 4+ y./d > 1 (a so-called
fundamental solution).

(b) Show that a fundamental solution always exists.

(c) Show that, if (x,, y,) is a fundamental solution of x? — dy? = —1,
then upon setting (x, + y14/ d)* = x + y./d, we have that (x, y)
is a fundamental solution for the Pell equation x2 — dy? = 1.

7. Show that there exists an infinite number of solutions (x, y) of Pell’s
equation for which y = 0(mod N), N a given integer.

8. Let I be a collection of positive real numbers satisfying the following
three properties: (i) If y,, y, belong to I", so does p,y,; (ii) if y belongs
to I', so does p~*; (iii) there exists an interval containing 1 which con-
tains only finitely many elements of I'. Show that I is precisely the set
of all powers (positive, negative, and zero) of some element of I".

9. We shall derive a formula for the Fibonacci numbers defined as follows:
fo =0, f; =1 and inductively for n > 2, f, = f,_1 + fu-2-



184 Chap. 6 A Few Diophantine Equations

(a) Given any integers a, b and a positive integer n, show there are
integers ¢, d such that

(a + l_j___ Vsb)" =c+ M_d.
2 2
(b) Defining integers c,, d, by
1 n 1 5
(52) -t e
show that d, = f, for n > 0.
(c) Show that
1 —/5\__ 1 -5
(EEN S
(same c,, d, as in part (b)).
(d) Show that
_ L 4+/5\ 1 1 —,/5\
f=75(552) - (5
10. (a) Let d>0 be a square-free integer such that d = 1(mod 4).
Let f(x,y) =x? 4+ xy + (1 — d)/4)y>. Show that f(x,y) =1
has an _infinite number of so_lEtions. (Hint: Observe that
x+y/d =x—y)+((1+4/d)2)(2y) and that f(x,y)=
(x + (A + A~/ D)2y)x + (1 — A/ d)[2)y).)
(b) Show that if f(x,, y,) =1 and x,, y, are defined by
Xn + I—FTdyn = (xO + 1_+2—dy0>u
(n any integer—positive or negative), then x,, y, are integers and
f (xm y n) = 1‘

(c) Show that f(x,y) =1 has a solution x,, y, such that x, >0,
¥o > 0 and that x, + ((1 4+ ./ d)/2)y, is least.

(d) Show that with (x,, y,) determined in part (c) and then (x,, )
determined in part (b), all the solutions of f(x, y) =1 are givea
by (x’ y) = Xps yn) or (x, y) = (—xn’ _yn) (n = 0’ :tl, :|:2, LX) ‘)'

Appendix B

Diophantine Approximations

Let us begin by considering the number &, which was defined by the
ancient Greeks as the ratio of the circumference of a circle to its diameter.

» 22

As we all learned in secondary school, z “is” %~. In fact, one state legislature
went so far as to legislate the value of 7 to be 2 (after all, “there is no need
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making math any harder than necessary”). Actually, there is a great deal to
be said for the approximation 22 for & which was first given by Archimedes
in 212 B.c. The number

= 3.1415926535. . .

is an infinite decimal and so is awkward to use in hand computations. Cer-
tainly one feels more comfortable using 42, because we feel more comfort-
able dealing with integers (and their ratios), especially with small integers.
Indeed, 3# is the ratio of two small integers (22 and 7) and

¥ — 3.142857. ..

is a fairly good approximation of z# (the difference is 0.00126...). It can,
in fact, be shown that the difference |7z — 22| is smaller than the difference
|g® — p| for all fractions p/g with 1 << ¢ < 105. =z, in fact, has another
extraordinary approximation, namely 355/113. This fraction has the property
that the difference | 113z — 355] is smaller than the difference |gn — p|for
all fractions p/q with 1 < g < 33,101. It is accurate to six decimal places
(error is less than 0.000000268) as

355
3= 3.1415929203. . ..

These approximations for # are extremely good, in fact better than the
approximations enjoyed by most irrational numbers. How well can we expect
to be able to approximate a real number by rational numbers with small
denominators ? Explicitly, let & be a real number and let N > 1 be a fixed
integer. Among all fractions p/q with 1 < g < N, how small can we make
|& — p/q|? This will be answered in Theorem 1, but first let us study another
example.

Let us consider the problem of setting up a calendar. The time it takes
the earth to complete its orbit about the sun has been calculated to be 365
days, 5 hours, 48 minutes, and 46 seconds. Since we want our year to have
an integer number of days, we must vary the length of the years. What is an
efficient method for doing this? Since there are 86,400 seconds in a day, and
5 hours 48'46’’ equals 20,926 seconds, the actual time for the earth to orbit
the sun exceeds the calendar year of 365 days by 20,926/86,400 of a day.
Thus, the calendar could be corrected by adding 20,926 days at the end of
864 centuries. This obviously is not appropriate. What we need is a rational
approximation of the number 20,926/86,400 which is easier to use to correct
the calendar. It would be convenient to have an approximation p/q with a
small g. Many approximations have been used. In 45 B.cC. Julius Ceasar used
the approximation of } by letting 1 year in every 4 have 366 days. This is a
fair approximation and is incorrect by 1 day in 128 years. The fraction -f; was
proposed by Omar Alkhayami in 1079 A.D. and is called the Persian inter-
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calation. It is more accurate than the Julian intercalation. The calendar we
use works according to the following scheme. There is a leap year in evety
year divisible by 4 except those divisible by 100 and not divisible by 400 (e.g.,
1900 was not a leap year but 2000 will be). This corresponds to approximating
20,926/86,400 by 97/400. This calendar is off by 26 seconds every year. The
advantage of 97/400, over, say, -5 which is closer than 97/400, is that the
corrections can be made in a manner easier to remember. It has, in fact, been
proposed that the leap year in the year 4000 be omitted and in all succeeding
years which are multiples of 4000. This would make the calendar inaccurate
by only 1 day in 200 centuries.

Before we begin the more formal material of this appendix let us consider
the question of actually determining these good rational approximations.
In the sequel we shall show how well we can approximate but shall give
no method for finding the approximations. There is, in fact, a constructive
method for finding the approximations called continued fractions. This is a
topic commonly included in elementary number theory books (for example,
I. Niven and H. Zuckerman, An Introduction to the Theory of Numbers, 3rd
ed. Wiley, 1973.), and we urge the readers to pursue this fascinating subject.

We shall now show how small we can make |&¢ — p/q|. The result is
usually called Dirichlet’s theorem, although it was certainly known to others
before him.

Theorem 1: Let & be a real number. Let N > 1 be an integer. Then there is
an integer ¢ such that 1 < g < N and

- <

The proof of Theorem 1 relies on a very useful and simpleminded state-
ment which goes under various names such as the pigeon hole principle or the
(Dirichlet) box principle:

If we put N + 1 objects into N boxes, then at least one of these boxes must
contain more than one of the objects.

Some of the results of Chapter 6 could have been proved in this way; for
example, we suggested an alternative proof of Lemma 6.5.3 in Exercise 4
in Section 6.5.

It is convenient to rewrite the conclusion (1) of Theorem 1 in the follows
ing way:

There is an integer q such that 1 < q < N and

1
~
Proof of Theorem 1: Consider the numbers 0 = 0-a, o — [a], 20 — [2a],

..., Noo — [Na]. That is, consider the numbers ko; — [ka] for 0 <k < N.
These N 4 1 numbers will be our objects. They all lie between 0 and 1.

lqe — p| <
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Divide up the interval from 0 to 1 into N equal subintervals (See Fig. B-1):

_ 0 1 2 2 3 N—1_N __
-—toN NtoN NtoN’ e —N_‘t°ﬁ—1

| 1 1 1 ! f |
I t T T T 1
1

0 % % % % %
Figure B-1. N=6.

These N subintervals are the boxes. There are N of them, and so two of the
numbers ko — [ko] (0 < k < N) must lie in the same subinterval; that is,
they can be no farther apart than 1/N. Say these two numbers are no — [no]
and ma — [ma), where 0 <n<m < N. Set g =m — n and p = [ma] —
[na]. Then

lge — p|=|(a — [na]) — (ma — [ma])| < N
Moreover,g=m —n<m<N,and g > 1, since m —n> 0. [ ]
Corollary 2: There are an infinite number of integers ¢ = 1 and p such that

P 1
o—£)1< = 2
‘ q I_ ' @

Proof: 1t is an easy exercise to prove the result if & is rational. Thus, we
assume that o is irrational.
Setting N; = 1 in Theorem 1 we obtain p, and g, (= 1) such that
D1 1 1
a—2l< = 2.
| | —aN,  qi
Since « is irrational, |q,& — p,| # 0, and so we may choose N, such that

1
m<141°‘_171|- ©)]
Then, by Theorem 1, there are integers p,, g, such that 1 < g, < N, and

D2 1 1

o — =2 <5

I q: q.N, — q3

Thus, by (3) |g.¢ — p,| < 1/N, <|q,& — p,|, and s0 (g,, p,) is different
from (q,,p,). Again « is irrational, and so |g,& — p,| % 0, and we may
choose N; so that

<

1
I_V—3<qu“_p2|'

By Theorem 1 we can find integers p;, g; such that 1 < g; < N; and

Ps 1 1
o — <—
\ qs qsN; —

Also, |43“_P3|SI/N3<|qz°‘_P2|<|41“_P1|’ and so (q;,p;) is

<
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different from (g,, p,) and (q,, p,). Continuing in this way (induction) we
construct an infinite number of solutions to (2). [ |

Example 3: We observed before that

2|
ln—T = 0.00126... <,

and that
355

1
‘n - m] < 0.000000268 < -

Moreover, by assuming the statement that |7z — 22| is smaller than
|gm — p| for any other fraction p/q with 1 << g < 105, we see from Theorem
1 with N = 105 that we must have

2 _
’n— |<7105 0.0013605 . . .,

which is close to the true order of magnitude of the difference.

The next question we pose is whether we can do better than (2). For
example, can we guarantee that there are an infinite number of integers g, p
such that |& — p/q| < 1/g* or some other function of g smaller than 1/¢3.
The answer is no in the sense that there are irrational numbers & such that
_p 1
for all ¢, p. However one can show that |a— p/q| < 1/s/5 q* always has an
infinite number of solutions; this is called the Hurwitz theorem and cannot
be proved here. We shall give an illustration of (4) in the next example, which
will lead into the main topic of this appendix, namely the proof of Lemma
6.6.2.

Example 4: Let o« = /2. Given any integers ¢ > 1 and p, we have p — qu
# 0 and p + ga = 0. Thus,

(p — qo)(p + qo) = p* — 29> # 0.
(This, of course, was observed in Section 6.6.) Observe that if » is a nonzero
integer, then |n| > 1. Thus,

1<|p* —2¢*| =|qo — pllqe +pl.
If | — p/q| < 1/g?, then |ga — p| < 1/q. Therefore, since ¢ > 1 and & > 0,
we would have p > 0 and p < ga 4 (1/g). Thus,

1 Slqa—pllqa+pI£Iqw—pI(qoc+ qa+%)slqa—pl-(3q)

for ¢ > 3. Thus for g > 3, we have

lge —p l>—»
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so that

L.

3q2

Exploiting the idea of Example 4, we shall prove Lemma 6.6.2.

-2
q

Lemma 5: Let B =2,/d + 1, where d is a positive integer. Then there
exist an infinite number of integers x and y such that

|x2 —dy*| < B.

Proof: From Corollary 2 we have an infinite number of integers x and y
such that y > 1 and

1
|ya/ d _x|£7'
Thus, |/ d — x/y| < 1/y* and [x/y| < A/ d + 1/y* < A/ d + 1. Finally,
|2 = dy?| = |pa/d — x|y + x| < AL A ]

=|ﬁ+%lsﬁ+|3y‘—|sﬁ+ﬁ+1=a [ ]

Exercises
1. Leta,, a,, as, a4, as, as be integers, not all zero, such that |a,| < A4 for
1 < i < 6. Show by the pigeon hole principle that the linear equations
ax+ay+ayz=0
ax+asy+asz=0
have a solution x, y, z with at least one of x, y, z nonzero such that
Ix|, |yl |z] < 7242

2. Generalize Exercise 1 to a system of linear equations in more variables
as follows: Let

ay %, + - +a,x,=0

a,1 X, + -0+ X =0
be r equations in » unknowns with » > r and with a,; integers and
|a,| < A for all i, j. Then there are integers x;, . . ., x,, not all zero,
such that
|x,] < 2@nd)/" (1 <i<n).
3. Let a be a rational number. Show that |ga — p| < 1/q has an infinite
number of solutions in integers g, p.
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Let d > 0 be a nonsquare integer. Show that there is a constant C
(depending on d) such that

lg/d —p|>%

for all integers ¢ > 1 and p.

Use the pigeon hole principle to prove the following result of Dirichlet.
Let a5, ..., ®, be real numbers. Show that there is a constant C >0
such that for all integers B > 1 there are integers ¢, p;, Ps; - - - , P, Such
that

C .

lg, —p|< gz (1 <i<n1<g¢<B)

Deduce from Exercise 5 that the inequalities |ga, — p,| < C/q'
(1 < i< n) have an infinite number of solutions in integers g > 1,
D1s . -+ s Dy for some constant C > 0.

A famous result of Thue says that there are only a finite number of
integers g, p such that

- 1
g/ 2 —pl< P
Use this result to show that the Diophantine equation

X — 2 =1

has only a finite number of solutions.



Introduction to
Chapters 7-11

In Chapters 1-6, we developed the most elementary facts about the inte-
gers and have used those facts to study a variety of Diophantine equations.
In particular, in Chapter 6, our study included the equations

xt4+yt=n (€))
Xt —dyr =1, @

associated with the names of Fermat and Pell, respectively. The reader may
have noted in the first 6 Chapters that the methods used to solve Diophantine
equations vary from equation to equation. Therefore, it seems reasonable to
ask if there is some uniform method for solving all Diophantine equations.
It has recently been proved that no such method exists (using the methods
of logic).* Thus, this problem has a definitive, but very unsatisfactory, solu-
tion. Suppose that we restrict the problem to a smaller class of Diophantine
equations. Can a uniform method then be obtained ? In some cases, certainly.
Take, for instance, all linear equations of the form ax + by = n, which we
solved in Chapter 2. Our method there was a uniform one, based on the
Euclidean algorithm. Are there other classes of equations which can be

*The problem of finding such a method was proposed by David Hilbert in 1900 and has
recently been settled by the combined efforts of Martin Davis, Hillary Putnam, and Julia
Robinson, with the final step being taken by the Russian mathematician Matiyashevich in
1970.

191



192 Introduction to Chs. 7-11

handled ? For example, let us consider the class of all quadratic Diophantine
equations of the form

ax? + bxy + cy* =n. 3)
This class contains Eqs. (1) and (2) as special cases. As we have seen, the
solutions of (1) and (2) are quite different. For example, (1) has only a finite
number of solutions, whereas (2) has an infinite number. Therefore, any uni-
form method for solving (3) must be quite sophisticated in order to detect
the difference between Egs. (1) and (2). It is our plan to take up the study of
the family of equations (3) in the rest of this book. As we shall see, the theory
of these equations is much more complicated than that for linear equations,
and there are still simple questions about equations of the form (3) which
defy solution. However, we shall go a long way in the study of quadratic
Diophantine equations in two variables. For example, we shall give an algo-
rithm for determining all solutions of (3) when a, b, ¢, and n are given.

Although scattered results about quadratic Diophantine equations (e.g.,
Egs. (1) and (2)) had been given in the seventeenth and eighteenth centuries
by Fermat, Euler, Lagrange, and others, the first systematic attempt at
tackling the general equation (3) was undertaken by Gauss in 1799 in his
Disquisitiones Arithmeticae. His results are some of the greatest achievements
in the history of the theory of numbers. Gauss not only organized centuries
of number-theoretic thought into a coherent subject; he charted the course
which has guided number-theoretic research up to the present time. In
Chapters 7-11, we shall undertake an exposition, in suitably modern language,
of Gauss’ results on quadratic Diophantine equations.

The revolution in number theory which Gauss began centered on a sys-
tematic use of irrational numbers, such as /2, »/5, /=3, and ,/=1.
At first, it may seem philosophically troubling that one can get new and
interesting results about the integers by using numbers which are not integers
and which seem to have little if any connection with the integers. Neverthe-
less, there is a deep connection. The basic idea is to introduce certain “gen-
eralized integers” and to study the properties of these integers. In turn, these
properties yield information about Diophantine equations.

A second independent thread in nineteenth-century number theory was
the work of Ernst Kummer on Fermat’s Last Theorem. Kummer thought
that he could prove Fermat’s infamous conjecture by using properties of
certain generalized integers formed from roots of unity. It turned out that he
was in error about the properties of the generalized integers, and so his
alleged proof was false. However, his later attempts to resurrect his proof
led him to study the generalized integers in a very deep way and led him to
the invention of ideals or ideal numbers.

Finally, it was Dirichlet and Dedekind who fused Gauss’ work on quad-
ratic Diophantine equations and Kummer’s work on Fermat’s last theorem
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into the field now known as algebraic number theory. It is our purpose in
Chapters 7-11 to give an introduction to algebraic number theory for what are
called quadratic number fields. This should be enough to give the reader a
taste of what this beautiful branch of number theory is about and give him
the background to read further if he is so inclined.

We shall organize the rest of this book as follows: Chapter 7 will be
devoted to the study of one system of generalized integers, the Gaussian
integers. We shall see that we are naturally led to consider the Gaussian
integers from the Diophantine equation x2 + y* = n. In Chapter 8, we shall
build on Chapter 7 and study the general theory of quadratic numbers and
give the algorithm for solving Eq. (3) mentioned above. In Chapter 9 we
shall complete our theory of quadratic integers, deriving a certain type of
unique factorization theory. In Chapter 10 we shall apply this theory to
certain Diophantine equations other than (3) and outline how the theory
generalizes to cubic and higher-degree numbers. Finally in Chapter 11 we
shall give a systematic account of the theory of determining the integers
n for which (3) can be solved (for a fixed q, b, c). )

Throughout the rest of this book, lowercase italic Roman letters will always
denote rational numbers.

Starting at Chapter 8 we shall assume that the reader is familiar with the
material given in an undergraduate course in abstract algebra (see, for
example, L. J. Goldstein, Abstract Algebra, A First Course, Prentice-Hall,
Englewood Cliffs, N. J., 1973.) and with the most elementary facts concern-
ing vector spaces over the rational numbers.



4

The Gaussian Integers

7.1 Introduction

In Chapter 6, we studied the problem of representing an integer as a sum
of two squares, that is, the problem of determining all solutions of the
Diophantine equation x2 + y? = n (for fixed 7). Our main result (Theorem
6.4.5) was a characterization of all positive integers n which are sums of two
squares. Our methods probably seemed very ad hoc and somewhat un-
enlightening, in that there was little behind them except for a number of
fortuitous accidents and a great deal of algebraic manipulation. In this
chapter, we shall reconsider the two-square problem in a much more natural
setting—the theory of Gaussian integers. By studying the Gaussian integers
and their properties, we shall derive a completely independent proof of the
two-square theorem.

Suppose that » is a positive integer and that x and y are integers such that
x2 4+ y2 = n. Then, if i denotes the complex number »/—1, we may factor
x2 4+ y? into (x + iy)(x — iy). Thus, we have

(> +iy)x — iy) =n. ()
This formula suggests that we look at the set of all numbers of the form
x + iy, X, y integers.

This collection of numbers is called the Gaussian integers. Equation (1)
suggests a fundamental connection between the Gaussian integers and the
problem of representing a positive integer as a sum of two squares.

194
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In this chapter, we shall explore the properties of the Gaussian integers,
with a view toward developing for them an arithmetic similar to that
developed for the ordinary integers in Chapter 2. At the end of the chapter,
we shall return to the two-square problem and shall show how our theory of
arithmetic in the Gaussian integers can be used to give a very natural proof of
Theorem 6.4.5.

Let us begin with a formal definition:

Definition 1: A Gaussian integer is a complex number of the form x -+ iy,
where x, y are integers and i = ./ —1. The set of all Gaussian integers will be
denoted Z[i].

We shall use Greek letters a, 8, 9, . . . for Gaussian integers.

For example, 1 =1 4 0i, 2 + i, and 5 — 3i are all examples of Gaussian
integers. If n is an ordinary integer, then n is also a Gaussian integer, since
n = n + 0-i. We shall see in this chapter that the Gaussian integers possess
most of the arithmetic properties of the ordinary integers. For example, we
shall prove a division algorithm and a unique factorization theorem.

Proposition 2: Let «, § be Gaussian integers. Then o 4 g, « — 8, and o+
are Gaussian integers.

Proof: Suppose that o« = x 4 iy, § = w + iz. Then
atBf=xLw+ily+2)
0B = (xw — yz) + i(yw + x2).

The point, of course, is that x + w, y 4z, xw — yz, and yw -+ xz are
integers. ]

Note, however, that the quotient of two Gaussian integers is not usually a
Gaussian integer. For example,

1 1 .l—i__l—i____l__ii
I+i 14+¢i 1—¢i— 2 — 2 27
On the other hand, for certain Gaussian integers «, 1/a is a Gaussian
integer. For example,

LR
i

If x is an ordinary integer with the property that 1/x is an integer, then
x = +1. However, we have just seen that there are other Gaussian integers
with this property.

Definition 3: Let o be a nonzero Gaussian integer. If 1/a is a Gaussian
integer, then o is said to be a unit.
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From what we have said above, we see that 41, 47 are units of Z{i]. We
shall come to the arithmetic significance of units later in the chapter.

Let us recall a few facts about complex numbers. If & = x 4 iy, x, y real,
is a complex number, then the complex number &’ = x — iy is called the
conjugate of oc. We shall denote the conjugate of o by o’ rather than the more
customary & in order to make our notation easily adaptable to the setting of
more general quadratic fields, which we shall study in Chapter 8.

Ifo = x + iy, x, y real, is a complex number, then the absolute value of a,
denoted |a|, is given by

ol = /FF 5
= o'
For our purposes, it is more convenient to use the square of | & | rather than |a|
itself. Let us define the norin of a, denoted N(a), by
N@) =|af*
= x? + y?
= ao’.
A few elementary properties of the norm are summarized in the following
result:

Proposition 4: Let o, § be complex numbers.
(i) N(e) is a nonnegative real number.
(i) N(&) =0if and only if & = 0.
(i) N(@p) = N(@)N(B).

(iv) If o is a Gaussian integer, then N(x) is an ordinary integer.

Proof:

(i) Let @« =x -+ iy, x, y real. Then N(a) = x* + y? is a nonnegative
real number. In case o is a Gaussian integer, N(«) is an ordinary integer,
whence (iv).

(i) N() =0if and only if x =y = 0.

(iii) N@p) = @B)@p) = (@p)(@'p) = (aa’)(BB) = N(@)N(B).
(Here we have made use of the elementary property of complex conjugation:

@By =a'B’.) [ |

The student should view the norm of & as measuring the “size” of &, in
much the same way that the usual absolute value for real numbers measures
the size of a real number. Let us apply the notion of a norm to find all units
in Z[i].
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Proposition 5: Let o be a Gaussian integer. Then & is a unit if and only if
N(@) = 1.

Proof: First note that ¢ is a unit if and only if 1/« is a Gaussian integer.
Thus, if & is a unit, both N(&) and N(1/e) are ordinary integers by Proposition
4, part (iv). But then by Proposition 4, part (iii), we have

]' —_— . i = =
N(a)N(7) — N( “) = N1 =1,
so that N(x) = +1. But since N(&) > 0 by Proposition 4, part (i), we have
N(x) = 1. Conversely, suppose that N(a) = 1. Then a’ = 1 and o’ = 1/a.
Butif & = x + iy, x, y integers, we then have o’ = 1/& = x — iy, and so 1/«
is a Gaussian integer. [ ]

Theorem 6: The units of the Gaussian integers are 41, +i.

Proof: Leto = x + iy be a unit of the Gaussian integers. Then by Proposi-
tion 5 we have

N(@) =x* +y?2 = 1.
But since x and y are ordinary integers, the only solutions to the last equation
are (x, y) = (41, 0), (0, £-1), corresponding to o« = +1, +i. [ ]

7.1 Exercises

1. Let d be an integer which is not a perfect square and let S; denote the
set of all numbers of the form a ++ b./ d, where a, b are integers.

(a) Show that the sum, difference, and product of elements of S,
belong to S,.

(b) A unit of S;is an element # of S; such that 1/5 belongs to S;. Show
that # = a + b/ d is a unit of S, if and only if a> — b?d = +1.

(c) Letd < 0. Show that S, contains only a finite number of units.

(d) Letd> 0. Show that S, contains infinitely many units.

2. Refer to Exercise 1.
(a) Determine all units of S_;.
(b) Determine all units of S_,.

3. Prove that the units of S, are precisely the numbers 4-(1 + A/2)", n
any integer. (Hint: Refer to Theorem 6.6.7).

7.2 The Fundamental Theorem of Arithmetic in
the Gaussian Integers

Let us now try to build up a theory of divisibility and unique factorization
for the Gaussian integers. With only small changes in detail, we shall parallel
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our discussion after the corresponding discussion for the ordinary integers.
Let us start with the notion of divisibility of Gaussian integers.

Definition 1: Let a and # be Gaussian integers. We say that o divides § (or
o is a divisor of B), denoted o | B, if there exists a Gaussian integer  such that
B = ay. If & does not divide B, we write & } f.

Note that since every ordinary integer is a Gaussian integer, if @ and b are
ordinary integers and if a divides b (in the sense of divisibility defined in
Chapter 2), then a divides b in the sense of Definition 1. Thus, our two uses of
“divisibility” are consistent and cannot lead to confusion.

Example 2:

(i) 1|« for every Gaussian integer o.
(i) Since 2+ i) 3 —i)=7+i,wehave2 4 i|7+ i

In looking over our development of the results in Chapter 2, we can
hardly fail to notice the central role played by the division algorithm. Let us
now prove an analogue for the Gaussian integers. The division algorithm for
the ordinary integers asserts that if @ and b are integers, b == 0, then we can
divide a by b to get a quotient g and a remainder r such that the remainder is
small compared to | b|. Specifically, @ = gb 4 r, where 0 < r < |b|. It is clear
what we mean by quotient and remainder in the Gaussian integers. But what
do we mean when we require that the remainder be “small compared to |5[*?
Recall that we measure the size of Gaussian integers by their norm. Thus, we
can phrase the division algorithm for the Gaussian integers in the following
form:

Theorem 3 (division algorithm): Let &, B be Gaussian integers, 0.
Then there exist Gaussian integers p, d such that

a=pfy+9o
and 0 < N(6) < N(B).

Proof: Let o =a + bi, B = c + di where a, b, c, d are ordinary integers.
Then

o a+bi c—di_ac+bd  bc—ad, _ .
F-cxd c—a cx@& TaFa —eth

where e and f are the rational numbers

e_ac+bd f__bc—ad.
Tt 44’ Tt d2

There exist ordinary integers g, 4 such that
lg—el<4,  |[A—fI<$
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Set y = g + hi. Then

FrHe—9+( —m
so that
a =By +{(e—2g + (f — hilp.
Set 6 = {(e — g) + (f — h)i}B. Then & = By + I, and since p is clearly a
Gaussian integer, we see that § = o — By is a Gaussian integer. Moreover,
N(@©) = N((e — & + (f — WHN(P)

=N -{(e — &)+ (f — 1}

<NPE+ 1

=N

< N(B),
since N(B) == 0 (because f# = 0). [ |

One of the fundamental consequences of the division algorithm for
ordinary integers was the existence of ged’s. Let us make a similar use of the
division algorithm for Gaussian integers. First, however, we must define the
notion of greatest common divisor in the Gaussian integers.

Definition 4: Let & and # be Gaussian integers. A greatest common divisor
(gcd) of & and B is a Gaussian integer y such that

(@) yleandy|p.
(ii) If J is any Gaussian integer such that |« and & 8, then J]7y.

Note that this definition of gcd is almost the same as the one given for the
ordinary integers. The only difference is that for the case of the ordinary
integers we required that the gcd be positive. However, that requirement must
be omitted since there is no way to define what it means for a Gaussian integer
such as 3 + ito be positive. We make a sacrifice for this dropped requirement :
Whereas the ged is unique in the ordinary integers, it is not in the Gaussian
integers.

Example 5: Let o and # be Gaussian integers, y a gcd of & and f. Then
=4y, iy are ged’s of & and B (exercise).

Note from Example 5 that we may multiply a gcd by an arbitrary unit and
get another ged. The converse of this statement is also true. (See Proposition
7))

Definition 6: Let o and § be Gaussian integers. We say that o and # are
associates if there is a unit ¢ such that & = ¢f. In other words, & and g are
associates if o is one of g, — B, i, —ip.
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Proposition 7: Let o and f be Gaussian integers not both 0. Then any two
ged’s of a and B are associates of one another.

Proof: Assume that o = 0. Let p, and y, be two gcd’s of o and . Then, using
the definition of a gcd, we see that y, |a, p,| B, y2|a, y,| B, so that p, |y, and
72 |y:. But since & is nonzero, we see that y, = 0. Moreover, y, |7, and y,|y,
imply that
Y2 = NY15 Y1 = Ay

for Gaussian integers #, 4. Therefore, y, = ndy,, and nA = 1 (since p, # 0).
Thus, A = 1/n is a Gaussian integer, and so # is a unit. Thus, since y, = gy,,
we see that y, and y, are associates.* [ |

Let us now prove the existence of greatest common divisors.

Theorem 8: Let o, § be Gaussian integers, not both 0. Then « and § have a
greatest common divisor.

Proof: Let S denote the set of all Gaussian integers of the form

ol + Bn,

where A,  are Gaussian integers. Since 1, 0 are Gaussian integers, we see that
o« =014+ B-0and B =a-0+ B-1 belong to S. In particular, S contains
nonzero numbers. Choose y in S such that N(p) is a positive integer which is
as small as possible. (We can find y by applying the well-ordering principle to
the set of norms of nonzero elements of S.) We assert that y is a ged of @ and
B. Since y is in S, we have

Y =&k + Pio
for some Gaussian integers A, #,. Therefore, if d|a and &| S, we have
o = 06 and B = 8¢, so that y = d(04, + {n,) and J | p. Thus, property (ii) of
the definition of a gcd is true. To prove property (i), we show that every
element of .S is a multiple of p. Then, since & and f belong to S, this would
imply that y | & and p | B, which is property (i). We first observe that if € and p
belong to S and @ is any Gaussian integer, then € — 6p belongs to S. Indeed,
ife =ald;, + Bn, and p = ad, + Bn,, then
€ —0p=a(d, — 04,) + B(n, — On)

belongs to S. Now let @ be any element of S. By the division algorithm, we
may write @ = p{ + p for Gaussian integers {, p, 0 << N(p) < N(p). By the
above, w and y are in S, so that p = w — p{ is in S. But by the choice of 9,

N(p) =0, and so p =0 and w = 9p{. Thus, every element of S is a multiple
of y. [ |

*Note that the proof of Proposition 7 yields half of the following useful result: Let
®, B be nonzero Gaussian integers. Then &|f and S|« if and only if « and f are associates.
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Corollary 9: Let a, § be Gaussian integers, not both 0, and y a ged of & and
B. Then there exist Gaussian integers #, A such that y = an + SA.

The reader should note the parallel between the proof of Theorem 8 and
the proof of the corresponding result for the ordinary integers. Let us now
define the notion of primes in the Gaussian integers. Note that every Gaussian
integer y has the following divisors: £y, +ip, 41, 4-i (exercise).

Definition 10: A Gaussian prime is a Gaussian integer z, which is not a unit
and whose only divisors are associates of z and units. That is, the only
divisors of & are 4=, +in, +1, and +i.

The simplest-way to locate Gaussian primes is to use the following easy
lemma:

Lemma 11: Let z be a Gaussian integer such that N(z) = p, an ordinary
prime. Then 7 is a Gaussian prime.

Proof: Suppose that §|z. Then z = Jy for some p, so that N(z) = N(F)N(y).
But since N(n) = p, a prime, and since N(J), N(y) are positive (ordinary)
integers, we must have either N(0) = 1 or N(y) = 1. Thus, either y or § must
be a unit. Thus, § must be one of 4z, +ix (y aunit) or +1, +-i(daunit). MW

Example 12:
(i) 2+ iis a Gaussian prime, since N2 + i) = 5.

(ii) Note that not every Gaussian prime z has norm equal to an ordinary
prime. For example, 3 is a Gaussian prime (Exercise), but N(3) = 9.

In Chapter 2, we showed that a prime p satisfies Euclid’s lemma. Namely,
if p|ab, a, b integers, then either p|a or p|b. A similar statement holds for
Gaussian primes.

Theorem 13 (Euclid’s lemma for the Gaussian integers): Let z be a Gaussian
prime, o, B Gaussian integers. If z|af, then xn|a or x| .

Proof: Assume that n } f, and let us show that = | . Since the only divisors
of gare 41, 4-i, -, and 1-in and since z } B, we see that the only possibility
for a gcd of 7 and B is a unit. Thus, 1 is a gcd of § and & by Example 5. Thus,
by Corollary 9, we may write

1=nn+ A,
so that
o = a(ne) + (@)A.

But since n(na) and (ef)A are multiples of =, so is &. Thus, 7 |a. [ |
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Let us now try to factor a Gaussian integer into a product of Gaussian
primes. Just as we do not try to factor 0, 11 in the ordinary integers, we do
not try to factor 0, 41, +i in the Gaussian integers.

Proposition 14: Let p be a Gaussian integer which is neither a unit nor zero.
Then y can be expressed as a product of Gaussian primes.

Proof: Let us proceed by induction on N(y). Since p = 0, 41, +i, we see
that N(p) > 2. If N(p) = 2, then p is a Gaussian prime by Lemma 11, Thus,
in this case y is a product of Gaussian primes. Thus, assume that N(y) > 2
and that every Gaussian integer of norm less than N(y) can be written as a
product of Gaussian primes. If p is a Gaussian prime, then y can certainly be
written as a product of Gaussian primes. Thus, assume that y is not a Gaus-
sian prime. Then we can write y = a8, where neither of «, § is a unit. Then,
1 < N(ax), N(B) < N(y). By the induction hypothesis, we may write

a=7tl"'7t‘,

ﬁ =Ny U
where 7, . .., 7, Ny, - . . , f, are Gaussian primes. Thus,
y:aﬂ:nl oo 7‘:’]1 ...”'
is a product of Gaussian primes. This completes the induction. [

Let us now inquire as to whether the factorization into Gaussian primes is
unique. It certainly cannot be if we interpret uniqueness too strictly. For
example, if y =z w,m, for Gaussian primes =, 7,, @5, then we can also
write
? = (—a X—7m)n; = (—rIn(—7;3) = (in (— 7w Xims) = (im, Xmw X—ims),
etc. Thus, we can get many factorizations from a given one just by inserting
units, more or less at will. However, note that in all the above factorizations
the first (respectively, second, third) primes are always associates of one
another. This is the brand of uniqueness which we would expect—uniqueness
up to taking associates. More precisely, we can prove the following analogue
of the fundamental theorem of arithmetic:

Theorem 15: Let y be a Gaussian integer which is neither a unit nor zero.
Then p can be written as a product of Gaussian primes. Moreover, if

y=7tl “ e nd':"l .--”’
are two expressions of y as a product of Gaussian primes, then s = ¢, and,
after possible renumbering of #,, . . ., 71,, we have that z, is an associate of
1., m, is an associate of #,, and so forth.

Proof: By Proposition 14, we need prove only the second statement. Let us
proceed by induction on N(p). Since y is not zero and not a unit, we see that
N(y) > 2. If N(y) =2, y is a prime, and the result is clear. Assume that
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N(y) > 2 and that the result is true for all Gaussian integers of norm less than
N(y). Suppose that

y:nl ...ﬂ-’:ﬂl ooo”r,

where®,, ..., @, 7y, - - . , 7, are Gaussian primes. Without loss of generality,
suppose that s > 1. Then =,|=, --- @, so that = |#, - #5,. By using
Theorem 13 repeatedly, we see that &, |, for some j. Let us renumber so that
®,|n;. But since 5, is a Gaussian prime, this implies that z, and #, are
associates, say 7, = 7,€, € a unit. Then, we have

Ty -+ - Ty = Ty(€12) - - - 1y
80 that

TaMs - -+ Ty = (€N )N3 -+ - 1, (*)
Since N(m,) > 2, we see that (since s > 1)

1 < N(myms - -+ =) < N(mym, -+ - ;) = N(p).

Therefore, we may apply the induction to the factorization () to get that

s =1 =1t —1 and, upon reordering, that =z, is an associate of #,, 75 is an
associate of #;, and so forth. Thus, the induction is completed. |

7.2 Exercises

1. Determine which of the following divisibility relations hold:
(a) 1+4i|2.
® 24 3i]5—i
© 31@—B+i0).
(d) 3 — 2i|26.
2. Use the division algorithm for the Gaussian integers to determine the
quotient and remainder when g is divided by «, where
(@ a=5—2i,=6+1i
(b) a =3+ 15i, B = 187 4 46i.
3. Show that every Gaussian integer y has the divisors 4y, 4-iy, 41, +i.

4. Let o and # be Gaussian integers. Show that if | 8, then N(a) | N(B).
Does the converse hold ?

5. Make a table of all Gaussian primes z such that N(z) < 10. (Hint:
Use Exercise 4.)

6. Let a be a nonzero Gaussian integer which is not a unit or a prime.
Show that there exists # |« such that 1 < N(f) < N(&)'/.

7. Using Exercises 5 and 6, factor all Gaussian integers of norm < 10 into
Gaussian prime factors.

8. Prove that there exist infinitely many Gaussian primes.
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10.
*11.

12.

13.

14.

15.

16.

17.

18.

19.
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By imitating the Euclidean algorithm, devise a computational techmqu
for computing gcd’s of Gaussian integers.

Find gcd(5 + i,2 — i), ged(2 + 4i, 6 — 2i).

Prove the analogues of Theorems 3 and 15 for the set of numbers

a + ba/—2, a, b integers.

Let a, B, y be Gaussian integers, y = 0. We say that « is congruent to p

modulo y (denoted « = f(mod 7)) if y|a — B. Prove the following

properties of congruences:

(@) If a = B(mod p), then g = a(mod yp).

(b) o= a(mod p) for all a.

() If a = B(mod y) and B = d(mod ), then & = d(mod p).

@d If ay=p(mody) and a,= f,(mody), then «, +a,=
B: £ B.(mod y), and a,a, = B,B,(mod y).

Let p be-a nonzero Gaussian integer. Define a complete residue system
modulo y to be a set S of Gaussian integers with the property that
every Gaussian integer is congruent modulo y to exactly one element of
S.

(a) Find complete residue systems modulo 3, modulo 1 + i.
*(b) Show that a complete residue system modulo y contains N(y)
elements.

Let y be a nonzero Gaussian integer. A reduced residue system modulo y
is a collection T of Gaussian integers such that every Gaussian integer @
for which ged(a, y) = 1 is congruent to precisely one element of T Find
reduced residue systems modulo 4, 1 — i, 2 + i.

Let © be a Gaussian prime. Show that a reduced residue system modulo
n contains N(n) — 1 elements. (Note: Exercise 13(b).)

Let = be a Gaussian prime, and a be a positive integer. Show that a
reduced residue system modulo zn° contains N(z)*~!(N(z) — 1) elements.

Let ¢(p) denote the number of elements in a reduced residue system
modulo y.
(a) Show that if ged(p, &) = 1, then a*® = 1(mod 7).
(b) Show that if z is a Gaussian prime, 7 } &, then V™ ~! = 1(mod ).
Let T ={ay, . .., o} be a reduced residue system modulo the Gaussian
prime 7. Show that

- o, = —1(mod =).
(This is the analogue of Wilson’s theorem for Gaussian integers.)
Let y be a nonzero Gaussian integer, and & be a Gaussian integer

such that gcd(e, y) = 1. Show that there exists a Gaussian integer &*
such that aa* = 1(mod yp).
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20. Find necessary and sufficient conditions that the linear congruence
ax = f(mod p) be solvable for Gaussian integers x.

2]1. Solve the linear congruences
(@ 2x=1 — 2i(mod 3).
(b) 3x=1(mod 1 —i).

22. Solve the Diophantine equation 2x + (2 + i)y =11 — 3i in the
Gaussian integers.

23. Find a necessary and sufficient condition that the Diophantine equation
ax + By = p be solvable in the Gaussian integers.

24. State and prove an analogue of the Chinese remainder theorem for the
Gaussian integers.

#25. Use Exercises 16 and 24 to prove that the number of elements ¢(y) in a
reduced residue system modulo the nonzero Gaussian integer y is just
N,y '(N(my) — 1) - - - N(m)* '(N(m,) — 1), where y =7 - - @if* is
a factorization of y into a product of powers of distinct Gaussian primes
Myyeoos W,

7.3. The Two-Square Problem Revisited

In this section, we shall give a new proof for the two-square theorem of
Chapter 6. That is, we shall find all positive integers # such that the Diophan-
tine equation

x2+y2=n
is solvable. This is equivalent to the problem of determining all Gaussian
integers of norm n, since

x2 4+ y? = N(x + iy).
To solve the latter problem, let us explicitly describe all the Gaussian primes.

Since an associate of a Gaussian prime is a Gaussian prime, it suffices to
determine all Gaussian primes up to taking associates.

Lemma 1: Let n be a Gaussian prime. Then there is one and only one
ordinary prime p such that z|p.

Proof: Note that N(n) is an ordinary positive integer. Therefore, we may
write N(n) =p, --- p,, where p,, ..., p, are ordinary primes. Thus, since
N(n) = =nn’, we see that & |p, - - - p,, and by Euclid’s lemma (Theorem 2.13),
we see that z| p,, for some i. Thus, # divides some ordinary prime. Now we
show that 7z cannot divide more than one ordinary prime, for if #|p and | g
for distinct ordinary primes p, g, then we can write 1 = px -+ qy for ordinary
integers x, y since p, g are relatively prime (as ordinary integers). Thus, since
p and g are both multiples of z, 1 is a multiple of z, say 1 = zn. But then
n = 1/nis a Gaussian integer, and so z is a unit, which is a contradiction. i
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From Lemma 1, we see that we can find all Gaussian primes (at least up to
associates) by factoring all ordinary primes p. The case p = 2 is easiest:

= —i(l + i),
and 1 + i is a Gaussian prime since N(1 + i) = 2. Thus, the only Gaussian
primes z such that 7|2 are associates of 1 4 i.

Henceforth let us assume that p is odd and assume that z =x+ iy
divides p. Then zy = p for some Gaussian integer 5. But then

p* = N(p) = N(z)N(m),
so that N(m) = x* + y? equals either p or p2. Since x and y are ordinary
integers, x2 and y? can be congruent only to 0 or 1(mod 4). Thus,

xt 4 y2=0, 1, or 2(mod 4).

Thus, if x2 4 y* = p, then p cannot be congruent to 3(mod 4). Consequently,
if p = 3(mod 4), then x* 4 y? = p2. Therefore,

p* = N(p) = N(@)N(n) = p*N(n),
so that N(n) = 1 and # is a unit. Thus, z is an associate of p if p = 3(mod 4).
In this case, p does not factor any further in the Gaussian integers; that is, p
itself is a Gaussian prime.

Finally, assume that p = 1(mod 4). By Theorem 3.3.5 we then know that
the congruence z? = —1(mod p) is solvable. Let z be a solution. Then
plz? + 1. Therefore, since z|p, we see that n|z? + 1. However, z> +1 =
(z — i)(z + i), so that

n|(z — i)z + 0).
But then, by Euclid’s lemma,
wlz—i or m|z+i 0]

Note that p } z — i and p ¥ z + i since

—l-z + —l-i

p p
are not Gaussian integers. Thus, by (), # and p are not associates. In par-
ticular, N(n) = N(p) = p? (since # is not a unit.) And since we showed above
that N(n) is either p or p2, we conclude that if p = 1(mod 4), then N(z) =p.
Thus, an’ = p and p is divisible by = and =’'.

To complete the determination of all Gaussian primes, we must decide
whether # and =’ are associates. They are not, as a simple case-by-case
analysis will show. Suppose that # = x 4 iy, so that N(n) = x% + y? =p,
Suppose that = and zn’ are associates, say # = en’, where € = 1, —1, i, —i,
Recall that ' = x — iy. Thus, € = 1 implies that x + iy = x — iy, so that
y =0 and x* = p, which contradicts the fact that p is a prime. Similarly,
¢ = —1 implies that x = 0 and y? = p, which is again absurd. Also € =i
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implies that x 4 iy = i(x — iy) =y + ix, so that x =y and p = x2 + y?
= 2x% which contradicts the fact that p is odd. Finally, € = —i implies that
x = —y, and so again 2x? = p. Thus, in all cases, # = en’, for a unit ¢, leads
to a contradiction.

Let us summarize the investigations.

Theorem 2: Let p be an ordinary prime. Then p factors in the Gaussian
integers in the following manner:

Casel:p =2:p = —in?, wherew = 1 4- iisa Gaussian prime, N(x) = 2.

Case 2: p = 3(mod 4): p = = is a Gaussian prime, N(x) = p?.

Case 3. p=1(mod 4): p = nn’, where = and =’ are nonassociated
Gaussian primes and N(n) = N(n') = p.

Example 3:
(i) 7 = 3(mod 4), and so 7 is a Gaussian prime.
(i) 5=@2 + )2 — i), with 2 4 i Gaussian primes.

Let us now turn to the problem of determining what positive integers are
norms of Gaussian integers. Let o be a nonzero nonunit. Then, we may write

o=rn PRRECR] ﬂ,,
where ,, . . ., w, are Gaussian primes. But then
N@) = N(=z,) - - - N(m,).
Suppose that =z, |p,, ..., n,|p,, where p, is the ordinary prime which =,

divides. (The p, may be repeated.) Then

N@) =pip% --- P,
where g, = 2 if p, = 3(mod 4) and q, = 1 if p, = 2 or p, = 1(mod 4). Thus,
we see that

N(“) = mqu MR PP (**)
where m is an ordinary integer and g¢,, ..., g, are distinct ordinary primes
equal to 2 or = 1(mod 4). Conversely, reading the same argument backwards
shows that every integer of the form () with g, ..., ¢, distinct ordinary

primes equal to 2 or = 1(mod 4) is the norm of a Gaussian integer. Thus, we
have finally rederived our two-square theorem (Theorem 6.4.5).

7.3 Exercises

1. Factor the following rational primes in the Gaussian integers:
(@ 3. (b) 5. © 7. @ 11. (e 71.

2. Construct a table of Gaussian primes of norm < 50 using the factoriza-
tions of rational primes.
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Show that if p = 1(mod 4), p prime, then the Diophantine equation
x? 4 y? = p has exactly four solutions. :

Letp,, . . ., p, be distinct primes, p, = 1(mod 4). Show that the number
of solutions of the Diophantine equation x* 4+ y? =p, --- p,is 4.

Compute all solutions to the Diophantine equations x* + y? = 30,
x2 + y? = 65, and x? 4 y? = 32045.

Determine the number of solutions of the Diophantine equation
x% 4 y* = n, n a given ordinary integer. (Hint: Write n = m?p, +++ p,
where p,, . . ., p, are distinct primes.)

Use the arithmetic of the Gaussian integers to determine all solutions to
the Diophantine equation x? + y* = z2.

Use the arithmetic of the Gaussian integers to determine all solutions to
the Diophantine equation x2 4 y? = z3. Note that this Diophantine
equation can be written in the form of the Bachet equation y? = x3 + k.

Use the arithmetic of the Gaussian integers to determine all solutions to
the Diophantine equation x2 4 y2 = z" (n > 2).



8

Arithmetic in
Quadratic Fields

8.1 Introduction

In Chapter 7, we studied the Diophantine equation x? 4 y? = ¢, for given
t. Our approach was to factor x2 + y2 into (x — /—1p)(x + o/—1y). In
this way, the problem of determining all solutions of the Diophantine
equation is transformed into the problem of determining all Gaussian
integers x + ./ —1y having norm z. We then solved the latter problem by
studying the arithmetic of the Gaussian integers. More specifically, we
derived a theory of unique factorization in the Gaussian integers, which
closely parallels the theory in the integers.

Let d be any integer and let us consider the Pell-type Diophantine equa-
tion x2 — dy* =t for given t. As was the case in Chapter 7, we can factor
the left-hand side:

x2 —dy?* = (x 4+ A/ dy)x — ~/dy).

We are immediately led to consider the set of complex numbers of the form
x + ys/d, where x and y are integers. In the case d = —1, this set of
numbers is just the Gaussian integers. For general d, they form an interesting
setting in which to investigate arithmetic. We now ask to what extent we can
develop factorization theory for this set of numbers. In the back of our minds,
we hope that we can use such a factorization theory to solve the Diophantine
equation x> — dy? = ¢t in much the same manner as we proceeded in Chapter

209
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7. Unfortunately, the theory for arbitrary d is a good deal more complicated
than the theory for d = —1. It will take the rest of the book to give an ex-
tensive but incomplete theory. However, in the present chapter, we shall begin
to study the theory of quadratic numbers, that is, numbers of the form
s + t./ d, where s and ¢ are rational numbers. The material of this chapter is
necessary background in order to develop the factorization theory of Chap-
ter 9. However, we do enough in this chapter to reap some direct informa-
tion about quadratic Diophantine equations. Specifically, we shall give an
algorithm for finding all solutions of a Diophantine equation of the form

ax* 4+ bxy + cy* =m,

where a, b, ¢, m are given integers.

8.2 Quadratic Fields

Let D be a rational number and let Q(./ D) denote the set of all complex
numbers of the form

s+ t/D, s, trational.

If D is the square of a rational number, then Q(./D) consists of just the
rational numbers. Therefore, let us assume throughout this section that D is
not the square of a rational number. Then Q(./D) is called the quadratic field
belonging to D. Note that Q(./ D) contains all rational numbers (set ¢ = 0).
In this section, we shall record some of the most elementary facts about
quadratic fields.

First, let us find a better description of the elements of Q(./D). Write
D = x/y with x, y integers and y > 0, gcd(x, y) = 1. It is clear that x and y
are uniquely determined by D. Then /D = (1/y)a/xy. Moreover, if we
write xy = u?d, where u, d are integers and d is not divisible by the square of
an integer, then* ./ D = (u/y)/ d . Moreover, since we have assumed that D
is not the square of any rational number, we see that d = 1, 0. Now,

s+tA/D=s—|—u?t~/a’,

and as ¢ runs over all rational numbers, so does ut/y. Thus, we have

QWD) = Q(/d),

and we see that it suffices to study the quadratic fields Q(s/ d), where dis a
nonzero integer, not divisible by a perfect square, other than 1. Such d’s are
called square-free integers. Thus, all the quadratic fields are those corre-

*Here o/ d is chosen so that the equation is true; note that this is always possible,



Sec. 8.2 Quadratic Fields 211

sponding to
d=—1, 42, 43, 45, +6, +7, +10, 411, 413, +14,
+15, 417, +19, 421, ....

Henceforth, we shall always restrict our attention to quadratic fields written
in the form Q(./ d) for d a square-free integer.

We shall always denote the elements of Q(\/d) by lower case Greek
letters, such as a, B, y, 0, .

Lemma 1: Let o belong to Q(./ d )J hen o can be written in one and only
one way in the form o = a + b/ d with a, b rational. In particular, if
a+ b/ d = a* + b*./ d with a, b, a*, b* rational, then a = a*, b = b*.

Proof: Suppose that a + b/ d = a* + b*./d. If b # b*, then
_ (a—a*\*
=
Thus, (@ — a*)/(b* — b) is an integer and d 7 1 is a perfect square, con-

tradicting the fact that d is square-freec. Moreover b = b* implies that a = a*.

Next, note that if d > 0, then s + t./d is a real number, so that Q(./ d)
is contained in the set of real numbers. On the other hand, if d < 0, then ./ d
is a complex number but not a real number, so that Q(./ d) is contained in
the complex numbers but not in the real numbers.

Since, in any case, Q(./ d) consists of complex numbers, we may perform
the usual operations of arithmetic on the elements of Q(./ d).

Proposition 2: Let «, B be contained in Q(+/'d). Then o + B and af are
contained in Q(./ d). Furthermore, if § = 0, then a/f is contained in
Q(+/ d). Thus Q(./ d) is a field containing the field Q of rational numbers.

Proof: Leta =s+t/d, B =u-+ v/d, with s, ¢, u, v rational. Then
ot B=(G+tu)+(t+o/d
af = (su + tvd) + (sv + u)/d,

both of which belong to Q(./ d). If B # 0, then one of u, v % 0 (by Lemma
1). Therefore, u — v/ 'd # 0 (again Lemma 1). Therefore,

1 1 u—ov/d _ —v ~

B u—|—'vA/ u—ov/d 2a’+ —v2d Y
is contamed in Q(«/ d), so that /B = ac-(l [B) is contained in Q(./ d) by the
first part of the proposition. ]

You should observe that we gave explicit formulas in Proposition 2 for the
expressions o + B, « — B, af, 1/B, and a/B. Thus, for example, if & =
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7—4,/3 and g =2+ 3./3, then

o+ pf=9—-.3

a—pB=5—-7/3
af = —22+ 13/3
1 2,3
7=~2—3+§«/_3_
o _ 50,29
F-mtmavd

If & =5 + ./ d is contained in Q(/ d), let us define the conjugate o' of
o to be the number &’ = s — t./ d. Note that if d < 0, then the conjugate of
o is just the usual complex conjugate of a. However, this is not true if d > 0.
The properties of conjugates are summarized in the following proposition;

Proposition 3: Let &, § be contained in Q(./ d). Then
@ @xpy=a=Lp.

() (@p)y =o'p".

(i) (@/B) =o'/

(iv) o' = if and only if & is rational.
Proof: (i)-(iii) Exercises.

(iv) Letoa =s-+t/d.Theno’ = o ifandonlyifs+t/d =s—t/d.
But by Lemma 1, this is equivalent to saying ¢ = —¢; that is, # = 0. Thus,
o’ = o if and only if & = s is rational. [ ]

Definition 4: Let o = s + £,/ d. Then the trace of o, denoted Tr(a), is
defined as
Tr(x) =a + o' =2s.
The norm of ., denoted N(a), is defined as
N(x) = aa’ = s* — £d.
The norm will be one of the primary tools we shall use in the theory of
quadratic fields.

The relevant properties of traces and norms are summarized in the
following result:

Proposition 5: Let «, # belong to Q(+/ d). Then

@) Tr(e+ p) =Tr(@) + Tr(p); N(@p) = N(@)N(p).
(i) Tr(«), N(«) are rational numbers.
(iii) N(e) = 0 if and only if & = 0.
(iv) o is a zero of the polynomial X? — Tr(a)X + N().
Proof: (i) and (ii) are obvious by Proposition 3.
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(iii) N(x) = 0if and only if s> — t2d = 0, where &« = 5 + t./ d . Assume
that N(x) = 0. If ¢ == 0, then d = (s/f)?, which is a contradiction to the fact
that d is square-free. Thus, t =0 and s? =0, so that s =0 and &« = 0.
Conversely, if « = 0, then N(x) =0-0 = 0.

(iv) Set X = a. Thena? — Tr(x)a + N(x) = a2 — (& + ') + ao’ =O.

]

In addition to the above properties of Q(./ d), we need some elementary
facts concerning linear algebra in Q(./ d). First observe that Q(./d) is a
vector space over the field of rational numbers Q.* Note that Lemma 1
simply asserts that 1, »/d is a basis of Q(./d). Therefore, from linear
algebra, we have

Proposition 6: Let o, and &, be any pair of linearly independent elements of
Q(/ d). Then, given any & in Q(./ d), there exist unique rational numbers
r,ssuch that @ = rot; 4+ sa,. Thatis, & is a linear combination of &, and e,.

Example 7: In Q(./3),considera; =14 24/3,a, =3 + /3. Weshow
that &,, &, is a basis of Q(»/ 3 ). Indeed, by Proposition 6, we need only show
that &,, &, are linearly independent. If s, s, are rational, then 5,0, + 5,00, =0
implies that
s, + 35, =0
2s, + s, =0.
Multiplying the first equation by 2 and substracting it from the second yields
—5s, =0o0rs, =0. Thus, s, =0, and «,, a, are linearly independent.
Now let &« =5 — 6,/3 . Let us express o as a linear combination of o,
and «,. Now & = 5,0, + 5,0, is equivalent to

s;+3s, = 5

2s, + s, = —6.
Solving these equations, s, = —2%%, 5, =1 and so 5—6,/3 =
=1+ 2/3) + G +/3).

8.2 Exercises

1. Prove Proposition 3, parts (i)-(iii).
2. Compute the following:
(@ G —8J/35)6+3/5). ® 0—-2)
© A+/=D @ @—4/2)E+/2).
*By Proposition 2, the sum and difference of elements of Q(v/ d) belong to Q(w/d),

and the product of an element of Q and an element of Q(v/ @) belongs to Q(x/ d). The
remaining vector space axioms are trivially verified.
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3. Determine whether the following sets are linearly independent. If not,
exhibit a linear dependence relation among them.

(a) 1 '\/T' (b) '%’ LY —2, 2— 3'\/ —2. (C) 1 'l' (iIl Q(‘\/-T»'
@ 24+./-22-3/-2. () 1,a-+ b/3, a, brational.
4. Show that a, B in Q(/d) are linearly independent if and only if

#0.

o o
B F
5. For the following values of D, write D in the form s2d, s rational, d an
integer not divisible by a square > 1:
@ D=12. (b) D=—63 () D=3 (d D=-4

6. For the following values of «, find Tr(ax), N(«), and a quadratic polyno-
mial of which « is a zero:

@ a=—14+./=3. () a=5+4/2. () a=1+/T.

7. (a) Showthatl 4 /2,1 — /2 is a basis for Q(»/2).
(b) Express 5 4 18,/2 in terms of the basis of part (a).

8.3 The Integers of a Quadratic Field

In Chapter 7, we studied the Gaussian integers, which are contained in the
quadratic field Q(./—1). The Gaussian integers arose naturally in connection
with the Diophantine equation x* 4 y? = ¢. Similarly, we have seen that the
Pell-type equation x> — dy? = ¢ gives rise to the set of numbers

x+y/d, x,y integers, 0]

of the quadratic field Q(./ d). In this section, we would like to designate
certain elements of Q(./ d) as integers and to begin a study of the properties
of these integers with an eye toward eventually applying what we learn to the
study of Diophantine equations. Certainly the numbers () should qualify as
integers. However, as we shall shortly see, there are other elements of Q(/'d)
which have good reason to be considered integers as well. To motivate our
definition of the integers of Q(./ @), let us write down a few properties which
we would like integers to have.

1. Allelements x + y/ d, x, y ordinary integers, are integers of Q(,/d).

2. If a, B are integers of Q(+/ d), then & + B, « — B, a- B are integers.
That is, the set of integers of Q(./ d) form a ring.

3. If o is an integer of Q(./ d), then &’ is an integer.
4. If o is an integer of Q(./ d) and is a rational number, then ¢ is an
ordinary integer.

Requirements 1 and 2 seem reasonable in the light of () and the prop-
erties of the ordinary integers. Requirement 3 merely states that if
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x+ y/d, x, y rational, is an integer of Q(s/ d), then x — y./d is one also.
The last requirement is inserted to prevent numbers such as %, %, and %
from being integers of Q(./ d).

Please note that the set of numbers (*) clearly satisfies requirements 1-4.
We leave the verification as an exercise. Why then should we not take the set
(+) as the set of integers of Q(./ d)? The point is that sometimes there is a
larger set of numbers of Q(./ d) which satisfies requirements 1-4 and we
would like to take the larger set as our set of integers. How can we go about
locating the largest set of numbers of Q(+/ d) which satisfies requirements
147 It turns out to be easy.

Note that if « is any would-be integer of Q(./ d), then so is &’ by require-
ment 3. Therefore, by requirement 2, both Tr(e) = & + o’ and N(ax) = oo’
are integers of Q(./ d). However, both Tr(x) and N(a) are rational numbers,
s0 that by requirement 4 both are ordinary integers. This suggests that we
make the following definition:

Definition 1: Let a be an element of the quadratic field Q(«/ d). We say that
a is an integer of Q(v/ d) provided that Tr(«), N(«) are ordinary integers. We
denote the set of integers of Q(./ d) by I,.

Note that Definition 1 allows more integers than just the numbers (). For
example, (1 4 ./5)/2 is an integer of Q(,/5 ), since

Tr(1+2'\/T)=1+2'\/_5_+1—2“/3_=1,

1+/5\_1—-5_
N( 23 )=132--1
However, we shall see below that this definition does indeed give us a very
reasonable definition of integer. First, however, let us describe precisely the
integers of Q(./ d) and then prove that requirements 1-4 are satisfied.
Suppose that & = x + y./d, x, y rational, is an element of Q(/ d).
Then « is an integer of Q(./ d) if and only if

Tr(x) = 2x, N() = x* — dy? (0))

are integers. Set 2x = x;, 2y = y,. Then the numbers (1) are just x, and
(x3 — dy?)/4, respectively. Thus, a is an integer of Q(./ d) if and only if

2 Jy2
x, and andyl

are integers. If this is to occur, y, must be an integer also. Indeed, x? — dy?
must be an integer, and since x, is an integer, we must have that dy? is an
integer. But since d is square-free, y, cannot have any denominator > 1 if
dy? is to be an integer. Thus, if & is an integer of Q(./ d), , is an integer and

x* — dy? = O(mod 4). 1))
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Since a perfect square is congruent to 0 or 1(mod 4), we see that if d =2 or
3(mod 4), then x, and y, must both be even, so that

a=x+y«/_=%+221«/7

has both x = x,/2 and y = y,/2 integers. If d = 1(mod 4), then (2) will be
satisfied either for x, and y, both even or x; and y, both odd. In either case,
we have that (x; — y,)/2 is an integer, and

a=x+y/d =21 ;y, +J’1(1 +2' d)'

Thus, we see that if d = 1(mod 4), then the integers of Q(./ d) are all of the
form

a-+ b!iz“/—d-, a, b integers.

Conversely, every such number is an integer since
Tr(a +oldald '\’d)=2a+ b

and

R ) .

=a2—|—ab+b21—:£

are integers (since d = 1(mod 4)). Finally, notice that we can never have
d = 0(mod 4) since d is square-free. Thus, we have proved the following
result:

Theorem 2: Let d be a square-free integer. Then the set I, of integers of
Q(+/ d) consists of the numbers of the form x 4 yw,, where x and y are
integers and

A d if d=2 or 3(mod 4),
@4 = ILZ_ V4 if d= 1(mod 4).

Example 3:
(i) I.,={x+ y/—1|x,y are integers} = the Gaussian integers, since
—1 = 3(mod 4).
() I, = {x +y !—_|_42£|x, y are integers}, since 5 = 1(mod 4).
On the basis of Theorem 2, it is easy to see that I, satisfies requirements

1-4. Requirements 1 and 4 are obvious. If & is an integer of Q(./d) and
d =2 or 3(mod 4), then « is of the form x + y./ d, x, y integers, so that
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@' = x — ya/ d is also an integer of Q(/ d). If d = 1(mod 4), then « is of
the form x + y(1 + A/ d)/2, so that

o =x+ yl———z— S (xty)+ (il +2“’ d
is also an integer of Q(v/ d). Thus, requirement 3 holds.

To prove requirement 2, it suffices to prove that if « and f# are integers of
Q(+/ d), then so is a- B, the case of sums and differences being obvious.
However,incased=2or3(mod 4),a =x+y/d,f=z+w/d,x,,
z, w integers, so that

af = (xz + ywd) + (yz + xw)a/d

is also an integer of Q(./ d). If d= 1(mod 4), then & = x + y(1 + ./ d)/2,
B =z+w(l + ./d)[2, x, y, z, w integers, so that

2
off =xz + yw<1—+2"/—7> + (xw + yz)#

=xz+ yW% + (xw + yz +yW)1-—+2— v d
is an integer of Q(./ d). Thus, we have proved the following result:
Theorem 4: The set I, of integers of Q(./ 'd) satisfies requirements 1—4.

We shall refer to the elements of I, as integers. When we wish to speak of
what we formerly called integers (e.g., 1, 2, 3, 4, —5, .. .), we shall use the
term rational integers. Note that by requirement 1, every rational integer
belongs to I, and hence is an integer in our new sense.

A few comments are in order to convince the reader that our definition of
the integers of Q(./ d) is the correct one. We may rephrase our definition of
the integers of Q(./ d) as follows: Every number y of Q(./ d) satisfies a
quadratic equation with rational coefficients:

x*+px+q=0, 3
namely the equation for which p = —Tr(p), g = N(p). Definition 1 states that
y is an integer of Q(./ d) if and only if Eq.(3) has rational integer coefficients.
To see that this is a reasonable generalization of the usual notion of integers,
let us compare the situation in Q(./ d) with the situation in the rational
numbers. Every rational number r satisfies a linear equation with rational
coefficients, namely

x—r=0.

And this equation has integer coefficients if and only if  is a rational integer.
Thus, we see a clear parallel between the integers of a quadratic field and the
rational integers.
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Every rational number r has a denominator. That is, there is a rational
integer » such that nr is a rational integer. A similar property holds for the

integers of Q(./ d).

Proposition 5: Let a be any number in Q(./ d). Then there is a rational
integer n such that ne is an integer of Q(\/ d).

Proof: If a = x + y«/ d and nis a common denominator of x and y, then
na is clearly in I,. [ |

8.3 Exercises

1. Determine the integers of Q(./ d), where
@@ d=5 (®) d=11. (@ d=-—11. (@) d=-13.
2. Let dbe a square-free integer d = 1(mod 4). Show that I, consists of all

numbers of the form (x + y./ d)/2, where x and y are rational integers
of the same parity (i.e., both even or odd).

3. Find all integers of norm << 20in I_,. In I_,.

Let d < 0. Show that there are only finitely many elements of I, having
given norm.

Is the conclusion of Exercise 4 correct if d > 0?
Verify that the set of numbers () satisfies requirements 1-4.

Let d be a rational integer, not a perfect cube, and let Q(.¥ d) denote
the set of all numbers of the form

a+byd + c(Jd),
where a, b, ¢ are rationals.
(a) Show that the sum, product, difference, and quotient of elements of
Q(¥d) belong to Q(.¥/d).
(b) Show that every element of Q(.¥ d) is a zero of a cubic polynomial
with rational coefficients.

8. (continue Exercise 7) Let us say that an element & of Q(Y/d) is an
integer if & is a zero of a cubic polynomial with rational integer coeffi-
cients and leading coefficient 1.

*(a) Show that the sum, difference, and product of two integers of
Q(Y/ d) are integers.
(b) Ifaisany element of Q(\/ d), then there exists a nonzero rational
integer n such that ne is an integer.
*(c) Show that the integers of Q(/2) are the numbers a + Y2
+ ¢(¥2)?, where a, b, c are rational integers.
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8.4 Binary Quadratic Forms

Now that we have explained the most basic facts concerning quadratic
numbers and quadratic integers, let us look at the quadratic Diophantine
equation

ax? 4 bxy + cy* =m. €))

We wish to determine whether rational integers x, y satisfying (1) exist. If so,
we would like to give a procedure for determining all such x, y. The polyno-
mial

f(x,y) = ax* + bxy + cy* @
is called a binary quadratic form (or form for short).

As we mentioned in Section 1, our approach will be to factor (2) (see Eq.
(3)) and work inside the appropriate quadratic field. There are other
approaches to the study of Eq. (1). We shall outline one such approach in the
exercises.*

Before we start studying Eq. (1) in detail, let us make a minor change in the
problem we posed above. Let us allow a, b, ¢, and m in (1) to be rational
numbers. (But we are interested in determining only rational integers x, y
satisfying (1).) Superficially, this seems to make our problem a more general
one, but it really does not, for if ¢ is a common denominator of a, b, ¢, and m
then a* = ta, b* = th, c* = tc, and m* = tm are rational integers. Solving
(1) is equivalent to solving

a*x? + b*xy + c*y? = m*.

We shall see that there are certain technical advantages in dealing with
equations with rational coefficients rather than just rational integral coeffi-
cients.

Example 1: Solving the equation {x? 4 3xy + y* = % for rational integers
x, y is the same as solving the equation 3x2 + 18xy + 6y% =4.

The binary quadratic form (2), for fixed rational numbers q, b, ¢, can be
factored as follows:

f(x, ) = —(ax +b£ “/— )(ax + “/D ) 3)

where D = b%? — 4aqc. (Just multiply it out.)

Definition 2: D = b* — 4ac is called the discriminant of f(x, y). '

*In many ways, the approach given in the exercises is simpler than the one we give.
However, we chose to present the quadratic fields approach because it is the best method
by means of which to consider the deeper parts of the theory (e.g., genera and composi-
tion). Also, our method has many applications to other types of Diophantine equations.
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If D is the square of a rational number, say D = s2, then the factorization
(3) reduces to

f(xy) =%(ax +8 42' sy)(ax+ b ;’y).

In this case, the solutions to (1) can be easily found using the theory of linear
Diophantine equations and factorization in the rational integers. We shall
outline a procedure for carrying this out in the exercises. Thus, let us hence-
forth make the following restrictive assumption:

Assumption: D is not the square of a rational number.

This assumption will be in effect whenever binary quadratic forms are
discussed.

It is easy to show that D may be written in the form D = s2d, where disa
square-free rational integer = 1 and s is a positive rational number. More-
over, such s and d are uniquely determined by D. (Exercise: For example,
4 =(#)*-15 and —12 =22.(—3).) Using such a factorization of D, the
factorization (3) can be rewritten as

Sf(x, ) = %(ax + b—+;—ﬁy><ax + %J})

Let o = aand B = (b + s./ d)/2, and notice that & and § are elements of the
quadratic field Q(./ d). Moreover, f(x, y) can be rewritten in the form

£ = Lo + pyxax + By)
@
= %N(ocx + By).

Therefore, our original Diophantine equation (1) can be restated as follows:
Determine all rational integers x, y such that N(ax + fy) = am. This
suggests that we consider the set

M = {ax 4 By|x, y are rational integers.}

of Q(+/'d). It is easy to check that & and f are linearly independent (exercise).
Thus, each & in M has a unique expression in the form € = ax + Sy, where x
and y are rational integers. Thus, we have established a 1-to-1 correspondence
between pairs of rational integers x, y and elements & = ax 4 By of M.
Moreover, our original problem is equivalent to the problem of determining
all £ in M such that N(¢) = am. Thus, we finally arrive at the following
elementary result:

Proposition 3: Let f(x, y) = ax? 4 bxy + cy? be a binary quadratic form
with rational coefficients. Define & and § and M as above. If x, y is a rational
integral solution of f(x,y) =m, then ¢ = ax + By belongs to M and
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N() = am. Conversely, if ¢ belongs to M and N(£) = am, then there are
unique rational integers x, y such that { = ax + By and f(x, y) = m.

Proposition 3 suggests the following definition:

Definition 4: Let a, # be any two linearly independent elements of Q(v/ d).
Let
M = {ax + Py|x, y are rational integers}.

Then M is called a module of Q(./ d) and a, B is called a basis of M. If &, B
is any basis of M, then we write M = {a, f}.

Example 5:

@) If f(x,y) = x* + y2, then the corresponding module M is{l1, /—1},
the Gaussian integers.

(ii) Suppose that f(x, y) = x* + 4xy + 5y2. Using the factorization (3),
we see that

fG6») =G+ Q+/=Dp)x+ 2 —~/=Dy)
Thus, the module corresponding to f(x, y) is M = {1,2 + ./—1}. But
it is easily checked that {1,2 + ./—1} = {1, »/—1} (exercise), so that
apparently very different forms give rise to the same module.

Example 6: Theorem 3.2 says that I, is a module of Q(./ d), namely
I, ={1, o}

Let M be a module in a quadratic field Q(./ d ). Suppose that we are given
a specific basis of M, say M = {«, §}. We may then associate to M the form
defined by

fx, ) = (ax + By)e'x + B'y)
= N(e)x? + Tr(ef")xy + N(B)y>.

From Proposition 2.5, we see that f(x, y) has rational coefficients. Also, the
discriminant of f(x, y) is

Trap')* — 4N@)N(B) = 4(st — ru)*d,

where & =r + sa/d, B =t + u/d (exercise). Since a, B is a basis of
Q(/ d), it is easy to see that st — ru 5= 0. Thus, the discriminant of f(x, y)
is not the square of a rational number. Therefore, we see that from the basis
a, f of M, we can construct a binary quadratic form of the type we restricted
ourselves to above. This suggests that modules and forms are, in some sense,
opposite faces of the same coin, with every result about forms implying a
corresponding result about modules and vice versa. Indeed, this is the case,
and it will take us most of the remainder of the book to adequately describe
and exploit the connection between modules and forms. The above discussion
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gives us some motivation for studying the arithmetic of modules in a quadratic
field. We shall begin by studying the most elementary properties of modules
and then use them to solve

Problem 1: Let f(x, y) and m be given. Give a procedure for determining all
rational integers x, y such that f(x, y) = m.

The complete solution of Problem 1 will be given at the end of the current
chapter. In Chapter 9, we shall return to modules, but at this point we shall
delve much deeper into their arithmetic. In particular, we shall develop a
theory of factorization of modules which generalizes the theory of factoriza-
tion in the Gaussian integers. We shall then apply our factorization theory to
the study of various Diophantine equations. In Chapter 10, we shall study the
Bachet equation and Fermat’s last theorem for n = 3. Finally, in Chapter 11,
we shall return to the study of binary quadratic forms, and we shall consider
the following problem:

Problem 2: Let f(x, y) be a given binary quadratic form. Describe the set of
rational numbers m for which the Diophantine equation f(x,y) =mis
solvable.

Note that Problem 2 is much more difficult than Problem 1. For example,
“if f(x, y) = x* 4+ y2, then the solution to Problem 2 is given by the two-
square theorem. However, Problem 1 can be solved for a given integer m by
enumeration since there are only finitely many rational integers x, y such that
x% + y? = m. We hasten to point out, however, that Problem 1 is not always
trivial. For example, if f(x, y) = x* — dy? (d > 0), then we saw in Chapter
6 that if the equation f(x, y) = m has one solution, then it has an infinite
number—and determining these solutions was no easy task.
For reference purposes, let us state Problems 1 and 2 in terms of modules.

Problem 1’: Let r be a given rational number and M a given module.
Determine all £ in M such that N(&) =r.

Problem 2': Let M be a given module. Determine the set of rational
numbers which are norms of elements of M.

8.4 Exercises

1. Find the discriminants of each of the forms
@) x?+ xy+ ya (b) 2x2 4 3xy — y2.

2. Compute the modules associated to the binary quadratic forms of
Exercise 1.
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3. Leta, b, s be rational_integers, and d a square-free rational integer.
Show that @, (b + s/ d)/2 is a basis of Q(./ d) if and only if as 5= 0.

4. Let D = s? for some rational integer s, and suppose that the binary
quadratic form f(x, y) = ax? + bxy 4 cy? has discriminant D. Let m
be a rational integer. Show that f(x,y) =m if and only if
(2ax — (s — b)y)(2ax + (s + b)y) = 4am. Therefore, deduce that the
Diophantine equation f(x,y) = m can be reduced to the case of a
system of two linear equations in two variables.

5. Write the rational number D in the form s2d, d a square-free rational
integer, where
(@ D=64 () D=—-%. () D=-3 () D=57.

6. Give an example to show that different bases of the same module may
give rise to different binary quadratic forms.

*7. Let M be any module of Q(./ d). Show that to the module M there
always correspond an infinite number of different binary quadratic
forms, determined by the different bases of M.

8. Let f(x,y) be the binary quadratic form associated to the module

M ={a, B}, where « =r + s/ d, B =1t-+ uy/ d. Show that the
discriminant of f(x, y) equals 4(st — ru)d. -

8.5 Modules

We shall now begin our investigation of the properties of modules.
Throughout, let Q(./d) be a quadratic field, where d is a square-free,
rational integer. The only fact we shall assume as known from Section 4 is the
definition of a module.

Lemma 1: Let M = {a, f} be a module and let 8, { belong to M. Then
0 + ¢ belongs to M. Thus, M is an additive abelian group.

Proof: Let@ = ax, + By, { = ax, + By,, where x,, x,,y,, y, are rational
integers. Then 6 4+ { = a(x, 4 x,) + B(y, 4 y.) belongs to M. [ |

Let M = {«, 8} be a module. Then & and S are by no means uniquely
determined by M. To put it another way, M may have many different bases.
For example, M = {1, ./ 2 }is the same module as {1, /2 + 1}. Indeed, if
y =1-x 4 /2y belongs to M, then y = 1-(x — y) + (/2 + 1)y belongs
to{l,./2 + 1L If 6 =1-x 4 (/2 + 1)y belongs to {1, ,/2 + 1}, then
0=1:(x+y)+ /2y belongs to M. Thus, {1,,/2}={1,,/2 + 1}
The question we wish to examine now is, when is {a, f} = {a,, £}?

Thus, let us suppose that &, f and «,, f, are bases of Q(»/ d). Note that
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o and B belong to {a, ). Thus, if {a, 8} = {a,, B,}, we deduce that a,
belong to {&,, §,}. Thus, we may write
o= 0;x; + By,
B=0z; + Biwy,
where x,, y,,z,, and w, are rational integers. Conversely, reversing the roles
of a, B and «,, B,, we may write
o, =ox + By
B =0z + Bw
for rational integers x, y, z, and w. By substituting the second set of equations

in the first set and using the fact that &, § is a basis of Q(./ d) (this allows
us to compare coefficients of « and f#) we see that

x; Yi\(x ¥ 1 0
(zl w,)(z w) - (o 1) '
Taking determinants of both sides, we immediately see that
(Geywy — 2y )oew — zy) = 1.

Therefore, since both factors in this last equation are rational integers, we see
that

X wy — 2y, = %1
We may summarize our results in the following proposition:

Proposition 2: Let o, f and a,, B, be bases of Q(./ d) and assume. that
{o, B} = {&;, B.}. Then there exist rational integers x,, y,, z;, and w, such that

(s)=( %))

m(‘w=iL

Z1 W

and

The converse of Proposition 2 is true, but the proof is left for the exercises.

Our next goal is to give a characterization of modules which will be very
useful to us in what follows. The characterization is in terms of the discrimi-
nant, which is a rational number we shall introduce to measure, in some
sense, the “size” of a module. The discriminant will play a fundamental role
in our theory. '

Let o, B belong to Q(./ d). The determinant

o o

2
Al p) = | = @B — pa’y t
B 5 B 7 )
is called the discriminant of a, B.
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Lemma 3:

(i) A(w, B) is a rational number.
(ii) If a, B belong to I,, then A(a, B) is a rational integer.
(iii) e, B is a basis of Q(./ d) if and only if A(x, ) # 0.

Proof:

@) To show that A(e, f) is rational, it suffices to show that A(x, f)’ =
A(a, p) (Proposition 2.3, part (iv)). But A(x, f) = ((@f’ — a'B)?) =
(@p’' —a'B))* = (&' — af’)* = A(a, B), as desired.

(ii) If &, B belong to I, then A(x, B) = (¢’ — a’f)? belongs to I,. But
since A(x, B) is also a rational number, we see from Theorem 3.4 that
A(w, B) is a rational integer.

(iii) Let a, B be a basis of Q(./d). To show that A, f) 7 0, let us
reason by -contradiction. If A(e, f) =0, then a/f = (®/B)’, so that
®/B = c is a rational number. Therefore, o1 — f-c = 0, which contra-
dicts the fact that a, B is a basis of Q(./ d). We leave the converse as an
exercise. [

We now wish to define the discriminant of a module M = {«, 8} to be
A(a, B). However, this definition of discriminant might depend on the choice
of the module basis a, f. Let us show that it does not. If a,, #; is another
module basis of M, then Proposition 2 implies that there exist rational
integers x, y, z, w such that

(s)=( 2)(5)

det(x y) =xw—zy=-41.
z w

and

But then*
Ae, p) = (@p’ — o'B)*
= ((xay + yB:Xz0t; + wph) — (xaty + yB:) (20, + wpi))?
= (xw — yz)*(@, By — %1 ;)
= (o, ) — a} B,y)?
= Ay, 1)

Thus, the discriminant A(e, ) does not depend on the choice of the module
basis, and we are entitled to make the following definition:

*This computation reflects the fact that the determinant of the product of two matrices
is the product of their determinants.
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Definition 4: The discriminant A,, of the module M = {a, B} is defined to
be the nonzero rational number A(«, f) given in (1).

Example 5: The discriminant of M = {5, ,/—7 + 3} is just
5 5 2
= = (—10/=T7)% = —T700.
N=T1+3 —/=T+3 ( n

By using discriminants, we can give a very useful characterization of
modules.

Ay

Theorem 6: Let M be a set of elements of Q(./ d). Then M is a module if
and only if the following three conditions hold:

(i) M contains a basis of Q(./ d).
(i) If @, { belong to M, then 6 4 { belongs to M.
(iii) There is a rational integer k such that kM < I,.

Moreover, when we choose &, f in a module M such that | A(x, f)| >0
and is as small as possible, we have M = {a, #}.

Proof: 1If M is a module, then condition (i) is part of the definition of a
module and condition (ii) is Lemma 1. To prove condition (iii) we simply let
M = {a, f} and choose (by Proposition 3.5) n, m such that ne;, mpg are in I,.
Then we may set k = mn. Thus, a module satisfies conditions (i)~(iii).
Conversely, suppose that M satisfies conditions (i), (ii), and (iii). We
know from Lemma 3, part (iii), that &, g in M form a basis of Q(./d) if and
only if |A(«, )] > 0. Moreover, from Lemma 3, part (ii), we have that
A(ka, k) is a rational integer. But A(ka, kf) = k*A(«, B), and thus, for
every basis a, f of Q(./d) belonging to M, A(a, f) is a rational number
whose denominator divides k4. Thus, there is a basis of Q(./d) in M with
| A(, B) | least. It remains to show that any such basis of Q(./ d) is a basis of
M. Let y belong to M. Since a, f is a basis of Q(,/d), we may write y =
ox + By, where x, y are rational numbers. If x, y are, in fact, rational integers
for every p in M, then we are done. Thus, assume that x is not a rational
integer. Then we may write x = x, 4 x,, where x, is a rational integer and x,
is a rational number satisfying 0 < x, < 1. Let us set a* =y — x,a,
B* = B. We assert that a*, p* is a basis of Q(./d) (exercise). Moreover,
since &, 8, y all belong to M, itis clear that a*, §* belong to M by (ii). Finally,
o* o

|A@*, B4 = px B = [(a*B*" — B*a*')?|
=[((@x; + BB — B@'x, + )|
= |x3(ap’ — po’)?|
= x3| A, B)I
<|A(, Bl
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since 0 < x, < 1. This contradicts the manner in which &, f were chosen and
thus completes the proof of the theorem. ]|

Example 7: Let a,, a,, . . ., &, belong to Q(./d). Suppose that two of the
@, are linearly independent. Set M = {x,0; + X500, + - -+ + x,&,| X1, X35 ... 5
x, are rational integers}. Then the hypotheses of Theorem 6 are easily verified
and M is a module.

8.5 Exercises

1. Find Ay for M ={1,./3}; M={2+4+./3,5—2,/3};and M =
V=53, % — 4/-5)
2. Which of the following subsets of Q(./ d) are modules:
(@ {0}
(b) The set of all rational integers.
(c) The set of all numbers of the form x - (y/2), where x, y are
rational integers.
(d) The set of all numbers of the form x + (y./ d/2"), where x, y, n
are rational integers.

(¢) The set of numbers x + y./d + y(3 + 2./d) + wik + A/ d),
where x, y, z, w are rational integers.

3. Prove the result of Example 7.
Find a basis for the module

M={3+3)x+3y+ G+ 24/3)z]| x,, z rational integers}.
5. Prove the converse of Proposition 2.

Complete the proof of Lemma 3, part (iii).

Show that {l,./3}={5+17/3,2 4 7./3}. Compute the dis-
criminants of these two bases and verify that they are equal.

Complete the proof of Theorem 6.

Let M be a subset of Q(./d). Associate points in the plane to the
elements of M as follows: If & = x < y./ d is in M, associate the point
a* = (x, ya/|d]) (if d < 0) or the point &* = (&, &’) (if d > 0 and hence
a, o’ are real). Let M* denote the set of all points a* for & in M. Show
that M is a module if and only if M* satisfies the following conditions:
(i) If a*, B* are in M*, then a* 4- B* are in M*. (ii) Not all points of M*
are collinear. (iii) There exists a circle about (0, 0) in the plane containing
no points of M*,

10. Continuing the notation of Exercise 9, assume that M = {«, f}. Let P
be the parallelogram whose vertices are (0, 0), a*, §*, a* + B*. Show
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that
area of P if d>0,

Ao, 1/2
1A, Bl {2><areaofP if d<0.

11. Leta, B, a;, B, belong to Q(./d) and assume that &, = ro + sf and
Py =t +uf for r, s, t, u rational. Show that A(ay,p,)=
(ru — sH)?A(a, B).

12. Leta, B, y belong to Q(./ d). Show that A(ya, yB) = N(y)*A(a, f).

13. Let us define the discriminant A; of Q(./ d) to be the discriminant of I,.
Show that
A — d  if d= l(mod 4),
*7 l4d  if d=2,3(mod 4).

14. (a) Show that the discriminant of a quadratic field is = 0 or 1(mod 4).
(b) Let A be any rational integer = 0 or 1(mod 4). Show A may be
written in the form A = s2A,, where s is a rational integer and A,

is the discriminant of a quadratic field.

15. A rational integer D is said to be a discriminant if D is the discriminant
of some quadratic field Q(./ d) (see Exercise 13); D is said to be a prime
discriminant if D is divisible by only one rational prime. Show that the
prime discriminants are the numbers

—4, 48, (—1)@"Y2p  pan odd, rational prime.

16. (continue Exercise 15). Show that every discriminant D can be uniquely
written as a product of prime discriminants.

8.6 The Coefficient Ring of a Module

In Section 4, we showed that the problem of solving quadratic Diophan-
tine equations of the form ax2? + bxy + cy? = m could be reduced to the
problem of determining all numbers in a module having a given rational
number as norm. Let us concentrate on a fixed module M and rational
number r. Consider the problem of determining all £ in M such that

N@) =r. m
Let us now observe that if one solution & of (1) is given, then we may
construct other solutions as follows: Suppose that € is a number of Q(./d)

such that* eM = M and N(€) = 1. Then if £ is in M and satisfies (1), we see
immediately that € is in éM and hence in M and that, moreover, N(e{)

*Here €M is just the set of all numbers of Q(x/ @) of the form ea, where o is anelement
of M.
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= N(€)N() = 1-r =r. Thus, € has norm r, and we have a means of
manufacturing new solutions of (1) from known ones. Let us summarize.

Proposition 1: Suppose that € is in M and that N(&) = r, and suppose that
€ is in Q(./ d) and satisfies eM = M and N(e) = 1. Then €€ is in M and
N() =r.

Example 2: Let d =2, M ={1,,/2}, and ¢{ =2+ 3,/2. Then N({)
= —14. Moreover, since € = 3 — 2,/ 2 is such that eM = M (why?) and
N(e) =1, we have N(e£) = —14. Indeed, € = —6 + 5,/2 and N(ef)
= (—6)% — 2(5)* = —14.

From Proposition 1, we see that the elements 5 of Q(./d) such that
nM = M (atleast those of norm 1) can be used to construct new elements of a
given norm from known ones. Therefore, it seems reasonable to study this set
of numbers.

Definition 3: The set of elements  of Q(./ d ) having the property sM = M
is called the ring of coefficients (or coefficient ring) of M and will be denoted
Ou.

It is clear that every rational integer belongs to 0,,, for if M = {a, f} and
n is any rational integer, then any element y of M is of the form ax -+ By,
where x and y are rational integers, so that ny = a(nx) + S(ny) belongs to M.
Let us try to locate some other elements of ©,,.

Lemma 4: Let y belong to Q(./d) and let M = {a, B}. Then y belongs to
O, if and only if ya and y8 belong to M.

Proof: 1If y belongs to 0,,, then yM = M. Thus, since o and f# belong to M,
we know ya, pf belong to M. Conversely, suppose that yo and 8 belong
to M. Let u be any element of M; we must show that pu belongs to M.
Since M = {a, B}, u = ax + By for rational integers x and y. Then yu =
(y&)x + (yB)y. Moreover, since ya and pf are in M, we may write o =
ax, + py., yB = ax, + By,, where x,, x,, y,, y, are rational integers. Then

i = (ax; + By)x + (@x, + By,)y

= a(xx; + yx2) + f(xy, + yy,)
belongs to M. u

Lemma 5: Let y be any element of Q(./ d). Then 0,, contains ky for some
positive rational integer k.

Proof: By Lemma 4, ky belongs to 0,, if and only if kya and kyf belong to
M = {a, f}. Now a, f is a basis of Q(./ d), and pa, yB belong to Q(/ d).
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Thus, there are rational numbers x, y, z, w such that

Yo = ox + By )
yB = az + pw.
Let the rational integer kK be a common denominator of x, y, z, w. Multiplying
(2) through by k, we see that kye and ky S belong to M, as desired. B

Before delving any further into the structure of 0,,, let us record a few
trivial facts.

Proposition 6:

(i) All rational integers are contained in O,,.
(ii) If#, @ belong to O, so do n 4 0, 6. Thus, 0,, is a ring.

Proof:

(i) This has been observed above.

(ii) If n, @ belong to ©,,, then yM = M, §M < M. Thus, if y belongs to
M, then #ny, 0y belong to M, so that (g £ )y = 5y -+ Gy belongs to M
since the sum or difference of two elements of M is again an element of
M (Lemma 5.1). Thus, (n M = M and n 4 @ belongs to 0.
Finally, (n0)M < nM < M, so that 5 belongs to 0,,. [ ]

Example 7: Let us compute 0, for M ={1,./d}. Suppose that =
s + to/ d, where s and ¢ are rational numbers. Then # is in 0,, if and only if
n-1 and ./ d belong to M, that is, if and only if

s+t/d=x1+yJ/d
td+ s/ d =w-l+2z/4d,

where X, y, z, w are rational integers. Since 1, ./ d is a basis of Q(./d), we
see from the first equation that s = x, ¢t = y, so that s and ¢ are rational
integers. From the second equation, we see that w = ¢d, z = s, and w and z
are automatically rational integers if s and ¢ are. Thus, 0,, consists of the
numbers of the form s + ¢,/ d, s, t rational integers. That is, 0,, = M.

Example 8: Let us do one more example. Consider M = {3,2,/7} in
QW/T). Then g = s + t./T (s, t rational) belongs to 0,, if and only if

3s+3t/T =x3+y-2,/T
14t +2/Ts=2z3+w2/T

for rational integers x, y, z, w. Comparing coefficients we obtain the four
conditions x = s, 3¢ = 2y, 14¢ = 3z, and s = w, and we need to determine all
rational numbers s, ¢ such that the corresponding x, y, z, w are rational
integers. First, s = x = w, and s can be any rational integer. Also, y = 3¢/2
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and z = 14¢/3 must be rational integers, and thus ¢ must be a rational integer
divisible by 2.3 = 6. That is,  has the form # = s + 6t'/7 , where s and ¢’
are rational integers. Thus,

O = {1, 6,/ T}

Note that 0,, in Example 8 has a basis of the form 1, f£,, where £ is a
rational integer (w; = /7 ). In Theorem 10 we shall show that Example 8 is
typical. As a first step, we need

Lemma 9: If y is in Oy, then y is in I,. Thus, 0, is a subring of I,.
Proof: 1If yisin O, and M = {a, B}, then
?Oﬁ=06x+ﬂy, Yﬁ=aw+ﬂza

where x, y, z, w are rational integers. These last equations may be rewritten in
the form

ax—y)+ By =0
ow + Bz —y) =0.
Solving the first equation for # and substituting the result in the second
equation, we easily see that (since a 7= 0)
(x—y)z—7p)—wy=0.
In other words, y satisfies the equation
PP—x+2)y+ (xz—wy)=0.

The other root of this equation is easily seen to be y’ (use the quadratic
formula), so that

(X — X =)= X* — (x + DX + (xz — wy).

In other words, Tr(y) = x + z and N(y) = xz — wy are rational integers.
Thus, we are done by Definition 3.1. [ |

Note that we may immediately deduce from our above discussion and
Theorem 5.6 that 0, is a module. We can completely describe O,,:

Theorem 10: There exists a positive rational integer £ such that 0, =
{1, £,}. The rational integer* £ is characterized as the least positive rational
integer such that f, is in 0,,.

Proof: We have I, = {1, @w;}, where @, is defined in Theorem 3.2. From
Lemma 5, there is a positive rational integer fsuch that fw, belongs to 0,,. Let
us choose £ to be the smallest such f. Since 1 and f;, are in 0,,, Proposition
6 implies that every number of the form x + yfa,, x, y rational integers, is

* L is called the conductor of 0.



232 Chap. 8 Arithmetic in Quadratic Fields

contained in 9,,. Thus, we see that

{I, £oi} S Oy 0]
Conversely, let y be in 0,,. Then, since 0,, = I; = {l, w,} (Lemma 9), we
have y = s + tw, for some rational integers s, ¢. Since s is in 0,,, we see that
y — § = tw, is in 0,,. By the division algorithm, we may write t =qf +r,
where 0 < r < f. Then, tw; =qfw; + row; is in 0, as is gfw,, so that
tw, — qf w; = rw, is in 0,,. But by the definition of £, we see that r =0,
Therefore, 1w; = qf @, and y = s + gf w; is in {1, £,}. Thus, we see that

Oy S {l, fa),,}. (‘)
From Egs. (3) and (4), we conclude the proof. [ |

Example 11: Let M be a module and 0,, be its coefficient ring. Then by
Theorem 10, 0,, is a module. What is its coefficient ring? We know that it is
{1, gw,}, where g is the least rational integer such that gw,0,, < 0,,. Writing
Oy = {1, fw,} it is then trivially seen that g = £. Thus, 0, is its own
coefficient ring.

We shall conclude this section by giving a procedure for computing the
coefficient ring of any module M = {a, §}. By Theorem 10, this amounts to
determining £ from & and g.

Let us first make a useful reduction. Observe that M = a{l, f/a}. The
following lemma implies that the coefficient ring of M is the same as the
coefficient ring of {1, B/a}. Therefore, in computing coefficient rings, it
suffices to consider modules of the form {1, y}.

Lemma 12: Let M, and M, be modules such that M, = aM,. Then

O, = Op,
Proof: 1If y is an element of Q(./ d ), then yM, = M, if and only if yaM, <
oM,. Thus, p belongs to 9,,, if and only if y belongs to 9,,. [ |

Let us now calculate the ring of coefficients of a module of the form {1, y}.
We know that y satisfies the quadratic equation X2 — Tr(p)X 4 N(y) =0.
Since Tr(y) and N(p) are rational numbers, we may write this equation in the
form

aX* —bX+c=0, ®)

where a, b, c are rational integers, a > 0, and a, b, ¢ have no common
factor > 1.

Lemma 13: Let M = {1, y} be a module. Then 0,, = {1, ay}, where a is
given in Eq. (5).

Proof: Note that 1, y is a basis of Q(./ d ). Therefore, if 4 is any element of
Q(./ d), we may write @ = x + yy for rational x, y. Now @ belongs to 0, if
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and only if @M <= M, which is equivalent to @-1, -y in M. In other words,
@ belongs to 0,, if and only if x, y are rational integers and

by = xy + 9 = (x + Ly — Ly

is in M. This, in turn, is equivalent to the requirement that x, y, by/a, cy/a are
rational integers. Since a, b, ¢ have no common factor > 1, the only way by/a
and cy/a can be rational integers is if a| y. Thus, x + yy belongs to 0,, if and
only if x, y are rational integers and a|y. Thus, 0,, = {1, ay}. [ ]

With y given in (5), we know that y = (b + »/D)/2a, where D =
b* — 4ac. Moreover, if M = {a, f} and M’ = {a’, B}, it is trivial to check
that 0,, = 0,,.. The following theorem completes our method for calculating
the coefficient ring of any given module M, since we can always replace M by
M’ if need be:

Theorem 14: Let M = {a, (b + A/ D)/2}, where D = b* — 4ac is not a
perfect square and a, b, c are rational integers having no common factor
greater than 1. Let D = f2d, where d is square-free. Then we have
o, — {{1 §w,,}, d=2 or 3(mod 4),
{1, £ou}, d = 1(mod 4).

Proof: Set o = (b + A/ D)/2a. Define the module M, = {1, a}. We know
from Lemma 12 that 0,, = O,,,. Moreover, by Lemma 13 we know that
0, = {1, aa}. Thus,

ou- 02402

Since D = f£2d = b? — 4ac, we see that
£2d = b*(mod 4).

If d = 3(mod 4), then —£2 = b%(mod 4), and thus f£2 = b? = 0(mod 4)
since a perfect square is congruent to 0 or 1(mod 4). Thus, if d = 3(mod 4),
both £ and b are even. If d = 2(mod 4), then 2£2? = b%(mod 4), so that b is
even; hence, £ is also even. Thus, if d = 2 or 3(mod 4),

b+ f NE 4+ & £va
with b/2 and f£/2 rational integers. Thus, if d = 2 or 3(mod 4),
ou = {1. 5V} = {1.fof
Finally, if d = 1(mod 4), £2? = b*(mod 4), so that £ and b are either both
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even or both odd. Thus,
b+ f£i/d =b_°f+<f1+“/d
2 2 2

with (b — £)/2 and £ rational integers, so that
o = {L L1544 — (1, £, n

Example 15: We shall compute 0,, for M = {3,2,/5}. Here y =2,/53
and y satisfies 9X2 — 20 =0, so that D =4.9.20 = 122.5. Since 5=
1(mod 4), we have w; = (1 + ./ 5)/2 and 0,, = {1, 12w;}.

8.6 Exercises

1. Determine 0, if M ={1,/3}; M={2+4+./3,5—2/3}; M
={7,4/2}.

2. Let M,, M be modules such that M = M, < I,. Suppose that 0,
= {1’ f(l)d}, OM. = {19 flwd}' ShOW that fl |cf'

3. Let M be a module and suppose that aM = M for all ¢ in I,. Show that
Oy = I,.

4. Let M = {1, fw,}, where f is a positive rational integer. Show that
0, = M. Thus, the possible coefficient rings in Q(,/d) are precisely
the modules M = {1, f,} for £ =1,2,3,....(These subrings of I,
are often called orders.)

S. Let a, b, d be pairwise relatively prime rational integers. Let M =

{a, bs/ d }. Show that 0,, = {1, ab./ d }.

8.7 The Unit Theorem

Proposition 6.1 tells us that if we know those elements € of ©,, such that
N(€e) = 1, then from one element of M of norm r we may manufacture others
in a straightforward way. This procedure will be one of the two crucial steps
in solving our first problem concerning binary quadratic forms, which in
terms of modules amounts to determining all elements of a given module M
having a given rational number as norm. In this section, we shall give a very
precise description of all those € of 9,, such that N(e) = 1.

Recall the following definition from abstract algebra:

Definition 1: A unit of the ring 0,, is an element € of 0, such that ¢!
belongs to 0,,.

The relevance of units to the discussion of this section is seen in
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Lemma 2: Let € belong to 0,,. Then € is a unit of 9,, if and only if N(¢)
=<1

Proof: 1If € is a unit, then € ! is in 0,, < I,, and thus N(e€), N(e~*) are both
rational integers. However,

1 = N(1) = N(ee') = N(e)N(e™Y),

so that N(¢) = +1. Conversely, if N(¢€) = +1,thenee’ = 41lande ! = €.
But it is easy to see (from Theorem 6.10) that if € belongs to 0,,, then so does
€'. Thus, €' is in O,,. |

Example 3: Let 0,, =1, ={1,,/2}. Then € =1+ ./2 is a unit since
€!=—1+ /2 belongs to 0, =I,. However, A =1+42,/2 is not a
unit of ©,, since 1! = —4 4 %,/2 does not belong to 0, = I,. Alterna-
tively, N(1 + ./2) = —1and N(1 + 2,/2) = —7,sothat 1 + /2 isa
unit and 1 4 2,/2 is not by, Lemma 2.

In this section, we shall first describe all the units of 0,,. We shall then
determine which of the units have norm +1.

By Theorem 6.10, 9,, = {1, fw,} for some rational integer £ > 1, where
®, =/d ifd =2 or 3(mod 4) and = (1 + ./ d)/2 if d = 1(mod 4). Thus,
every element € in 0, has the form € = x + fow,;y for unique rational
integers x and y. Thus, € is a unit of 9, if and only if

Nix + fozy) = £1.
However, since

N(x + £0,9) = (x + Lo Xx + L)
= x% — f2dy? if d =2 or 3(mod 4),

= %2 + fxy + L9 if d= 1(mod 4),
we have the following result:
Proposition 4: The number € = x 4 fw,y, x, y rational integers, is a unit
of 0 = {1, fw,}if and only if x and y satisfy

x* — f2dy? = 41 if d =2 or 3(mod 4),

xt o+ fxy + L4 = 41 if d= 1(mod 4.

As is very common in this theory, we must consider the cases d < 0 and
d > 0 separately. The answers are very different.

Case 1: d < 0. First assume that d =2 or 3(mod 4). Since x2 — df2y?
= x? 4 |d| £2y? > 0, Proposition 4 implies that we must study the equation

x*+|d|£2* = 1. )
If |d|>1or £2>1 and y # 0, then x2 + |d|y*f? > |d| £%y* > 1, and
there are no solutions to (1). Thus, if |d| > 1 or £2 > 1, then y = 0, and so
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x = 41, and the only units are ¢ = 4-1. If |d| =1 and f2? =1, then (1)
becomes x% 4+ y2 = 1, which has the solutions (x, y) = (41, 0), (0, 4-1), and
so in this case, the units are € = +1, +./—1. This completes the case d <0,
d =2 or 3(mod 4).

Now suppose that d < 0 and d = 1(mod 4). Since

—_— 2
x4 £xy + L8 = (x+ o) + ey >0,
we must study the equation
2
(x+—{y) + 14l prye — 1, ®

If|d| > 4 and y # 0, then (Jd|/4)f£2y* > 1, and there are no solutions to (2).
Thus, |d| > 4 implies that y = 0 and x = +1. Thus, the units are € = £1.
If |d| < 4, then d = —3 since d <0 and d = 1(mod 4). If £2>1 and
y #0, then 3£2y% > 1, and there are no solutions to (2). Thus, £2> 1
implies that y = 0, and again € = +1 are the only units. Finally, if £ =1
and d = —3, then (2) becomes (x4 4y)* + 3y =1. If |y|>2, then
3y* > 1, and there are no solutions. In the other three cases for y one trivially
checks that y = 1 implies that x = 0 or —1, y = 0 implies that x = +1, and
y = —1 implies that x =0 or 1. A simple calculation then shows that if
d= —3 and £ =1, the units are € = +1, (£1 4 ./—3)/2, where all
combinations of signs are permitted.

We summarize in

Theorem 5: Suppose that 0,, = {1, fw;} = O,, where d < 0. Then the
units of 0,, are € = +1 except in the following two cases:

(i) d=—1, £ =1, in which case the units are € =1, —1, /=1,

—u/—T.

(i) d=—3, £ =1,inwhich case the unitsare € =1, —1, (1 + ./=3)/2,

A= /=3)/2, (=14 ~/=3)2,(—1 — /=3)/2.
Case 2: d > 0. This case is much more intricate than the case of negative d.
In particular there will always be an infinite number of units. We shall avoid
most of the difficulties by appealing to the solution of Pell’s equation given in
Chapter 6. Specifically we shall use the following result (Theorem 6.6.3):

If d, > 0 is a rational integer which is not a perfect square, then the
Diophantine equation

x: —dy? =1 3

has an infinite number of solutions.
To determine the units of 0, = {1, £,} we require three lemmas.

Lemma 6: There are an infinite number of units in 0.
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Proof: We make the simple observation that € =x 4 yf./ d belongs to
0, for all rational integers x, y. (This is just the definition of O if d =
2, 3(mod 4), since then w; = ./ d.If d=1(mod 4) and w, = (1 + ./ d)/2,
then

x+ £/ dy = — £ + 2L,

belongs to 0,.) Now N(€) = N(x + £./dy) = x* — (£2d)y?. Setting
dy = f£?d, we see that d, is not a perfect square. There are an infinite number
of solutions (x, ) of (3). If (x, y) is a solution, then € = x 4 y£./d is in
0., and N(¢) = 1, so that € is a unit of 0. [

Lemma 7: If € is a unit of O, then so are —¢ and 1/e. If €,, €, are units of
0., then so is €, « €,. In particular, the units of O, form a group.

Proof: This fact holds for arbitrary rings and is an easy exercise. ]

Lemma 8: Let B> 1 be a given real number. Then there exists only a
finite number of units € of O, such that 1 < e < B.

Proof: Let € be a unit of O,. From Proposition 2.5 we know that € is a root
of the equation
X? —Tr(e)X + N(e) =0

with rational integer coefficients. Since € is a unit, we have N(¢) = 41, and
thus € is a root of the equation

X2 —Tr(e) X+ 1=0.
Now € > 1 and N(¢) = €€’ = +1, and so |¢'| = (1/€) < 1. Thus,
|Tre)|=le +€'|<|e|l+|e'|<B+1.

Hence, ¢ must be a root of one of the equations X2 + nX 4 1 = 0, where n
is a rational integer such that |n| << B 4 1. There are only a finite number
of such equations, and each equation can have at most two roots. Thus,
there are only a finite number of possibilities for €. [ ]

By Lemma 6, there is a unit € in O, such that € = 4-1. If € is negative,
replace € by —e, and we still have a unit of O, by Lemma 7. Thus, assume
that e > 0. If ¢ < 1, replace € by ¢! (again a unit of O, by Lemma 7). Thus,
there is a unit € of O, such that € > 1. By Lemma 8 there is a unique smallest
unit €, of O, such that 1 < e, < €. In fact, €, is the smallest unit of 0,
larger than 1.

Definition 9: The smallest unit of 0, which is larger than 1 is called the
Jundamental unit of 0., denoted €.

Theorem 10: Suppose that 0, = {1, fw,}, where d > 0. Then the units of
O, are the numbers +-€% (n =0, +1, 4-2,...).



238 Chap. 8 Arithmetic in Quadratic Fields

Proof: Let € >1 be a unit of O,. Since 1 < €,, we see that €3 — oo
(n — o0), and so there is an integer n > 0 such that

r<e<eyl
Thus,

1 <eer” <eg.
By Lemma 7, €€3" is a unit, and it is smaller than €, the smallest unit larger
than 1. Thus, 1 = €€;", and so € = €%. In general, if € is any unit of O, then
one of €, €', —¢, or (—e)~! is a unit > 1 and thus of the form €% for some
integer n > 0. [ |

You should observe the similarity between the proof of Theorem 10 and
the proof given describing the method for obtaining the general solution to
Pell’s equation (Theorem 6.6.7). You should also note that in case d=
1(mod 4) we managed to avoid considering the more complicated Diophantine
equation given in Proposition 4 (by virtue of Lemma 6). However, we may
now conclude that if d = 1(mod 4), then x2 + fxy 4+ (1 — d)/4)Ly? =1
has an infinite number of solutions in rational integers x, .

Example 11: In case d = 2, 3(mod 4), the problem of determining the units
of {1, £/ d} is equivalent to solving the Diophantine equations

x2 — £2dy? = +1.
If d = 2(mod 8), then reasoning with congruences modulo 8 shows that the
equation

x2 — fzdyz = —1
has no solution. Thus, determining the units is equivalent to solving Pell's
equation x* — f2dy> =1. The fundamental unit €, is then just
Xo + yof A/ d, Where (x,, y,) is the fundamental solution of the Pell equa-
tion. We shall take up the general problem of computing €, in a finite number
of steps after we prove Theorem 12.

Using our knowledge of the units of @,,, let us now determine all units of
norm 1. This is easy from what we have already proved.

Theorem 12: Let 0, = {1, fw;} = 0O,, and in case d > 0, let €, be the
fundamental unit of 9,,. Further, let U, denote the set of all units of norm
+1. Then, if d > 0,

U ={{ie}ln =0,+1,42,...} if N =1,
P ke n=0,+1,42,...}  if Ne)=—1.
If d < 0, all units have norm 1.
Proof: N(F€%) = N(eg)* for any integer k. B

Let us finally turn to the problem of explicitly computing the fundamental
unit €, in the case d > 0. We require three lemmas to aid in the calculations,
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Lemma 13: Let d > 0 and let € = x 4+ f,;y be a unit of O, such that
€>1. Then x>0 and y > 0, except for the case d=35, £ =1, € =

a+/5)2.
Proof: First note that w; — wj; > 0. Moreover, N(¢) = e¢’ = 41 implies
that ¢! = L ¢, and thus we have

;P 1
€E—€ =€F 3 > 0.
Thus, € — €' = £(w; — )y > 0, so that y > 0. Also, the facts € > 1 and
€e’ = +1 imply that
l€'| =|x + Laohy| < 1.

Moreover, w; < 0, so that if x = 0, we must have x > 0. If x = 0, then,
since N(¢).= 41, we have y>f%w,0; = 4+1. But, w,w} is either —d (if
d=2 or 3(mod 4)) or (1 — d)/4 (if d= 1(mod 4)). Since d > 1, the first
case cannot occur. Thus, d = 1(mod 4). If d > 5, then |y2f2w,w;| > 1.

Thus, we see that d =5 and y>f* =1, so that £ =1, y = £1. Thus,
since € > 1, we must have ¢ = (1 4+ 4/ 5)/2. |

Lemma 14: Letd > 0 and let € = x + fw,y be a unit of O,. Assume that
€>1 and x % 0. Then x is the integer closest to the irrational number

—y£ o5
Proof: By Lemma 13, x > 0 and y > 0, so that x > 1 and y > 1 (since x

and y are rational integers). Moreover, w; > 1 and £ > 1, and thus € =
x + fw;y > 2. Since N(€) = ee’ = 41, we see that

g1 _1
l€l=5<7

But ¢ = x + fw);y, and therefore
|x + £ahy| <4.

Thus, the assertion follows immediately. [ |

Note, for reference, that

£/ dy if d= 2,3(mod 4),
— Loy = /d — .
ey {f—dz—ly if d = 1(mod 4).

Lemma 15: Let d > 0 and let € = x 4+ fw,;y be a unit of O, such that
€ > 1. For each rational integer » > 1, set

120 o A5
? €"=xn+fwdyn'
Then(b/_<}=x,<xz<x,<---and0<y=y,<y2<y,<---.
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Proof: Note that
€ =¢€et = (x; + £y ) (xp-1 + £DaPp-1)
(1%, + £2dy1Yn-1)
+ £LOLx1Yn-1 + Y1%Xn-1) if d=2 or 3(mod 4),
(x1x -1+ df:lofz%yn—l)

+ £OLX1Y01 + YiXnos + £V1Vn-1) if d= 1(mod 4).

Thus, we have explicit formulas for x, and y, in terms of x = x;, y = y, and
X,-15 Yu-1. The assertion follows immediately by induction on #. [ ]

We may now give our procedure for computing €,. Let us exclude the case
£ =1,d =5. By Lemmas 13, 14 and 15, we have the following:

Algorithm: Inspect each of the numbers x + fw,y, y =1,2,3,...,
x = the integer closest to —f@;y. The first one which is a unit is the
fundamental unit €,.

Example 16: Let £ =1, d =23. In this case €, is the fundamental unit of
1, ;. Since 23 = 3(mod 4), we are looking for a solution to x2 — 23y? = +1.
We tabulate our data as follows:

y —yL i = /23y x N(x + o/23y) = x2 — 23y2
1 4.8 5 25—-23=2

2 9.6 10 100 —92 =8

3 144 14 196 — 207 = —11

4 19.2 19 361 — 368 = —7

5 240 24 576 — 5715 =1

Thus, €, = 24 + 5./23 is the fundamental unit.

Example 17: Let us compute the fundamental unit for £ = 2,d = 3. Again
we tabulate the data:

y —foiy=2/3y x N(x + 2/ 3 y) = x2 — 1259
1 34 3 9—-12=-3
2 6.9 7 49 — 48 =1

Thus, €, =7 + 2:2,/3 =7 + 44/ 73 is the fundamental unit of {1, 2./73}.
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There is another way of proceeding in the case £ > 1. Suppose that the
fundamental unit €, of I, has been determined. Then the fundamental unit
€, 0f 0, = {1, £w,} can be determined as follows. Since O is contained in I,,
we sce that €, is a unit of I,. Therefore, €, = 4¢3 for some integer n.
Moreover, since €, > 1, €, > 1, we see that €, = €} for some n> 1. In
general, €, is the first power of €; which belongs to O,.

In Example 17, we easily compute that €, = 2 + 1/ 3 is the fundamental
unit of I;. Now €2 = 7 + 2.2,/73 is clearly in {1, 2,/ 3 }. Since €, does not
belong to {1,2./3}, we see that €, =7 + 44/ 3. Also, €, =7 + 44/3.

In closing, we point out that although the above method for determining
the fundamental unit seems very efficient, we have given no upper bound on
how big the first value of y which gives a unit will be. Unfortunately, y may
be very large, even for small d. For example, for £ =1, d =31, €, =
1520 + 273./31; if £ =1, d = 94, €, = 2143295 + 221064,/94. We have
included a table of the fundamental units of I, for 1 < d < 200 at the end of
the book (see Table 2).

There is a much more efficient method for determining the fundamental
unit. The method relies on the theory of continued fractions, a topic often
covered in an elementary course in number theory. The interested reader
should consult G. H. Hardy and E. M. Wright, An Introduction to the Theory
of Numbers, 3rd ed., Oxford University Press, Inc., New York, 1960 and
Y. Borevich and 1. Shafarevich, Number Theory, Academic Press, New York,
1966, Chapter 2, Section 7.3.

8.7 Exercises

Show that (1 4+ A/ 5)/2 is the fundamental unit of I,.
2. Compute the fundamental unit of I, where
(@ d=3. b) d=6. (c) d=17. (d) d=21. (¢) d=35.

3. Write a computer program to compute €,, the fundamental unit of I,.
Use your program to check as much of Table 2 as you can.

4.. Compute the fundamental unit of 0, = {1, f»,}, where

@ d=3,£=1 (b) d=3,£=2.
© d=3,f£=4 @ d=5,=1
€ d=5£=5. € d=5,=1

Use both the algorithm given in the text and the method which locates
the first power of €, which lies in ©,. Compare the efficiency of these two
computations.

5. LetR, denote the set of positive real numbers and let G be a subgroup of

R, under multiplication such that there exists an interval (g, b) about 1
in R, which contains no element of G other than 1.
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(a) Show that G consists of all powers (positive and negative) of some
element of G.
(b) Can part (a) be used to simplify the proof of the unit theorem?

6. Let €, denote the fundamental unit of I, d > 0.
(@) Showthate, > 1+ /d if d=2 or 3(mod 4).

(b) Show that €, > (3 + o/ d)/2 if d= 1(mod 4), d # 5.
(¢c) Show that €, — oo as d — oo.

8.8 Computing Elements of a Given Norm in a Module

We are finally ready to give a complete solution of Problem 1’ posed in
Section 4. Namely, we shall give a procedure for determining all elements of
given norm in a given module. When translated into the language of forms,
this solution will allow us to solve completely any quadratic Diophantine
equation in two variables. Let M be a module in Q(,/d) and let r be a
rational number. Our object in this section is to determine all £ in M such
that N(¢) =r.

First, let us note that the case d < 0is trivial, for if M = {a, p}, witha =
a+by/d, B =c+ ey/d,then Nax + By) = (ax + cy)* + (bx + ey)?|d|
for x, y rational. If x and y are rational integers and g is a common
denominator of a, b, c, e, then ax + cy and bx + ey are rational numbers
with denominators dividing g. Thus, if N(ax + By) =r, we see that r >0
and |ax + cy| < A/ r, |bx + ey| < &/r[[d]. In particular, there are only
finitely many choices for the rational numbers ax + cy, bx + ey. Thus, there
are only finitely many choices for ax + By, and it is easy to determine which
of these have norm r. Henceforth, let us assume that d > 0. '

Let us now transform Problem 1’ into two other problems which we shall
be able to solve. Motivated by Proposition 6.1, we make the following
Definition:

Definition 1: We say that two elements a, § of the module M are associates
(or are associated with one another) if there exists a unit € of 0,, such that
o = €f.

Example 2: 2 4 3.,/2 and 4 — ./ 2 are associates in M = {1,/ 2}, since
4—./2 =(—14+./2)2+3./2),and —1 + /2 isaunit of 0,, = M.

From Lemma 7.2, we see that the numbers € of Q(,/ d) which satisfy the
hypotheses of Proposition 6.1 are just the units of 9,, which have norm 1.
Thus, if € belongs to M, then € is an associate of &. Therefore, we can break
our problem of determining all elements £ of M having norm r into two
subproblems, namely

Problem 1-A: Determine all units of ©,, of norm 1.
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Problem 1-B: Find a set S, of elements of M such that

(i) No two elements of S, are associates.
(ii) Each elements of S, has norm r.
(iiij) If £ in M has norm r, then £ is an associate of some element of S,.

Of course, Problem 1-A is solved by Theorem 7.12. We shall solve
Problem 1-B in the remainder of this section.

A set S, satisfying (i)-(iii) in Problem 1-B is called a complete set of
nonassociate elements of norm r. We shall specify a procedure for finding such
a set. Moreover, it is somewhat surprising that S, is always finite.

First, let us note that if Problems 1-A and 1-B are solved, then we can
determine all ¢ in M having norm 7. Indeed, if S, = {¢,, .. ., £} and £ is any
element of M of norm r, then £ is an associate of &, for some i (1 < i< ).
Thus, there exists a unit € of 0,, such that & = e£,. However, since N(§)
= N(§,) = r, we see that

r = N(&) = N(e)) = N(e)N(,) = N(e)r.
Thus, if r = 0, we see that N(e) = 1. Thus, we have the following result:

Theorem 3: Let M be a module and let r be a nonzero rational number.
Suppose that £;, ..., &, is a complete set of nonassociated elements of M
having norm r. If £ is any element of M of norm r, then there exists a unit €
of 0,, of norm 1 and an i such that £ = €£,. That is, the set of all £ in M such
that N(§) = r is precisely the set of all €£,, where 1 << i < ¢ and € is a unit of
0, of norm 1.

We now turn to the solution of Problem 1-B.

Lemma 4: Let £ be an element of M such that N(¢) = r. Then there is an
associate £, of £ satisfying

1<¢<e and Llaje<p,
£

where €, is the fundamental unit of 0,, = {1, £o,}.
Proof: Since N(¢) = r, we have N(—¢&) = r. And since an associate of —¢&
is also an associate of ¢, we may assume, without loss of generality, that
&> 0. Since €, > 1, we see that €, — oo as n— o and €; — 0 as
n — —oo. Thus, there is a rational integer n such that

€ <¢<erl.
Equivalently,

1<¢er" < €.
Set &, = Eez". Then &, is an associate of £ and

1<é <es ¢))
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Moreover, since
r=N(¢) = &

we see that

so that from Eq. (1),

A u
£

Suppose that £, is the associate of £ constructed in Lemma 4, and suppose
that &, = a + ./ d b, where a and b are rational numbers. Then

R

274
so that
|al < 5081 + 18D < 5ee + 17D, )
1b1< g7 Cee +1rD. ©)

Note that g and b are rational numbers. What can we say about their denomi-
nators ? Quite a good deal, as the following lemma shows:

Lemma 5: Let M be a module. Then there is a positive rational integer g
such that for all A in M, we have gA = a + ./ d b, where a and b are rational
integers.

Proof: Exercise. See Theorem 5.6, (iii). |

Let g be the rational integer of Lemma 5 associated to the module M we
have been considering. Then a and b are rational numbers with denominators
dividing g (since &, = a + ./ d b belongs to M). Therefore, a is one of the
rational numbers

1 2 P
0’ —’:I:_9--°’ e |
:I:g g :I:g

where P is the largest integer less than g(e, 4 |7|)/2. Similarly, b is one of
the rational numbers

0, +1, +2, ..., +2
g g 8

where Q is the largest rational integer less than g(e, + |r|)/2./d. Note
that these two sets of rational numbers are finite and depend only on r and
the module M. In particular, we see that there are only finitely many choices
for £, and that these choices can be enumerated in a simple way. To find
which of the choices for &, have norm r, it suffices to test each of the finite
number of choices. We shall give some examples of such calculations below.
But first, let us summarize our conclusions.
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Theorem 6: Let M be a given module and let r be a given rational number.
Then a complete set of nonassociated elements of M is finite.* In other words,
there exists a finite set of elements {&,, ..., &} of M such that (i) N(&)
=r (1 <i<t) and (ii) every element £ of M such that N(¢) =r is an
associate of some &, and (iii) no two ¢, are associates.

The calculation we have outlined above is a viable solution to Problem
1-B. Let us illustrate this by means of two examples.

Example 7: Let M = I, = {1,./2}, and let us determine a complete set of
nonassociated elements of M of norm 7. It is easy to see that €, =14 ./2
is the fundamental unit of ,, = I,. Moreover, since every element of M is of
the form x 4 ./ 2, x, y rational integers, we may take g =1 in Lemma 5.
Thus, we may select a complete set of nonassociated elements of I, from
among the elements &, = a + ./ 2 b, where from Egs. (2) and (3)

lal< 1, +7)=§+2_~/7=4.707...

|b|g§717(el+7)=ﬁ7(8+\/_2—)=3.328....

Thus,a =0, 41, 42, +3, +4and b =0, 41, 42, 43, giving rise to a list
of 63 elements: 0, +4/2, +2./2, 434/2, +1, £14+ /2, +14+2/2,
+143/2,42,424+4/2,424+2/2,4+243/2,43, 43+ /2,
+34+2/2, £3+3/2, 44, +4+4/2, 4+ 2/2, £443/2.
These have norms 0, —2, —8, —18,1, —1, —7, —17,4,2, —4, —14,9,7, 1,
—9, 16, 14, 8, —2. Thus, every element of norm 7 is an associate of one of
434+ 4/2. But —3—,/2 =(=1):3++/2) and —3+4+./2 =
(=B —4/2), so that —3 — /2 and 3 +4 /2 are associates and
—3+./2 and 3 — /2 are associates. Thus, every element of M of norm
7isan associate of 3 4+ /2 or3 — ./ 2. Moreover,3 + /2 and3 — /2
are not associates, for if they were,

3+2Z 11, 6
—vr=T1t7v?

would be a unit of 0,, = {1, o/ 2}, whereas it does niot even belong to 0,,.
Thus, every element of M of norm 7 is an associate of precisely one of

3+ 4/2,3 —4/2. Finally, since N(¢,) = N(1 + o/ 2) = —1, we see that
the units of 9,, of norm 41 are precisely the numbers 4¢3 (n =0, +1,
42,...). Thus, the elements & of M of norm 7 are precisely given by

(1 +4/2)"C+/2), (A +/2)"3—4/2)
(n=0,+1,42,...).

Now that we have, at least in principle, solved the problem of computing
all elements of given norm in a given module, let us return to the problem

*For given r, this set may be empty.
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which initiated our discussion of modules, namely the problem of computing
all solutions in rational integers x, y of the Diophantine equation
ax® + bxy + cy* =m, @

where a, b, ¢, m are given rational integers. As we saw in Section 4, we can
reduce all considerations to the case where D = b? — 4ac is not a perfect
square. Write D = f£2d, where £, d are rational integers and d is square-free.
Then, Eq. (4) is equivalent to

N(ax + My) = am.

Thus, we must find all elements of norm am in the module M =
{a, (® + £4/d)/2}. Since we computed the coefficient ring of this M in
Theorem 6.14, we may directly apply the above method.

Example 8: Let us put together all that we have learned above in order to
determine all solutions x, y to the Diophantine equation
x% + 3xy — Sy = 65. )]
In this case D =32 4+ 4.5 =29, d =29, £ = 1. Moreover, by Theorem
6.14 we have
_[1 3+ /29 _[{ 1+ /29
M= 1,250 = g1,

0, = {1,#_2_9} — I,

By the algorithm presented in Section 7, we have €; = the fundamental unit
of I, =2+ @y = (5 + 4/29)/2. We must determine all elements & of M of
norm 65. If we set £ = a + b./29, where a and b are rational numbers, then
as in Lemma 5, we may take a and b to have denominator 2. Thus, if N({)
=65 and a = a,/2, b = b,/2 with a,, b, rational integers, we see that 4,
and b, satisfy a? — 29h? = 4.65 = 260. Moreover, possibly replacing ¢
with an associate, by Eqs. (2) and (3) we see that

la] < (5+~/_+65) 35.10. ..
]b|<2«1/29(5+2“/4-|—65) 52..

Thus, we must have
la,| < 70

|b| < 13.

But computing 260 + 29b6% for b, =0, 1,...,13 and determining which
are perfect squares, we find that the only choices for a, and b, are

(a1, b)) = (£17, £1), (41, £7), (446, £8),
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30 that if & belongs to M and N() = 65, then* £ is an associate of one of
(+£17 + /29)/2, (41 + 7./29)/2, or (+23 + 4./29). But (17 + ./29)/2
and —(17 4 ./29)/2 are associates, as are (17 — ./29)/2 and —(17 —
~/29)/2, etc. Moreover,

234+4/29 _ 27+ 5/29 _

@1 = 7./29)2 2
and thus 23 + 4./29 and (41 — 7./29)/2 are associates. Similarly, 23 —
4./29 and (41 + 7./29)/2 are associates. Thus, if £ belongs to M and N({) =

65, then ¢ is an associate of one of (17 &= 1/29)/2, (41 &4 7./29)/2. None
of these four numbers are associates. For example,

(17 + /29)/2 _ (17 + /29)* _ 318 + 34./29
a7 —./29/2 NQU7—.29) 260

is not in O, and so (17 + A/29)/2 and (17 — A/29)/2 are not associates.
Our factorization of (5) was

x? 4 3xy — 52 = N(x + wy)

2
els

Since

17+f 7+3+A/‘ 17—2¢T9=10_3+£/ﬁ,

41+7f 10+73+ﬁ 41—7f 73+2JE,

a complete set of nonassociate solutions to the Diophantine equation (5) is
given by

xy)=@@1), (10,-1), 10,7, (@1, =7).

Since €, = (5 + A/29)/2 and N(¢,) = —1, we see that the elements of M
having norm 65 are just given by

(L8 BB, (8B By

forn=0, +1, 42,..., and all possible combinations of signs, Thus, we
see that if x,, y, is one solution of Eq. (5), then other solutions x, y may be
computed from

i(xo +J’0#2—9)5f =x+ y3+2—"/2§ *
:I:(xo + y°3_+2i_2—9)6;2 =x -l—y#z_g (**)

*Note that the numbers listed belong to M. It is possible in some examples to arrive
at (a1, b1), which gives rise to & not belonging to M.
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Moreover, starting from the solutions (x,, y,) = (7, 1), (10, —1), (10, 7),
(31, —7), all solutions may be computed from these formulas. Since €2 =

(27 + 5./29)/2 and €72 = (27 — 5./29)/2, we see that Egs. (*) and (**) may
be written

x+ 335N — (63 + 2590 + (5o + 21y ER/2)

%+ 325 i (21x, — 25, + 60 — 5P 1LB).

Thus,

x = £(6x, + 25y,)

¥ = £(5xo + 21y,)
or

x = +(21x, — 25p,)

y = £(6y, — 5lxo)-
By putting in (x,, y,) = (7, 1), (10, —1), (10, 7), (31, —7), we get two more '
solutions. Using, these, we get two more, and so forth. In this manner, we
generate all solutions to our Diophantine equation (5).

8.8 Exercises

1. Determine whether the following elements of I, are associates:
@ 5472 and —13 + 11./2.
() 34+4/2and 13 +9./2.
() 8+ 154/2 and 3.
d 5+/2and5—./2.
2. Suppose that o, and o, are associates in I;. Show that | N(«,) | = | N(a,)|.

3. Calculate a complete set of nonassociates of norm m in I, where
@ m=2. (b) m=3. © m=11.
d) m=44. (&) m=>55.
4. Determine the coefficient ring associated to the binary quadratic form
x2 — xy + y2
5. Determine all solutions of the following Diophantine equations:
(@) 3x%+ 3xy — S5y* = 55.
®b) x*+xy+4yr=3.
(© x*4y?=3.
d) x2—3y2= -8
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Factorization Theory
in Quadratic Fields

9.1 The Failure of Unique Factorization

In Section 8.3, we constructed the integers of Q(»/ d). As we have already
indicated, we would like to build a theory of factorization for the integers of
Q(./ d) which would yield information about Diophantine equations. We
constructed such a theory for the Gaussian integers in Chapter 7. One might
hope that a similar theory could be constructed for I,. However, as we shall
show in this section, any such hopes are far too optimistic.

Let us first recall the basic definitions from abstract algebra concerning
factorization in the particular case of the integral domain I,. If « and g8
belong to I, then we say that a divides B (denoted o | B) provided that there
exists p in I, such that f =ay. We call € in I, a unit provided that 1/e belongs
to I,. We say that o, f in I, are associates if there is a unit € of I; such that
o = Be. We call o in I, irreducible* if o is a nonzero, nonunit and, when-
ever we have @ = Sy with B,y in I, one of § or y must be a unit of I,, We
say that I, is a unique factorization domain (UFD) if (1) every nonzero,
nonunit o of I, can be written as the product of irreducible elements of
ILLand @) ifa =mn, --- 7w, =6, ---0,, where m;,...,n,0,,...,0,, are
irreducible, then s = ¢ and we can renumber =,, ..., n, so that z, and 0,
are associates, 7, and @, are associates, and so forth. Further, recall that an
ideal of I, is a subset A such that (1) if &, § are in 4, then & + S arein 4, and
(2)ifwisin 4 and @ is in I,, then af is in A.

*We prefer to use the term irreducible instead of prime for technical reasons (see Example

n.
249
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A typical example of a UFD is the Gaussian integers, as we proved in
Chapter 7. We shall show below that I, is not always a UFD. However, it i
true that every nonzero nonunit ¢ of I, is the product of irreducible elements.
To prove this we need two lemmas.

Lemma 1: Let a, § belong to I; and assume that a| 8. Then N(a)| N(B).

Proof: If o|B, then B =ay for some y in I;. But then N(B) = N(ay)
= N(@®)N(p), so that N(x)| N(B) since N(x), N(B), N(p) are all rational inte-
gers. B

Lemma 2: Let o belong to I; and assume that | N(a)| = p, where p is a
rational prime. Then ¢ is irreducible.

Proof: Since p > 2, we see that o is nonzero and a nonunit by Lemma 8.7.2,
If @ = By with B, y in I, then p = | N(@)| = | N(By)| =|N(B)|| N(y)|. How-
ever, since p is a rational prime, we see that either | N(f)| =1 or | N(p)| = 1.
Thus, by Lemma 8.7.2, either f or y is a unit. [ |

Theorem 3: Let o be a nonzero, nonunit of I;. Then o can be written in the
form o4 =z, - -+ m,, where &, ..., m, are irreducible elements of 1,.

Proof: Since o 7 0 is a nonunit, Lemma 8.7.2 implies that | N(&)| > 2. If
| N(&)| =2, then « is irreducible by Lemma 2, and we may take t =1,
7, = o. Thus, assume that | N(e) | > 2, and let us proceed by induction on
| N(e) | If o is irreducible, we are done. Thus, assume that ¢ is not irreducible.
Then we may write « = By, where neither f nor y is a unit. Thus, by Lemma
8.7.2,|N(B)| = 2, | N(y)| = 2. Therefore, since

|N(@)| = NGB NG|,

we have
1 <|NB)|, [IN(®)| <|N@|
Thus, by induction, # and p can be written in the form
B=0,---0,
y = ”l coe ”u’
where §,,...,0,,1n,,...,n,areirreducible elements of I,. Finally,
“:ﬂy:gl -..0‘”1 ...”u
is an expression of & as a product of irreducible elements. [ ]
Let us now give an example to show that I, is not usually a UFD.

Example 4: Let d = —5. Then I, consists of all numbers of the form
x + ya/—5, x, y rational integers. In particular, 6 belongs to I,. Let us
factor 6. A moment’s calculation shows that

6=32=(1 + /=51 — /=5). )
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We assert that 3, 2, 1 + ./—35, and 1 — ./—?5 are all irreducible in I,. For
example, if & |3, then N(a)| N(3), and so N(x)|9 by Lemma 1. Moreover, if
& = x + y./—35, then N(&) = x* + 5y2 > 0, so that N(&) is one of 1, 3, or 9.
If N(@) = 1, then o is a unit by Lemma 8.7.2. If N(«) = 3, then the Dio-
phantine equation x? 4 5y? =3 has a solution in rational integers x, y,
which it clearly does not. Finally, if N(a) = 9, then 3/a belongs to I, (since
@|3), and N(3/x) = N(3)/N(&) = 1, so that 3/a is a unit. Thus, if 3 =ap,
with & and g in I_;, then either « is a unit or # = 3/a is a unit, and hence 3
is irreducible. Similar arguments may be given for 2, 1+ ./—5, and
1 — /=35. Thus, Eq. (1) gives us two factorizations of 6 into products of
irreducible elements. If factorization were unique, 3 would be an associate of
either 1 + ./—5 or 1 — ,/—5. But it is not, since (1 + ./—5)/3 and
(1 — /=5)/3 do not even belong to I_s, let alone are they units. Thus,
factorization is not unique in I_,.

There are other pathologies, in addition to the failure of unique factoriza-
tion, which can occur in I;,. We shall content ourselves with exhibiting two.

Definition 5: Given o and B in I, we call y in I, a greatest common divisor of
a and B provided that (i) y|aand p| 8, and (ii) if 6|« and & B, then |y. We
write y = gcd(a, f) to mean that p is a greatest common divisor of & and S.

Example 6: Let us show that two elements of I, need not have a greatest
common divisor. For example, let us again taked = —5 and let us set o =9,
P =6+ 3./—5. Let us prove that « and f have no greatest common
divisor. Note that N(x) = 81 = N(f). Moreover, as we have seen in Example
4, all norms of elements in I_s are > 0. Therefore, if |« and y| #, we must
have N(y) =1, 3, 9, 27, or 81 (by Lemma 1). If y = x + y./—35, then we
must have x2 4 5y2 =1, 3, 9, 27, or 81. These five Diophantine equations
are trivially solved. The only solutions are

) =(£1,0), (£3,0), (£2,£1), (£9,0), (&6, £3), (£1, 4,
where all possible combinations of the signs are permitted. The corresponding
y’s are

Y= :l:I, :|:3, :[:9, :|:2 :I: A/ '—'5, :|:6 :I: 3'\/ _5’ :I:l i 4’\/_-—5'

Of these, the only ones which actually divide both « and g (calculate a/y,
p/y and see whether they lie in I_;) are

so that these are the only common divisors of & and f. But none is a greatest
common divisor, since 4-3 does not divide 4-(2 + /—5) and vice versa. (Do

the division.) Thus, 9 and 6 + 3,/—35 do not have a greatest common
divisor.
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Example 7: In Chapter 2 of this book, we emphasized that the most basic
property of rational primes was Euclid’s lemma (Lemma 2.4.3), which says
that if p is a prime and p|ab, then p|aorp|b. Note, however, that the
analogue of Euclid’s lemma is generally false for the irreducible elements of
I,. For example, in Example 4 we showed that 3,2, 1+ ./—5, and
1 — o/—=S5 are irreducible elements in I_;. Moreover, by Eq. (1), we see
that 3|(1 + o/=5)(1 — o/=5), but clearly 3 does not divide -either
14+ 4/=50r1— /=5 (If3|1 & /=5, then (1 & »/—35)/3 would belong
to I_s, which is not true.) Thus, the analogue of Euclid’s lemma is false in I_,,

In Examples 4, 6, and 7, we seem to have destroyed any hope of building
a theory of factorization for I,. All the customary tools for factoring in the
rational integers and the Gaussian integers have been taken from us. Not
only is factorization not always unique, but numbers do not always have
greatest common divisors, and Euclid’s lemma is not always true. But is the
situation totally hopeless? Is there nothing at all that we can say about
factorization in I;? Clearly we must look for some new concepts to replace
the concepts of ged and irreducible element. These new concepts, originally
proposed by Kummer, will now be introduced.

Let us reexamine closely the two situations in which greatest common
divisors were shown to exist. We showed that the greatest common divisor of
two rational integers a and b (not both zero) exists by considering the set of
all rational integers of the form ax 4 by, x, y rational integers (Theorem
2.3.3). Let us denote this set by (a,b). We showed that all elements of this set
are multiples of a single positive element d. We then showed that d'is a ged of
aand b. _

The procedure for finding a ged of two Gaussian integers & and f (not
both zero) was similar to that used for the rational integers. We considered
the set (a, ) = {af + B{|0 and { are Gaussian integers}. We then showed
that (&, ) consists of all multiples of a single element y, that is («,8) = yL_,.

We can try to repeat this procedure for the integral domain I;. Let a and
B be elements of I, not both zero, and let (&, ) = {a@ + B¢|0, { in I,}. This
set will not generally consist of the multiples of a single element of I;. Nevere
theless, the set will serve as a replacement for the greatest common divisor of
o and B, as we shall see later in this chapter. Let us first determine some
properties of this set.

Proposition 8: (a, f) is a nonzero ideal of 1.

Proof: Since &« =a-1+ -0 and f =a-0 4 -1 belong to («,5) and &
and B are not both zero, we see that («,f) contains nonzero elements. Let
A=ab, + B, o = abd, + B¢, belong to («,f). Then A + w = (6, £ 0,)
+ B, & ¢,) belongs to («, B). If § is any element of I,, then 16 = a(66,)
+ B(6¢,) belongs to (&, B). Thus, («, B) is an ideal of 1. [ ]
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We now note that {0} is also an ideal of I,. This trivial ideal will play no
role in what follows. Therefore, we make the following

Convention: Henceforth, all ideals of I, will be assumed to be nonzero.

Proposition 9: « and B have a gcd in 1, provided that (a, 8) = I, for some
yin I,. In this case, y is a gcd of a, f.

Proof: If («, B) = yI,, then since & and B belong to (a,f) (see the proof of
Proposition 8), we have that o and # are multiples of . If §|& and J| 8, then
@ = 60, p = { for some 0, { in I,. Since y = 1-y belongs to («,f) = yl;, we
have y = an + BA for some 5, A in I,. Thus, y = 60y + (A = 6(0n + {2),
so that §|y. Thus, y is a gcd of & and B. u

Let us recall from abstract algebra that an ideal of the form pl, is called a
principal ideal. We have seen above that not every pair of elements a, § of
I, has a greatest common divisor. Therefore, by Proposition 9 not every ideal
of I, is principal. However, from Proposition 9 it is clear that there is a
connection between factorization theory and ideal theory in the integral
domain I,. The ingenious idea of Kummer was to develop a factorization for
the ideals of I, instead of the numbers in I,. To give some idea of what this
means, let us look at the example of the Gaussian integers again. Before we
can do this, let us recall the following easily proved fact concerning ideals:

Lemma 10: Let 4 = al;, B = BI,be two principal ideals of I;. Then 4 = B
if and only if & and B are associates.

Example 11: Let us first determine the ideals of I_,. Let A be any ideal.
Choose a in 4 such that N(e) is positive and as small as possible. Using the
division algorithm in I_, we may show that A = al_,. Thus, every ideal of I_,
is principal. Let us define the product of two ideals al_,, gI_, by (&l_,)-
(BIL.,) = (aB)I_,. (Check that this definition makes sense; that is, if al_, =
o ,, BI_, = B,I_,, then (af)]_, = («,f,)1_,.) Let A = al_, be any ideal.
Lemma 10 implies that & is not a unit of I_, if and only if 4 7= I_,. In case o
is not a unit, we may factor o as &« = m,m, - - - w,, where x,, 7,, ..., 7, are
irreducible elements of I_,.SetP, =#,I_, (i =1, 2, . . ., {). Itis easy to check
that P, is irreducible. That is, if P, = CD for ideals C, D, then either C =1I_,
or D =1I_,. Moreover, A = PP, - -- P,. Thus, we see that everyideal = I_,
can be written as a product of irreducible ideals. Moreover, by Lemma 10
and the fact that I_, is a unique factorization domain, we see that the fac-
torization of A into a product of irreducible ideals is unique up to a
rearrangement of factors. Thus, in the special case of I_,, the unique factori-
zation of ideals is a direct consequence of the unique factorization for ele-
ments.
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Now we may outline our approach for the remainder of the chapter. We
shall define the product of two arbitrary ideals of I,. Since not every ideal is
principal, the definition given in Example 11 will not suffice. The appropriate
definition will be given in Section 9.3. We shall then develop the properties of
this multiplication. In Section 9.4, we shall define the concept of an irreducible
ideal. Finally, we shall prove that every ideal of I, (other than I,) can be
written uniquely as a product of irreducible ideals.

One of our primary purposes in developing the theory of quadratic ficlds
was to study the general quadratic Diophantine equation ax? + bxy + cy?
= t. We saw in Chapter 8 that there is a natural connection between modules
in Q(«/ d) and these equations. On the other hand, we saw in Chapter 7 how
the factorization theory in I_; can be used to study the special quadratic
Diophantine equation x2 4 y2 = ¢. It turns out that it is possible to develop
a general theory of factorization of modules, not just ideals. Such a general
theory has important applications to the study of quadratic Diophantine
equations. But what is the connection between ideals and modules? The
answer is given in Corollary 14, which summarizes the next two results.

Theorem 12: Every ideal 4 of I, is a module.

Proof: We must show that there are &, f in A such that every y in 4 can be
written uniquely in the form y = ax + Sy, for rational integers x, y. This is
not easy to carry out explicitly, and so we shall use the characterization of a
module given in Theorem 8.5.6. Let y be any nonzero element of 4. Since
1, »/d belong to I, and form a basis of Q(./ d), we see that p, y»/ d belong
to A and are a basis of Q(./'d). This is hypothesis (i) of Theorem 8.5.6.
Hypothesis (ii) of Theorem 8.5.6 is justified by the fact that 4 is an ideal.
Finally, hypothesis (iii) is verified since A < I,. Thus, by Theorem 8.5.6,
A is a module. B

Proposition 13: Let A be an ideal of I;,. Then 0, = I,.

Proof: By Lemma 8.6.9, 0, < I,. However, if y € I, then y4 = A (since 4
is an ideal). Thus, y € 0,and I, < 0,. [ ]

Corollary 14: A subset A of I, is an ideal of I, if and only if 4 is a module
al]d OA = Id‘

Theorem 12 and Corollary 14 suggest the following definition:

Definition 15: Let O be a ring of coefficients, and M a module. If M has 0 as
its ring of coefficients, then we say that M belongs to ©. If M < 0 and M
belongs to O, then we say that M is an integral module (for 0). That is, M is an
integral module if and only if M = 0,,.
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In the rest of this chapter, we shall consider the following situation. Let ©
be a fixed coefficient ring. We shall consider the set of all modules belonging
to 0. We shall develop a factorization theory for all integral modules belong-
ing to 0. The modules play the role of generalized rational numbers, whereas
the integral modules play the role of the generalized integers. Factoring prin-
cipal modules (i.e., modules of the form y©) will allow us to draw conclusions
about the factorization of individual elements y of Q(./ d). In the special
case O = I, our factorization theory will concern the ideals of I,. This general
form of the theory is most convenient for applications to quadratic Diophan-
tine equations. :

9.1 Exercises

1. Determine which of the following statements is true:
@ 2-—.-3]5—-2/-3. b)) 24+ /21164 13,/2.
2. Show that 2 4 3,/2 and 8 4 5./72 are associates.

Which of the following elements of I, are irreducible ?

(@ 34+52. b 14+./2.
© 3+62. @ 36—.2.

4. Factor the following elements of I_; into irreducible elements:
(@ 17. (b) 6. (© 3s.

5. Show that the division algorithm holds in I_;. That is, show that if
o, B are integers of I_,, f == 0, then there exist integers y, 6 of I_, such
thata = By + 6,0 < [ N(©O)| < | N(B)|-

Use Exercise 5 to show that I_; is a unique factorization domain.
Do Exercises 5 and 6 with I_, replaced by I;.

Show that the division algorithm does not hold in I_;.

Y ® =2 o

Give an example to demonstrate that I_g is not a unique factorization
domain.

10. Give an example of two elements of I_; which do not have a greatest
common divisor.

11. Give an example to show that the analogue of Euclid’s lemma is false for
I_ 6 .

12. Show that the converse of Proposition 9 is false. (Hint:d = —5.)
13. Prove Lemma 10.
14. Suppose that every ideal of I, is principal. Show that I, is a UFD.
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15. Let a;,...,a, be nonzero elements of I, Let (&;,...,&)=
{e,p, + -+ + a,B,| B, belong to I,}. Show that (a,, .. ., &,) is an ideal
of I,

16. Find bases for the following ideals of I,:

(@ . ® B+53). © @2/3). @ 1,2/3).
© @73 € (,10+503,/3).

17. Which of the following ideals of I, are principal ?

@ 2,4/3). ®) G, 1+43).
© 7,74+2/3). @ G,3./3).
18. Compute the discriminants of each of the ideals of Exercise 16.

19. Suppose that &, # belong to I, and that A(a, B) is a square-free integer
# 0. Prove that (&, ) = {«, f}.

20. Give an example of an ideal {a, §} such that A(«, ) is not square-free.
21. Give an example of a module M < I, which is not an ideal of I,.

9.2 Generalized Congruences and the Norm of a Module

In this section, we shall introduce the notion of the norm of a module,
which is a rational integer measuring the “size” of a module. The notion of
the norm of a module will be very important in deriving our theory of
factorization.

Recall that in Chapter 3 we introduced the notion of a congruence modulo
a positive rational integer n. Then the number of elements in a complete
residue system modulo # was shown to be n. In this section, we shall general
ize the notion of congruence by replacing n by a module M. We shall define
the notion of a complete residue system modulo M. Then the norm of M will
be defined as the number of elements in a complete residue system modulo M.

Let us begin by defining our. generalized congruences. Let M and A be
modules and assume that M = 4. We say that two elements o and § of 4
are congruent* to one another modulo M, denoted oo = f(mod M), provided
that o — B belongs to M. For example, if M = yI,, where y is an element of
I;, and A = 0, = I, and if &, B belong to I, then & = f(mod M) if and
only if « — f is of the form pd for some ¢ in I;. Thus, & = f(mod M), in
this case, is equivalent to y|o — f. Thus, our new notion of congruence
generalizes what we are accustomed to think of as congruences.

Example 1: Let M ={4,3,/5}, A = I,. Then 5 + 3,/5 = —3(mod M)
since 5 + 3./5 — (—3) =4-2 + 3,/5 -1 belongs to M.
*Another way of viewing this is as follows: 4 and M are abelian groups with M a sub-

group of 4. Then o and B are congruent mod M provided that they are in the same coset
of A modulo M. Thus, we are really considering 4/M.
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Let us construct a complete residue system modulo M in a manner simi-
lar to that used when we discussed congruences among rational integers.

Definition 2: Let M, A be modules such that M = A. A complete residue
system of A modulo M is a set S of elements of A such that every element of
A is congruent modulo M to precisely one element of S.

Let us give a concrete method for constructing a complete residue system
of A modulo M. The key to our method is to construct a special basis for the
module M.

Lemma 3: Let 4 = {a, 8} be a module in Q(./ d) and let y be any element
of Q(+/ d). Then there exists a rational integer @ > 0 such that ay belongs to
A.

Proof: a, B is a basis of Q(v/'d), so that y = ra + sp for rational num-
bers r, s. We may choose a to be a common denominator of r and s. [ ]

Let A and M be modules, M = A, and suppose that 4 = {a, 8}. Let a
be the least positive rational integer such that ae belongs to M (Lemma 3).
Since M = A, every y in M is of the form y = rot 4 s for rational integers r
and s. There must be a y in M for which s = 0 since M contains a basis of
Q(./ d). Possibly replacing such a y by —p, we can find a y in M such that
s> 0. Among all elements ra + sf in M with s > 0, we may choose one
with s least. The two numbers so constructed give a basis of M.

Theorem 4: Let A and M be modules, M < A4, and let 4 = {a, f}. Let
a > 0 be the least rational integer such that ae is in M and let ba 4 cf be
that element of M for which ¢ > 0 and is as small as possible. Then
M = {aa, ba + cf}. Moreover, we may always choose ba 4 cf so that
0<b<a

Proof: First observe that the division algorithm for rational integers
implies that if k is a rational integer such that ko belongs to M, then a|k.
Similarly, observe that if y = xa 4 yf belongs to M, then c|y. Let y =
xa. + yp belong to M. Then c|y, say y = sc. Then

y — s(ba + cf) = (x — sb)a

belongs to M. Therefore, a|x — sb, say x — sb = ra. Then

y = r(aw) + s(bo + cp). )
Conversely, any number of the form (1) belongs to M since ax and ba + cf
belong to M. Thus, M = {aa, bo. + cf}. Note that if we write b = aq + ¢,
0<t<a, then M = {aa, (bo + cB) — q(ax)} and (ba + cf) — q(ax) =
ta + cB, 0 <t < a. Therefore, we may choose ba 4 cf so that 0 <b
<a. ]
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We shall apply Theorem 4 most frequently in the case M is an integral
module and 4 = 0,, (for example, whenever M is an ideal of ). In this case
we have the following result:

Corollary 5: Let M be a module contained in its coefficient ring 0, =
{1,f@,}. Let a > 0 be the least rational integer in M and let b + c £, be an
element of M for which ¢ > 0 is as small as possible. Then M = {a, b +
cfw,;} and we may assume that 0 < b < a.

We may now exhibit a complete system of residues of 4 modulo M.

Theorem 6: Let M, A be modules, M = 4, A ={a, f} and let M =
{aa, ba 4+ cB}, where a, b, ¢ are as in Theorem 4. Then a complete residue
system of 4 modulo M is given by

xo. + y B, 0<x<a 0<y<ec. (0]
In particular, such a system contains ac elements. .

Proof: All the numbers listed clearly belong to 4. First we show that no
two can be congruent modulo M: If0 < x, x, < a,0< y,y, < ¢, and

xo + yB = x,& + y,f(mod M),
then (x — x,)& 4 (y — y,)p belongs to M, so that

(x — x)o + (v — y1)B = uaa + v(ba + cf)

for some rational integers u, v. But then, y — y, = ve, x — x; = ua + vb.
Since 0 < y, y, < ¢, the first equation shows that ¥ =0 and y = y,. Then
the second equation shows that x = x, since 0 < x, x; < a.

Now we show that any number in A4 is congruent to one of the numbers
2):If y = x,a + y, B belongs to 4, write y, =qgc + y with0 < y < cand
x,—gb=pa+x with 0<x<a. Then y— (xo+ yB) =plax)+
q(bo. + cpB) belongs to M and thus

? = xa + yB(mod M). [

Definition 7: Let M, A be modules, M = 4. We define the index of M in A,
denoted (4:M), to be the number of elements in any complete residue system
of A modulo M. If M is an integral module (that is, M = 0,,), then we define
the norm of M, denoted N(M), to be the positive integer (0,,:M).

We leave it to the reader to show that any two complete residue systems
of 4 modulo M have the same number of elements, so that the index (4:M)
is well defined.*

Using Theorem 6, we can obtain a neat formula for (4:M): Let A =
{a, B}, M = {aa, bo. + cpB}, where a, b, ¢ are chosen as in Theorem 4. Then

*Of course, this number is just the number of cosets of M in A4.
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o o f?
A= | =@p — a'p)?
=g p B —o'B
Ao —| @ ae’ [
M7 |ba+ cB ba’ + cf

= (ac)*(@f’ — a'B)* = (A:M)*A,,
by Theorem 6. Thus, we have derived the following formula:

Theorem 8: Let M, A be modules, M = A. Then the number of elements in
a complete residue system of A modulo M is just

(A:M)=\/%~

In particular, if M is an integral module, then

N(M):Jﬁ—Z-

From Theorem 8, we get the following useful corollary:
Corollary 9: Let M, A, Bbe modules, M = A = B. Then
(B: M) = (B:4)(4: M).
Proof: Exercise. |

Our theory of factorization will be based on the properties of the norm.
It is very important for us to define the notion of the norm of a module for
all modules, not only integral modules. Note that the second formula of
Theorem 8 makes sense for any M. This suggests the following definition:

Definition 10: Let M be any module with coefficient ring ©,,. Set
_ [Ax .

NM) = A,
Then N(M) is called the norm of M.

Theorem 11: Let y be a nonzero element of Q(./ d) and let © be a coeffi-
cient ring in Q(+/ d). Then the norm of the module y0 is just | N(p) |.

Proof: The coefficient ring of y0 is © (Lemma 8.6.12). Moreover, by
Theorem 8.6.10, 0 = {1,fw,} for some rational integer £ > 0. Therefore,
90 = {y, L w,}, so that

A°=l ? Y
T yfws Yol

= (py' £(w; — y))?
1 1 p .
Ao= ] o oy — F@— G
Therefore, N(M) = (A,0/Ae)> =|py’| =|N(p)|. |

2
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Example 12:
(i) Let M={2+2,/3,6+24/3}=(2+2+/3)I;. Then N(M)
=|NQ2 + 24/3)| =8. Since M is contained in 0, = I,, we know
from our above discussion that the number of elements of I, in a complete
residue system modulo M is 8.
@) Let M ={},2+ 4/3}. Then, by Lemma 8.6.13, we have 0y =
{1, 24/ 3}. Then, from Definition 10,

1 1 2
2 2
_ 1
NM) = 2"‘1«/_3_ 21«/;3_ R
. ’2ﬁ 2 /7

Note that N(M) is not an integer in this case. However, M is not con-
tained in O,,.

Let us observe a very useful property of the index (4 : M).

Proposition 13: Let M, 4 be modules, M = 4. Then (4 : M) = 1if and only
if M = A. In particular, if M is an integral module, then N(M) = 1 if and
only if M = 0,,.

Proof: (A:M) =1 if and only if a complete residue system of 4 modulo M
contains one element, which is equivalent to saying that 0 is a complete
residue system modulo M. Thus, (4 : M) =1 if and only if every y in 0, sat-
isfies y =0(mod M); that is, y belongs to M. Thus, (4 : M) =1 if and only if
A =M. [ |

Throughout this section, we have made extensive use of the special basis
for the module M which was described in Theorem 4. Note that it is fairly
easy to find such a special basis for a given integral module M. Let us assume
that M < 0,, = {1, f;} and that M = {a, f}. Then we have & =a, +
bofws p =co+ efw,; for rational integers a,, by, ¢y, €, Moreover, a
typical element of M is of the form

ox + By = (apx + ¢oy) + (box + 0y) £,

for rational integers x, y. We have seen in Chapter 2 that the least positive
rational integer of the form byx + e,y is just r = gcd(b,, €,). Then, by deter-
mining r and solving the linear Diophantine equation b,x + e,y =r, we can
find values x, and y, for x and y. In this way, we may determine the b and ¢ of
Corollary 5, namely ¢ = r and b = ayx, + c,y,. Moreover, we may compute
a using Theorem 6, since ac = N(M), and thus

_N@ _ 1 Ay
0L 8

Om

Then a basis for M is {a, b + cf @z}
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10.

9.2 Exercises

Determine whether the following congruences modulo M =
{2,1 + A/ 3} hold (here take 4 = I,):

(@) 3=5+4 /3 (mod M).

(b) 3=5—./3(mod M).

() 174+ 2,/3 =13 + 8,/3 (mod M).

Determine N(M) for the following modules M:

(@ M={2,./3}

® M={1+/T,1-/T}

© M={11,3+2,/2}

(Note: In each example you must first determine 0,,.)

Determine bases of the form {a,b 4 cfw,} for the following modules
M:

@ M={14+/7,1—-/T}

(b) M ={105+4 20,/6,137 4+ 25,/6}.

(Note: In each case, determine 0,, and observe that M < 0,,.)

Prove Corollary 9.

Determine complete residue systems of 0,, modulo M for M one of
the modules of Exercise 3.

Determine all integral modules M of norm 15 belonging to 0 ={1, 3w,}.
Prove that any two complete residue systems have the same cardinality.

Let A be a given module. Prove that there exist only finitely many
modules M = A with a given index (4 :M). Conclude that there are only
finitely many integral modules of given norm belonging to a given
coefficient ring 0.

Let O be a given coefficient ring and let y be in O. Find a complete residue
system of y0 in O.

Let M = A be modules. Let n = (4:M). Show that n4 = M.

9.3 Products and Sums of Modules

We are now ready to define and prove the basic properties of products of

modules.

Definition 1: Let M, and M, be two modules of Q(./ d). The product
M M, of M, and M, is the set of all sums of the form

aify + 0By + oo+ B ¢))

where &y, . .., &, belongto M, and f,,..., S, belongto M,.
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Example 2: Let M, = pI;, M, = 61,. Then it is clear that M, M, = (yo)I,,
so that multiplication of principal ideals corresponds to multiplication of
elements of I,.

Let us express M, M, in terms of bases for M, and M,.

Proposition 3: Let M, = {a,, §,}, M, = {a,, f,} be modules in Q(/ d).
Then MM, is the set of all numbers of Q(./ d) of the form

X100, + X042 + X308, + x4B1 2 (v)]
where x,, x,, X;, x, are rational integers.

Proof: Exercise. |

So far, we have not verified that the product of two modules is, again, a
module. Let us rectify this omission now.

Corollary 4: Let M,, M, be any modules of Q(./ d). Then M,M, is a
module in Q(./ d).
Proof: Let M, ={a,, }, M, = {a,, B,}, and let us apply Theorem 8.5.6.
There are three conditions to check:
(i) MM, contains a basis of Q(./ d): By Proposition 3, M, M, contains
o100, B,0,. And since &, % 0, these two elements are a basis of Q(./ d).

(ii) The sum or difference of two elements of the form (2) is again of the
form (2) and hence belongs to M, M,.

(iii) Let n > 0 be a rational integer such that na,, na,, nf,, nf, belong
to I; (Lemma 2.3). From (2), we see that n2M, M, < I,.

Thus, M, M, is a module. B

Example 5: Set M, = {2,21./5}, M; ={6,7./5 }. Then M, M, consists
of all sums of the form
12x, 4+ 21-64/5 x; + 274/ 5 x3 + 21+7-5x,
= (12x, + 21-7-5x,) + (21-6x, + 2-:Tx3)a/ 3,
where x,, x,, X3, x, run over all rational integers. Since gcd(12,21-35) =3,
12x, + 21-35x, runs over all multiples of 3. (See the proof of the existence of
a ged.) Similarily, 21-6x, + 2-7x, runs over all multiples of 14. Thus,
MM, ={3,14,/5 }.
Proposition 6: Let M, M,, M,, M, be modules of Q(./ d). Then
(i) Mle = Mle- .
(ii) (Mle)Ms = M:(MzMs)-
(iii) MO, = 0, M = M.

Proof: Parts (i) and (ii): Exercises.
Part (iii): 0, M consists of all sums of the form a,8, + - + &,fs
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where a, . .., a, belong to ©,, and B, . .., B, belong to M. From the defini-
tion of O,,, we have o, belongs to M (1 < i <n), so that every element
of O, M is in M. But 1 belongs to 9,,, so that any o« = 1. in M belongs
to O, M. Thus, 0,,M = M. By part (i), MO,, = M. [ ]

Definition 7: Let M be a module of Q(./ d). The conjugate module M’ of
M is the set of all &’ such that o is in M. Equivalently, if M = {a, §}, then
MI — {“/, ﬂl}.

We leave it to the reader to show that M’ is a module having the same
coefficient ring as M (i.e., O, = 0,,).
Our whole subsequent development hinges on the following fundamental
fact:
Theorem 8: Let M be a module, and 9, its ring of coefficients. Then
MM’ = N(M)0,,.

To prove Theorem 8, it is convenient to make the following

Definition 9: Let M,, M, be modules of Q(./ d). We say that M, and M,
are similar if there exists an o = 0in Q(./ d) such that M, = aM,.

Often, computations can be made simpler by replacing a module by one
similar to it. Fortunately, in doing so, the coefficient ring does not change, as
we have already observed in Lemma 8.6.12.

Proof of Theorem 8: Assume that we know Theorem 8 for modules of the
form {1,y}. Then we may deduce it in general as follows: Suppose that
M ={a, B}, M, ={1, B/a}. Then M = aM, so that M, M, are similar. By
the assumed special case of Theorem 8, we have

MIM,I = N(Ml)eMl = N(Ml)eMs'
since M, M, are similar. Therefore,
MM' = aM,0'M'| = aa’'N(M,)0,,
= |N(x) | N(M )0, (since +1 belongs to O ). 3
However, by Definition 2.10

NOM) = (AM)x/z

A,
and A, = (@B’ — Ba’)* = (a)*(B/®) — (B'/a))* = N(@)*A,,, so that
NG = V@) (32
— |N@)| (AAQ_M,,,')M (since O = O11,)

= | N(o)| N(M ).
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Thus, by (3), MM’ = N(M)0,,, and the general case of Theorem 8 is proved
from the special case.

Let us now prove Theorem 8 for modules of the form M = {1, y}. We
know that y satisfies an equation of the form

ay* + by + ¢ =0, @

where a, b, ¢ are rational integers with no common factor > 1 and a > 0.
Now M’ = {1, y'}, and hence MM’ coincides with the set of all sums of the
form

x+yy—|—zy'—|—wyy'=x+yy+z(—y—%)+w(%),

where x, y, z, w are rational integers (Proposition 3) and where a, b, ¢ are
defined in Eq. (4). Thus, MM’ consists of all numbers of the form

%(ax — bz + cw + uay),

where u = y — z. As x, z, w run over all rational integers, so does ax — bz
+ cw, since a, b, ¢ have no common factor > 1. Thus, MM’ = (1/a){l, ay}
= (1/a)0,, by Lemma 8.6.13. Finally,

1 1 2 1/2
1/2 ’
NM) = (%OMM) = 1 112

ay ay
G —y) \"

- (az(r - r’)’)

=1

a
Thus, MM’ = N(M)0,,, and we are done. [ |

Let us observe that in the course of the above proof, we established the
following useful fact:

Corollary 10: Let M = {1, y} be a module and suppose that p satisfies the
quadratic equation ay* 4 by + ¢ =0, where a, b, ¢ are rational integers
with no common factor > 1 and a > 0. Then N(M) = 1/a.

Let us draw some more or less immediate consequences of Theorem 8.

Corollary 11: If M, and M, both belong to the coefficient ring O, then so
does M, M,.

Proof: Suppose that M, M, has coefficient ring ©*. Then by Theorem 8,
we have
(M, M;)(M,M,) = N(M,M,)0*.
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However, it is easy to see that (M, M,)’ = M’ M/, (exercise), so that
(M M,)(M\M,)" = (M,M")(M,M?)
= N(M,)ON(M,)0
= N(M,)N(M,)o.
Thus, we see that 0 = a0*, where & = N(M,M,)/N(M,)N(M,) belongs to
Q(+/ d). Thus, © and O* are similar. But © = {1, fa,}, 0* = {1, £*w,} for

appropriate rational integers £, £*, and it is easy to see that if £ = f*,
then 9 and 0* cannot be similar (exercise). Thus, £ = f*and © =0*. W

Corollary 12: Let M, and M, belong to the same coefficient ring ©. Then
N(Mle) = N(MI)N(MZ)'

Proof: From the proof of the preceding result, we have that
N(M,M,)0 = N(M,)N(M,)O.

Thus, © = r9, where r = N(M,)N(M,)/[N(M,M,) is a rational number.
Write © = {1, fw,} for some rational integer £. Then, since r-1 =risin 0,
we see that r = a + bfw, for some rational integers a, b. Since 1, f,is a
basis of Q(+/ d), we see that b = 0 and r = q, and so r is a rational integer.
Similarly, © = (1/r)© implies that 1/r is a rational integer. Thus, since both r
and 1/r are rational integers, we have r = +1. But r > 0, so that r = 1 and
N(M,M;) = N(M,)N(M>). |

Remark 13: Itis easy to find a basis for the product of two modules M, and
M, belonging to the same ring of coefficients 0 = {1, fw,}. Without loss of
generality,* assume that M, and M, are integral and thus, by Corollary 2.5,
can be written in the form M, = {a,, b, + ¢,fw;} (@ =1, 2), a,, b,, ¢, rational
integers. In Section 2, we described a procedure for writing a module basis in
this form. Let us suppose that M, M, = {a, b + cfw,}. Our purpose now is
to give a procedure for determining a, b, c. By the definition of the product of
modules, M, M, consists of all the numbers of the form

xa,a, + ya (b, + c;£ @) + zay, (b, + ¢; £ @)
+ w(b; + exf @ )b, + c:f @y,
where x, y, z, w are rational integers. Assume, for the sake of simplicity, that
d = 2 or 3(mod 4), so that w, = +/ d. Then the typical element of M, M, is
just
(xa,a, + ya,b, + za,b, + wbb, + wc,c,£2d)
+ (vaic; + zazeq + w(bye, + ¢1b2))Ewa
where x, y, z, w are rational integers. By Corollary 2.5, we may calculate c as
the smallest positive integer of the form ya,c, + za,c, + w(b,c, + ¢,b,). But

*For if d; are rational integers such that d;M; < 0, then (d{M1)(d2M2) = {a, b + c£ s}
implies that M1 M, = {ad{1d3!, bdi'd;! + cdild;! £ wa}.
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this integer is just the greatest common divisor of a,c,, a,c,, b,c, + ¢,b,,
which can be calculated using, say, the fundamental theorem of arithmetic or
the Euclidean algorithm twice. Thus, ¢ can be calculated. Moreover, y, z, w
can be calculated as solutions to the linear Diophantine equation

yac, + za,c, + w(b,c, + ¢,b,) =c.
(see Exercise 16 in Section 2.3). Therefore, we may calculate & from
b = xa,a, + ya,b, + za,b, + wb,b, + wec,c,£2d,

where x can be taken to be any rational integer. Finally, since N(M,M,)
= ac by Theorem 2.6, we may compute a from

a =L N,m) = L N@u)Nor,)
c C
. 1 AM] 1/2 % 1/2
=+ (3) (3

2

and

a; a; 2

1 1
p——-dt Py A — ,
b+ cfw; b+ cfw ° 'fwd Lo,

For example, let M, ={2,1 + /7 }, M, ={3,1 4+ 4/ 7}, both modules
belonging to the coefficient ring I, (exercise). In this case a, =2, b, =1,
¢, =1,a, =3,b, =1, c, =1. We immediately see that ¢ = gcd(2,3,2) =1.
Therefore, we may set x =0, y = —1, z =1, w = 0. Thus, an immediate
calculation shows that b = 1. Since N(M,) = 2, N(M,) = 3, we know that
N(M,M,) = 6, so that a = ¢ 'N(M,M,) = 6. Thus, MM, ={6,1 + ./T}.

AMt

In the above discussion, we developed the properties of multiplication of
modules. Let us now introduce the sum of two modules and develop some of
the fundamental properties of this operation.

Definition 14: Let M, and M, be modules in Q(./ d). The sum M, + M, is
the set of all sums & + B, where o belongs to M, and f belongs to M,.
Example 15: Let M, ={2,3./7}, M, = {3,6,/7}. Then M, + M, con-
sists of all sums of the form :

2%y + 38/ T x5 + 3x3 + 65/ T x4 = 2x; + 3x3) + Bx; + 6x /7,

Xy, X5, X3, X, rational integers. But since ged(2,3) = 1, gcd(3,6) = 3, we see
that 2x, + 3x, runs over all integers and that 3x, + 6x, runs over all multi-
ples of 3, so that M, + M, ={1,3,/7 }.

It will turn out that the sum of M, and M, is usually their greatest com-
mon divisor (see Section 4). Therefore, it is a good idea to establish some of
the properties of addition of modules.
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Theorem 16: Let M, M,, M,, M, be modules in Q(./ d).
(i) M, + M, is a module in Q(«/d).
G) MM, +M,,M, =M, + M,.
(i) M,+M,=M,+ M,.
(iv) M, + M, + M;)=M, + M,)+ M,.
v) MM, + M,) = MM, + MM,.

(vi) If M, and M, belong to O, then M, 4+ M, has coefficient ring

containing ©.

(vi)) If M, and M, belong to I, then so does M, + M, (i.e., if M, and

M, are ideals of I,, then so is M, + M,).

Proof: Parts (ii), (iii), and (iv) are completely trivial.

Part (i): We may verify that the conditions of Theorem 8.5.6 are satisfied.
The details are similar to the arguments given in Corollary 4 and are left to
the reader.

Part (v): Exercise.

Part (vi): Let p belong to ©. Then yM, = M,, yM, < M,. Let o 4 S be
an element of M; + M,, o.in M,, B in M,. Then ya and y B are, respectively,
in M, and M,. Thus, p-(a + ) =ya + pp is in M, + M,. Thus,
y(M, + M,) = M, + M,, and y is in the coefficient ring of M, + M,.

Part (vii): By part (vi), Op,4n, 2 ;. However, by Lemma 8.6.9 I, ©
Opry+mys SO that Oy ynr, = I [

It is not generally true that if M, and M, belong to O, then M; 4+ M,
belongs to 0. We shall give a counterexample in the exercises. However, if
0={1, fw,}, M,, M, integral, and if gcd(N(M,), £) = 1, gcd(N(M,), £) =1,
then M, 4 M, has the coefficient ring O (see Section 9.4).

9.3 Exercises

1. Calculate M; M, and M, + M, (that is, give a basis ) if

(a) M1={2”\/3-}’M2={3’L|—'\/3_}' -
() M, ={1—/=51+./=5 M, ={12,3 4+ /=5}.

Let M = {a, B}. Show that M’ = {a’, f'}.

Let M, and M, be modules. Show that (M, M,)’ = M'| M.
Prove that 0,, = 0,,, for any module M.

Prove Proposition 3.

Prove Proposition 6, parts (i) and (ii).

N v AW N

Prove Theorem 16, part (v).
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8. Show _that if M, =9I, and M, = éI; for p, § nonzero elements in
Q(/ d), then M, M, = ydI,.
9. Check that MM’ = N(M)0,, in the case M = {5,2 + ./—1}.
10. Determine 0,, for M one of the modules of Exercise 1.

11. Use Corollary 10 to compute N(M) in the case M is one of the modules
of Exercise 1.

12. Suppose that A and B are modules belonging to ©. Does 4 -+ B neces-
sarily belong to 0? (Hint: Try A ={4,1 + /2}, B=1{2,1+4 2,/2})

13. Let 4, B be modules belonging to O, such that 4, B = 0. Show that
AN B2 AB.

14. Let A and B be modules belonging to © such that 4 + B = 0. Show
that 4 N B = AB.

15. Show thatif {1, £} is similar to {1, £*w,}, then £ = f*.

16. Extend the comments of Remark 13 to provide a method for com-
puting the product of two modules M,, M, of Q(/d), where
0 =1+ ./d)2.

17. Show that {1,,/5}{3,o/5} = {1,4/5}. Since {1, /5 } is a coefficient

ring, why does this not violate Proposition 6, part (iii)?

9.4 The Fundamental Factorization Theorem

At last we are ready to state and prove our unique factorization theorem
for modules belonging to a given coefficient ring © in Q(./ d).

Definition 1: Let M be an integral module belonging to ©. We say that M is
prime if and only if, whenever M = M, M,, with M, and M, integral modules
belonging to O, we have either M, =0 or M, = 0.

Since O plays the role of 1 under multiplication (Proposition 3.6, (iii)),
we see that M is a prime module if and only if the only integral modules
belonging to © which are factors of M are © and M.

Theorem 2: Let p be a rational prime and let M be an integral module
belonging to 0. If N(M) = p, then M is prime.

Proof: Assume that M = M, M,, where M,, M, are integral modules
belonging to ©. Then p = N(M) = N(M,M,) = N(M,)N(M,) (Corollary
3.12). Since M, and M, are contained in their ring of coefficients 9, N(M,)
and N(M,) are positive integers. Thus, since p is a rational prime, either
N(M,) =1 or N(M,) = 1. Thus, by Proposition 2.13, either M, =0 or
M, =0. [ ]
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Corollary 3: Let M = O be an integral module belonging to ©. Then M can
be written as a product of prime modules.

Proof: By Proposition 2.13, N(M) is a rational integer greater than 1. Let us
proceed by induction on N(M). If N(M) = 2, then M is prime by Theorem 2.
Thus, we may assume that N(M) > 2 and that every integral module of
norm < N(M) can be factored into a product of prime modules. If M is a
prime module, we are done, so assume that M is not prime. Then we may
write M = M, M,, where neither M, nor M, equals 0. By Proposition 2.13,
we then have N(M,) > 1, N(M,) > 1, so that 1 < N(M,), N(M,) < N(M).
By induction, we may write M, and M, as products of prime modules.
Therefore, we may write M = M, M, as a product of prime modules. This
completes the induction. ]

Note: You should compare the proof of Corollary 3 with the proofs
of Lemma 2.4.2 and Theorem 1.3.

Thus, we see that prime modules belonging to © are the building blocks
from which all integral modules belonging to © can be constructed. Our main
result will be that the analogue of the fundamental theorem of arithmetic
holds for integral modules M belonging to © = {1, f£,} and which satisfy
the additional condition gcd(N(M), £) = 1. We shall prove in this case that
the factorization of M into a product of prime modules is unique.

Theorem 4 (Fundamental Theorem): Let M = O be an integral module
belonging to © = {1, f®,}. Assume that gcd(N(M), £) = 1. Then M can be
written in the form

M — Pl LR P[’
where P,, ..., P, are prime modules belonging to ©. Moreover, this repre-
sentation is unique up to the order of P, ..., P,.

Note that if © = I, then £ = 1, and the above theorem applies to all
integral modules belonging to I, namely to all ideals of I,. Before we can
prove Theorem 4, we shall need some auxiliary facts. Our proof of the fun-
damental theorem will be modeled on the proof of the fundamental theorem
of arithmetic given in Chapter 2. Recall that a central role in that proof was
played by Euclid’s lemma, which asserted that if a prime p divides ab, then
plaor p|b. This result, in turn, rested on the concept of and the existence of
greatest common divisors. Our proof of Theorem 4 will be derived from
analogous facts concerning integral modules belonging to O.

Definition 5: Let 4, B be integral modules belonging to ©. Then we say
that A divides B, written A |B, if there is an integral module C belongmg to
0 such that B = AC.
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Theorem 6: Let A and B be integral modules belonging to ©. Then 4| B if
and only if 4 = B.

Proof:

(i) Suppose that A|B. Then B = AC for some integral module C
belonging to O. Since 4 belongs to O and C is integral, B = AC < A0 S
A. Thus, B = A.

(ii) Suppose that B = A. By Theorem 3.8, we see that 44’ = N(A)8,
so that if @ = N(4)™!, we have

A-(zd") =0.
Therefore, since 4 = B, we see that
0=A4-(ad’) 2 B-(x4’). O]

Let C = B-(a4’). By Lemma 8.6.12 ad’ belongs to O, and thus bjr Cor-
ollary 3.11, C belongs to 0. Then by (*), Cis an integral module. Finally,
since AA’ = N(A)O, we have
_ n_pg.d " — BO —
AC = AB(aA)) = BN(A)(AA ) = BO = B,
so that 4| B. [ |

Definition 7: Let 4 and B be integral modules belonging to 0. We call an
integral module D belonging to O a greatest common divisor of A and B pro-
vided that

(i) D|Aand D|B.

(i) Whenever C is an integral module belonging to O such that C| 4 and
C| B, we have C| D.

As was the case with the rational integers, we must prove the existence
and uniqueness of the greatest common divisor. The uniqueness will be left
for the exercises. The existence is considerably more delicate than in the case
of the rational integers, owing to difficulties which can arise if £ > 1. Itis
because of these difficulties that we shall prove the existence of a greatest
common divisor only under an additional hypothesis, namely gcd(N(4), £)
= 1. The following lemma is a technical device to be used in our proof
of the existence of a greatest common divisor:

Lemma 8: Let © = {1, £fw,} be aring of coefficients of Q(./ d), and let M
be an integral module belonging to O such that ged(N (M), £) = 1. Let M, be
a module of Q(./d) such that M = M, = 0 and M,0 < M,. Then M,
belongs to 0.

Proof: Let 0, denote the ring of coefficients of M,. Since M,0 = M,, we see
that © < 0,. Let 0, = {1, £,,}. Since £, belongs to O,, we see that £, | £.
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It suffices to show that f£| f,. For then £ = f; and © = 0,. Note that
M c M, c 0, so that by Corollary 2.9, we have

NM)Y=0O:M)=0©:M)M,:M).
Set a=(0:M,), b =(M,:M). Then N(M) = ab, and the hypothesis
gd(N(M), £) = 1 implies that ged(a, £) = 1, ged(d, £) = 1. Since (0: M,)
= g and since 1 belongs to O, we see that a-1 = a belongs to M, (Exercise 10
in Section 2). But then, since £, belongs to 0, and since 0, is the ring of
coefficients of M, we see that af ,w, belongs to M, and hence to 0. There-
fore, since © = {1, fw,}, we see that £|af,. But since ged(a, £) = 1, we
have £ | £ and we are done. [ ]

Theorem 9: Let A and B be integral modules belonging to © ={1, f»,} and
assume that gcd(N(A4), £) =.1. Then 4 + B is a greatest common divisor of
A and B.

Proof: First, observe that M; = A + Bisamodulesuchthat4 = M, < 0.
Moreover, by Theorem 3.16 part (vi), we know that the ring of coefficients
of M, contains O, so that M,0 = M,. Thus, since gcd(N(4), £) =1, Lemma 8
can be applied with M = A to yield that M, = 4 4+ B belongs to ©. Since
A+ B 2 A, B, we know from Theorem 6 that A + B|A, A + B|B. More-
over, if C| 4 and C| B, for some C belonging to 0, then again by Theorem 6,
we have C 2 4, C = B. Therefore, if « is in 4 and § is in B, then & and S
are both in C, and hence & + fisin C. Thus, 4 + B = C, so that by The-
orem 6, we have C|A + B. Thus, A + B is a greatest common divisor of
A and B. [ ]

From the preceding result, we can deduce our analogue of Euclid’s lemma.

Corollary 10 (Euclid’s lemma): Let P, 4, B be integral modules belonging to
0 = {1, fw,}. Assume that P is prime and that gcd(N(P), £) = 1. If P| AB,
then P|A4 or P|B.

Proof: Suppose that P does not divide 4. Let M be a greatest common
divisor of P and 4 (from Theorem 9). Since P is prime and M| P, we have
M =P or M = 0. But since M|A, and P does not divide 4, we see that
M = 0. Therefore, by Theorem 9,

0=P-+ A
Therefore (Theorem 3.16, (v)),
B =0B = (P+ A)B =PB + AB.
Since P| AB, we have AB = CP, so that*
B =PB+ PC = (B+ C)P. 1)

*Note: We are not done yet. We must show that B + C belongs to ©.
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Since PP’ = N(P)0O, we have
BP' = PP'(B + C) = N(P)(B + C),

so that by Lemma 8.6.12 the coefficient ring of B + C is the same as the
coefficient ring of BP’, which equals © by Corollary 3.11. Thus, B+ C
belongs to 0. Moreover, Eq. (1) implies that P|B. B

Now that we have the analogue of Euclid’s lemma, we may prove our
fundamental theorem with great ease.

Proof of Theorem 4: Let us reason by contradiction. Suppose that there
exist modules whose norm is relatively prime to £, whose factorization into
prime modules is not unique. By the well-ordering principle, there exists such
a module M, the number of whose prime module factors is as small as pos-
sible. Suppose that

M=P ---P,=0,--- 0,

are two factorizations of M with ¢ as small as possible. If # = 1, then Misa
prime and we immediately see that s =1 and Q, =P,. Thus, t>2
Note that P, | M. Therefore, P, | Q, - - - Q,. Since gcd(N(M), £) = 1, we have
ged(N(P,), £) =1. By Corollary 10, we see that P,|Q, for some i
(1 < i< s). Therefore, if, say P,|Q,, then Q, = P;A for some integral
module A4 belonging to 0. But since P, and Q, are prime modules, 4 =6,
and thus P, = Q,. Thus, we have

PP, ---P,=P,Q,--- Q,
so that

N(P,) 'P\P\P; -+ P,= N(P,)"'P\P,Q; -+ Q..
However, by Theorem 3.8, we have N(P,)~!P}P, = 0, so that
OP, --- P, =00, --- 0,.

Thus,

M, =P, "'Pz=Q2 Qs‘
Since ¢t > 2, M, is a module = O with two distinct factorizations into prime
modules belonging to O, a contradiction to the way in which M was chosen.

In the case © = I, the modules belonging to O are precisely the ideals of
I,. Also, £ =1, and so the fundamental theorem applies to all integral
ideals. Therefore, as a consequence of the fundamental theorem, we deduce
the following result for ideals:

Corollary 11: Let 4 be an ideal of I;, A 7% I,. Then A can be written
uniquely as a product of prime ideals, where uniqueness is meant up to rear-
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rangement of the factors and where a prime ideal is interpreted to mean a
prime module* belonging to I,

This, at last, is our theory of unique factorization in I,. If I, is a unique
factorization domain, then the unique factorization of ideals is equivalent to
the unique factorization of the elements. Indeed, I, has unique factorization
if and only if all ideals of I; are of the form yI, (y in I,) (exercise). Therefore,
the uniqueness of factorization of integers in I; is the same as the unique
factorization of ideals. If I, does not have unique factorization, the facto-
rization of ideals acts as a substitute for the factorization of elements.

9.4 Exercises

1. Are the following ideals prime (considered as modules belonging to
1)?

(@ 3. () 7I_;. (c) 6I,. @ {2,/2}.
*2. Write the following modules as products of prime modules:
@ M={524+./31} b) M={3,8—17,/6}

3. Let O be a ring of coefficients, a, # elements of ©. Show that a0| g0 if
and only if a| §.

4. Find the gcd of the two modules M, ={161,74 + ./2}, M, =
35,20 + 5./2}. (4ns.: {7,4 + ./ 2})

5. Suppose that A4, B are integral modules belonging to © and that
ged(f, N(A)N(B)) = 1, where © = {1, £w,}. Further, suppose that

A=T[ P>, B=T[P*

are expressions of A, B, respectively, as products of prime modules.
Show that

A+ B = gcd(4, B) =[] Pe»,
where ¢, = the smaller of a, and b,.
Show that the gcd of two modules is unique.

Let 4, B be integral modules belonging to © such that 4 4 B belongs to
0. Show that 4 and B have a gcd and that gcd(4,B) = 4 + B.

8. Let P be a prime module. Show that N(P) = p or p? for some rational
prime p. (Hint: PP’ = N(P)0.)

9. Let M be any integral module belonging to © = {1, f,}. Show that M
can be written uniquely in the following form: M = P, --- P,4A, where

*See Proposition 5.1 to check that this use of the word prime ideal is consistent with
the terminology of abstract algebra.
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P, is a prime module belonging to © such that gcd(N(P,), £) =1 and
A is an integral module belonging to © such that the only primes divid-
ing N(A) are primes dividing f.

10. Let 0 = {1, fw,} be a coefficient ring of Q(./d) and let M be an
integral module belonging to 0 such that ged(N(M), £) = 1.
(a) Prove that M-I, = M, is an integral module belonging to I, such
that N(M,) = N(M).
(b) Prove that M, N 0 = M.
(¢) Prove that if M* is another integral module belonging to © and
such that gcd(N(M*), £) = 1, then (MM*), = M(M*),.

11. (Exercise 10, continued) Let M, be any ideal of I, such that

ged(N(M,), £) = 1.

(a) Showthat M, N © = M is an integral module belonging to © such
that N(M) = N(M,).

(b) Show thatif P, = M, is prime, thensois P = P, N O.

(c) Show thatif M = M, N O, then M-I, = M,.

(d) Prove that the procedure of passing from M, to M preserves
multiplication of modules.

12. Use Exercises 10 and 11 to show that the prime modules P of 0 =
{1, £ } such that gcd(N(P), £) =1 are precisely the modules P, N 6,
where P, is a prime ideal of I, satisfying gcd(N(P,), £) = 1.

13. Use Exercise 12 to give an alternative proof of Theorem 4.

9.6 The Prime Modules Belonging to 0

Let us fix a coefficient ring © = {1, £w,} of Q(./ d). In this section, we
shall give an explicit description of all prime modules P which belong to 6
and which satisfy gcd(N(P), £) = 1.

Let us begin by proving a property of prime modules which should be
familiar from the reader’s course in abstract algebra.

Proposition 1: Let P be a prime module belonging to O such that
ged(N(P), £) =1, and let o, B belong to O. If af belongs to P, then either &
isinPor fisin P.

Proof: If af belongs to P, then (xf)y belongs to P for any y in O. Thus,
o0 < P, so that P|afO by Theorem 4.6. But «f0 = («0)(80), so that by
Corollary 4.10, either P|a0 or P| fO. Suppose, for example, that P|xO. Then
20 = P by Theorem 4.6. Since 1 belongs to O, we see that «-1 is contained
in P. B
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Caution: Proposition 1 shows that a prime module P which belongs to ©
and for which gcd(N(P), £) = 1 is a prime ideal of the ring ©. However, not
every prime ideal of O is a prime module belonging to O.*

Let P be a prime module belonging to O such that gcd(N(P), £) =1. If o
is any nonzero element of P, then a’ = N(e) belongs to P and is a nonzero
rational integer. Thus, P contains nonzero rational integers. If » belongs to
P, so does —n, and so P contains positive rational integers. Let p be the small-
est positive rational integer in P. Then p is a rational prime, for if p = ab,
1 < a, b < p, a, b rational integers, then ab belongs to P. By Proposition 1,
either a or b belongs to P, contradicting the manner in which p was chosen.
Thus, p is a rational prime and p® < P since P belongs to 0. Thus, P |p0O by
Theorem 4.6. Moreover, N(P)| N(p©) and N(pO) = p?, so thatp } £. Thus,
we see that P | pO for some rational prime p, p ¥ £.

-Conversely, let p be any rational prime such that p } £. By our funda-
mental theorem, we may write

pO == Pl Py P"
where Py, . . ., P, are prime modules belonging to ©. Then
p* = N(p©) = N(P,) - - - N(P).

Since N(P) > 1 (1 <i < ¢) (Proposition 2.13), we see that ¢+ < 2. In fact,
there are precisely three cases:

Case 1: t =1, p0 = P,, N(P,) = p2. In this case, we say that p is an inert
prime (with respect to 0).

Case 2: t =2, p9 =P,P,, P, # P,, N(P,) = N(P,) = p. In this case, we
say that p is a decomposed prime (with respect to 0).

Case 3: t =2, p0 =P,P, = P? N(P,) = p. In this case, we say that p is
a ramified prime (with respect to 0).

Note that we are defining the concepts of inert, decomposed, and rami-
fied primes only for p such that p} £, for otherwise, our fundamental
theorem tells us nothing about the factorization of p0O into prime modules.

Suppose that p is a decomposed prime. Then p® = P,P, for prime
modules P,, P,, P, # P,, N(P,) = N(P,) = p. By Theorem 3.8, we have
P,P|, = N(P,)0 = p0O. Therefore, since PP =P,P,, our fundamental
theorem implies that P, = P,. Thus, p® = P, P. If p is a ramified prime, then
p9 = P?% and P, P} = N(P,)0 = pO, so that P, = P). Thus, we have the
following result:

*Note, however, that when © = I, then the two concepts are the same.
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Theorem 2: Let P be a prime module belonging to © such that gcd(N(P),£)
= 1. Then there is a rational prime p, p { £ such that P |pO. Conversely, if p
is a rational prime such that p } £, then there are three possibilities:
(i) pisinert. Then p® = P is a prime module and N(P) = p?.
(ii) pis decomposed. Then p® = PP’, where P and P’ are distinct prime
modules and N(P) = N(P') =p.
(iii) p is ramified. Then p® = P2, where P is a prime module such that
P =P’ and N(P) =p.

Let us explicitly compute the prime module P in parts (i)—(iii) of Theorem
2. This will, by Theorem 2, allow us to explicitly determine all prime modules
having norm relatively prime to f£.

Let A (respectively, A,) denote the discriminant of © (respectively, I,).
Then a trivial calculation shows that

A == f on
and
A — d if d= 1(mod 4),
°" |44  ifd=2or 3(mod 4).

Note that A, = 0 or 1(mod 4), so that A = 0 or 1(mod 4). Next, note that

At JE _ {fm., + G2+ E=D ramimeds,
A _

Fwy + 2£d if d =2 or 3(mod 4).

Since f£2(d — 1)/2 + £(f£ — 1)/2 (resp.2df?) is a rational integer if
d = 1(mod 4) (resp. d = 2 or 3(mod 4)), we see that

0= {1,‘3"‘2_«/K}.

The choice of this basis for © allows us to avoid having to make too many
case distinctions in our calculations.

Let p be a rational prime such that p } £. We shall now explicitly factor
pO into prime modules belonging to ©.

First, suppose that p is decomposed or ramified, so that po = PP,
N(P) = p. Since N(P) = p, a complete residue system modulo P contains p
elements. We assert that such a complete residue system is given by 0, 1,...,
p — 1. Indeed, if two of these integers, say a, b(a > b), are such that
a = b(mod P), then 0 < @ — b < p, and a — b belongs to P. Thus, (@ — b)0
S P. By Theorem 4.6, we see that P|(a — b)0O. Therefore, N(P)| N((a — b)o),
so that p|(a — b)?, which contradicts the fact that p is prime and 0 <
a—b<p.Thus,0,1,...,p — 1is a complete residue system modulo P.
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Therefore, there exists a rational integer r such that

% = r(mod P).

Thus, (A + +/A)/2 — r belongs to P, so that 2r — A) — ./A belongs to
2P. Thus, (2r — A — ./A)0 = 2P, so that 2P|(2r — A — ./A)O by
Theorem 4.6. But then N(2P)|N((2r — A — ,/A)0), so that 4p|(2r — A)?
— A. In other words,

2r — A)? = A(mod 4p).

Thus, if p© = PP’, N(P) = p, then the congruence x* = A(mod 4p) has the
solution x = 2r — A (recall that p } £ has been assumed).

Conversely, suppose that the congruence x? = A(mod 4p) is solvable.
Let us consider two cases:

Case 1: p} A. Note that x and A have the same parity, so that x + A is
even, say x + A = 2r. Let P denote the module

]

Let us first use Lemma 8.6.13 to show that 0, = 0. In the notation of Lemma
8.6.13, we have y = (r — (A + A/A)/2)/p, so that Tr(y) = (2r — A)/p = x/p
and N(y) = ((2r — A)/2p)*> — A/4p* = (1/p)(x* — A)/4p). Since x*=
A(mod 4p) and p } A, we have p } x and (x2 — A)/4p is a rational integer.
Thus, the a in Lemma 8.6.13 is just p and

0p = {1, ap} = {1,r—AL2~/—K} - {1,%} —0

From Theorem 2.6, it is clear that N(P) = p, so that by Theorem 3.8, we have
PP’ = N(P)0, = p0. However, P’ ={p,r — (A — »/A)/2} and P %= P'.
(For example, r — (A + ./A)/2 belongs to P and not to P’ (exercise).)
Thus, we conclude that if p ¥ A and x?* = A(mod 4p) is solvable, then p is
decomposed.

Case 2: p|A, pt £. The congruence x> = A(mod 4p) is always solvable in
this case. Our argument will proceed as in Case 1, except we shall set r = 0.
Unfortunately we must consider the cases p odd and p = 2 separately.

(i) p odd. Set

[ A+AY A+ SA N[ A=A
P (pAEE) [, AYE A}, 8=YE)
Again using Lemma 8.6.13, we show O, = 0. Here y = (A + A/A)/2p,

Tr(y) = A/p, N() = A(A — 1)/4p>. Since A =0, 1(mod4), we see
A(A — 1)/4p is a rational integer. Since p|A = f2A, and p } £, we see
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p Y A(A — 1)/4p. Thus the a in Lemma 8.6.13 is just p and 0 = {1, ay} =
{1, (A + ./A)/2} = 0. Moreover, Theorem 2.6 implies N(P) = p. Thus
from Theorem 3.8 we see P2 = pO. That is, if p|A, p ¥ £ and p odd, then p
is ramified.

(ii) p =2. Since p | £, £ must be odd and A, = 0(mod 4). Then A,
= 4d, where d = 2 or 3(mod 4), d square-free. We leave it to the reader to
show that p©0 = P2, where

{2, 1/—2—} if d = 2(mod 4),
{2,1 + 1/%} if d = 3(mod 4).

Again, P is ramified.
We may summarize our analysis in the following theorem:

Theorem 3: Let p be a rational prime such thatp } £.

(i) Assume that p } A. Then p is decomposed if and only if the con-
gruence x2 = A(mod 4p) is solvable. Otherwise, p is inert. In the case p is
decomposed, say pO = PP’, then

p—{pr—ALYE),

where x = 2r — A is a solution of x2 = A(mod 4p).
(i) Assume that p|A. Then p is ramified. If p©® = P2, then

{p,AJFT«/K} if p is 0dd,
P= {Z’J%} if p =2, d=2(mod 4),

{2,1+ /%} if p =2, d=3(mod 4).

We can state the results of Theorem 3, part (i), as follows: Assume that
p is odd. Note that x satisfies the congruence x? = A(mod 4p) if and only if
x? = A(mod p) and x? = A(mod 4). Assume that we are given an x satisfying
x2 = A(mod p). Then p — x satisfies the same congruence. Since A is con-
gruent to 0 or 1(mod 4) and since p is odd, we see that either x? = A(mod 4)
or (p — x)* = A(mod 4). Thus, x2 = A(mod 4p) is solvable if and only if

x2 = A(mod p) is solvable, that is, if and only if (%) = +1. On the other

hand, assume that p = 2. Since p } A, we must have A = 1(mod 4), and so
A =1 or 5(mod 8). By Theorem 3, p is decomposed if and only if x? =
A(mod 8) is solvable. But since a perfect square is congruent to 0, 1, or
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4(mod 8), we see that this last condition is equivalent to A = 1(mod 8).
Thus, we can restate Theorem 3 as follows:

Theorem 4: Let O be a ring of coefficients of discriminant A, p a rational
prime such that p } A. Then p is not ramified in ©.

(i) If pis odd, then p is decomposed if and only if (%) = +41.

(ii) If p =2, then p is decomposed if A= 1(mod 8) and inert if
A = 5(mod 8).

Corollary 5: Let O be a ring of coefficients of discriminant A, p a rational
prime, p | £. If p ramifies, then p|A, and, conversely, every prime dividing
A and not £ ramifies in O.

By using Theorems 3 and 4, we have completely settled the question of
determining how a rational prime p, p ¥ £, factors into prime modules in ©.
We may use the law of quadratic reciprocity to give a very elegant formula-
tion of our law of factorization.

Theorem 6: Let p and g be rational primes not dividing £, and assume that
p =¢q(mod A,). Then p and g factor in the same way in . That is, p is rami-
fied (resp. inert, decomposed) in O if and only if q is.

Proof: Without loss of generality, assume p = g. Thus, at most one of p, g
can be even. Let us consider separately the two cases p, g both odd and p =
2, g odd.

Case 1: p, g odd. Recall that A = f2A,. Since p =g(mod A,), we see

that p|A, implies p = ¢g. Thus, we may assume that p} A,, ¢} A,. By
Theorem 4, it suffices to show that

But

so that it suffices to show that

(ég) = (é_o).

p q

The simplest approach to proving this is to make use of the generalized
Legendre-Jacobi symbol, Exercises 9-18 in Section 4.4: Let » an odd rational
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integer > 1, and let a be a rational integer such that gcd(a,n) = 1. We define

the symbol
=G G)

where n =p$ --- pg is the decomposition of n into powers of distinct
primes. Then this symbol has the following properties for rational integers
a, a’ with gecd(a,n) = ged(@’,n) =1 and 7 odd:

(i) = (“-) if a = a’(mod r) )]

@ »

©)-1

n

(l)(_”l) = (—1)-1/2)m=1)/2) gcgt( 'i:’;;lc))sf\ie and odd, @

m n
(_71_) = (—1)m-vr2 0)
(%) = (—1)-1/8, ©

Let us break Case 1 into two cases.

Casel’: A,=0(mod4). Then A, = 4d, where d=2 or 3(mod4), d
square-free. In this case,

&) - -
4)-(2)

Then, since p = g(mod 4d), the first form of the law of quadratic reciprocity
(Theorem 4.4.1) implies that if d > 0, then

Ao\ _ (Av).
(p ) B (q )
If d < 0, then we have p = ¢ (mod 4|d|) and, in particular, p = g (mod 4),

so that (_Tl) = (_Tl> - Hence

()~ ()~ G - I - (- &)
Case1”’: A,=1(mod4). Then A, =d, d square-free. Suppose that

A, = €|A,|, where € = +1. Since A, = 1(mod 4), we see that |A,|=
I(mod 4) if ¢ = 41 and |Ay| = 3(mod 4) if e = —1.
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(5= G5

= (_1)((6-1)/2)((;:—1)/z>(|e’o |> by Eq. (5))
= (_1)_((6—1)/2)(()7—l)/2)+((|An|—l)/2)((p—l)/2)(|K l) (by Eq. 4)
0
:(_1)((p—1)/2)((6—1)/2)+((|A0l~l)/2)< P )
ol
— (2 ince =1 4 [Ao|—1
B (lel) (since 2 + 2

is even.)
Similarly,

(%) = ()

And since p = g(mod A,), we see that

(&) = ()
=)

Case2: p =2, q odd. Since p =g(mod A,), we see that A, is odd, so
that A, = d, d = 1(mod 4) and square-free. Since p } £, we see that f is
odd, so that A = A,(mod 8). By Theorem 4, p is decomposed if A, =
I(mod 8) and inert if A, = 5(mod 8). On the other hand, g = 2(mod A,).
Set Ag = €|A,|, € = +1. Then, since ¢q is odd,

&)- (2

by Eq. (1). Therefore,

- (_1)((€—l)/2)((¢~1)/2)(%) (by Eq. (5)
= (—1)Ue=1/2) (= 1)/2)+ Al = 1)/2) (@=1)/2) IAq I) (by Eq. (4))
0

- (_1)(((6—1)/2)+((lel—l)/2))((q—l)/Z)( q ')
0

— (_1)(((e—1)/2)+((le|—1)/2))(¢—n/z)(lA2 |) since ¢ = 2(mod Ao))
0

.o e—1 , |Ag|—1
(smce 5 +——-2

— (__1)(IAol’—l)/8

is even and by Eq. (6))

_ +1 if Ag = 1(mod 8),
T l=1  if Ao = 5(mod 8).
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Thus, g is decomposed if A, = 1(mod 8) and inert if A, = 5(mod 8) by
Theorem 4. ]

Example 7: Let 0 = {1, w,}. Here A = A, =5, £ = 1. The only ramified
prime is 5, and the factorization of primes is determined by their respective
residue classes modulo A, = 5. By Theorem 4, since A, = 5(mod 8), we see
that 2 is inert. Now suppose that p is odd and that p % 5. To determine

whether p is inert or decomposed, we must determine (%—) But from our

discussion in Chapter 4,

+1  ifp=1, )
3 -G -5 rmamms

Thus, an odd prime p is decomposed if p = 1 or 4(mod 5) and inert if p =2
or 3(mod 5). Thus, for example, 17 is inert, but 101 is decomposed.

9.5 Exercises

Factor the ideals 21,, 5I_s, 31_,, 111_,, into products of prime ideals.
2. Find all prime ideals of norm < 20in /_;.

Determine whether the prime p ramifies, is inert, or is decomposed in

I,, where
(@ p=>=:. (b)) p=11.
© p=1. (d p =41
4. Determine which primes are ramified, inert, or decomposed in I,, and
I_17.

*5. Give an example of a prime p| A such that pO is not the square of a
prime module belonging to ©.

*6. Give an example to show that unique factorization into prime modules
does not necessarily hold for modules whose norm is not relatively
prime to f.

7. Determine whether p = 2, 3, 5, 7 are inert, ramified, or debomposed in
0 = {1, £}, where £ =1, 2, 6, 12, 21.

9.6 Finiteness of the Class Number

As an application of our factorization theory we shall now prove one of
the fundamental theorems in this theory, namely the finiteness of the class
number of a coefficient ring. This result will be extremely valuable in our
treatment of binary quadratic forms in Chapter 11 and in our attack on the
Bachet equation in Chapter 10.
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Let us fix a quadratic field Q(./ d) and a ring of coefficients © = {1, £,}
contained in Q(./ d). Let us begin by dividing the modules belonging to 0
into classes.

Definition 1: Let M,, M, be modules. We say that M, and M, are similar
provided that there is a nonzero y in Q(./ d) such that M, = yM,. Write
Ml ~ Mz.

Proposition 2: Similarity of modules is an equivalence relation.
Proof: Exercise. [

Let [M] denote the set of all modules similar to M. If M belongs to O,
note that every module in [A/] also belongs to © (Lemma 8.6.12). The collec-
tion of modules [M] is called the similarity class of © determined by M.

Definition 3: - The number of distinct similarity classes of © is called the
class number of ©, denoted hy. In the case © = I, the ring of all integers of
Q(./ d), the class number of 0 is also called the class number of Q(./ d) and
is denoted A,.

A priori, the class number of © may be infinite. However, we have the
following fundamental theorem:

Theorem 4: A, is finite.
To prove Theorem 4, we shall require several lemmas.

Lemma 5: Let M be any module belonging to 0. There exists a rational
integer k = 0 such that kM < 0. Thus, any module M belonging to O is
similar to an integral module.

Proof: Let g be the positive integer of Lemma 8.8.5, so that gM < I,. Then
we may set k = fg. [ ]

Lemma 5 shows us that, insofar as similarity is concerned, we may restrict
ourselves to integral modules belonging to ©.

Lemma 6: Let M = O be an integral module belonging to 0. Then there
exists a nonzero y in M such that

[N | < N(M) | A |-

Proof: Since 0 = {1, £}, we easily see that Ay = f£2d or 4£2d according
to whether d = 1(mod 4) or d = 2 or 3(mod 4). Consider the following set
of elements of O:

a+bfw, (0<a,b<<[N(M)'?, a, b rational integers).
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There are ((N(M)/2] + 1) such elements, and they are all different. But
since

(N(M)'?] + 1)* > N(M),
there are more than N(M) elements in the set. However, since there are only
N(M) residue classes modulo M (see Definition 2.7), two of the elements
must be congruent modulo M. In other words, there exist rational integers
a,a’, b, b’ such that

0<ab,a,b <[NM)"

and either a = a’ or b == b’, satisfying _

a+bfw,=ad + b fo(mod M).
Sety =(a —a'’) + (b — b')fw,. Theny = Oand yisin M. Ify =r + sfa,,
then |r|=]a—ad'|< NM)V2, |s|=|b— b'|< N(M)"2, Thus, in the
case d = 2 or 3(mod 4), we have
IN@)| = |r* — £2ds* | < NMX1 + £2]d]) < N(M)-4£2d = N(M) | A|.
In the case d = 1(mod 4), we have

ING)| =72 + rsf + £247 L5

<Non(1+ £ + £18) < Nang2 a1 = NonlAlL g

Proposition 7: Every module belonging to O is similar to an integral module
M such that N(M) < |A,].

Proof: As remarked above, we may restrict ourselves to consideration of
integral modules M, belonging to ©. By Theorem 3.8, we have

MlMll = N(MI)O’ (l)

where M, is the conjugate module of M,. Since M| = © and N(M) =
N(M,) (exercise), Lemma 6 shows that there exists a nonzero y in M, such
that

NG| < N(My)| Ao | @
Since y is in M| and since 0 is the coefficient ring of M}, we see that y0 < M.
Thus, since p© has 0O as its coefficient ring, Thedrem 4.6 implies that there
exists an integral module M, belonging to © such that M| M, = y0. Using
Eq. (1), we see that

M M)M, = NM )M, = M,(M'\M,) = M,y0 = yM,.
Thus, M, = (p/N(M,))M, is similar to M,. Moreover, using (2), we obtain

NOMs) = N5 M) = ]l,’("jf}))' N(M,)

_ |NO)|
_N—(A_{LI)SIAOI'
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From Proposition 7, we see that in order to prove the finiteness of 4, it
suffices to establish the following result:

Proposition 8: Let C be a fixed positive number. Then there exist only
finitely many integral modules M belonging to © and such that N(M) < C.

Proof: Let M be any integral module belonging to ©. We showed in Corol-
lary 2.5 that M has a basis of the following very special type: M =
{a,b + cfw,}, where a > 0 is the smallest rational integer in M and
b + cfw,is the number in M with ¢ > 0least and 0 < b < a. Moreover, we
showed in Theorem 2.6 that N(M) = ac. Thus, N(M) < C implies ac < C,
and so there are only a finite number of possible values of a and c¢. Since
0 < b < a, there are only finitely many possible values for b. Thus, there are
only finitely many different modules M ={a,b + cfw;} such that
NM)< C. |

Theorem 4 is now completely proved.

Note that Propositions 7 and 8 actually provide us with a method for
computing the class number of © = {1, £}, for by Proposition 7, every
module belonging to O is similar to an integral module with

NM) < |Aq|. (©))

If we specialize to the case where £ = 1, then such an M may be factored
into a product of prime modules, say M =P, .- P,. However, from
Theorem 5.2, we know that N(P,) = p, or p?, where p, is a rational prime.
Condition (3) is equivalent to

N(M) = N(Py) - - - N(P) < | Ao
Thus, we need only consider products of prime modules for which
P P <|Al. )

There are only finitely many such prime modules, and we even described
them in Theorem 5.3. Thus, we can find all integral modules satisfying (3).
From these we can then determine which are similar and eventually arrive at
a set of integral modules belonging to © such that every module belonging to
0 is similar to one and only one module of the set. This is for £ = 1. Modi-
fications will be given in the exercises for £ > 1.

The above procedure is quite viable computationally. However, Proposi-
tion 7 is very clumsy because | Ay | is usually quite large. But |Ao| can be
replaced by a much smaller number. Namely, we have

Proposition 7' (Minkowski): Every module belonging to 0 is similar to an
integral module M such that

N(M) < E | A 12,
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The main advantage of Proposition 7' is that |Ae| is replaced by
| Ag |2, which is much smaller. We shall outline a proof of Proposition 7’ in
the exercises. However, let us use Proposition 7’ to calculate a few examples.

Example 9: Letd =29, £ = 1. Let © = I, = {1, (1 + ./29)/2}. We shall
compute the class number 4,, of 0. From Proposition 7' we see that every
module is similar to an integral module (= ideal) M, where

N <Z (A = 32 < 4,

since Ay = 29 (because 29 = 1(mod 4)). Thus, M has norm 1, 2, or 3. If M
has norm 1, then M = I,,. Moreover, since 2} Ay and 29 = 5(mod 8),
Theorem 5.4 implies that 2 is inert. Also by Theorem 5.4 we see that 3 is

. . 3\ 729\ _/2\ _ .
inert since (E) = (—3—) = (?> = —1. Since 20 has norm 4 and 30 has

norm 9, we see there are no modules of norm 2 or 3. Thus, every module
belonging to O is similar to 0. That is, h, = 1.
Let us do another example.

Example 10: Let d = —6, £ = 1. Since —6 = 2(mod 4), we see that
Ay = —24. From Proposition 7° we see that every module (= ideal) of
0 = I_¢ is similar to a module M such that

N(M) <Y E|A g2 <3,

Therefore, M has norm 1 or 2. If N(M) = 1, then M = I_,. Since 2|A,, we
see that 2 is ramified:
20 = P3.

Finally we must determine whether P, and I_¢ are similar. If P, = yI_g, then
writing y = a + b./—6 for a, b rational integers, we must have a? + 6b*
= N(y) = N(yI_¢) = N(P,) = 2. However, it is trivially checked that
a* + 6b* = 2 cannot be solved. Therefore, P, is not principal. Thus, every
module is similar to 7_s or P, and they are not similar, and so we conclude
that h_s = 2.

The following easily proved theorem shows the close connection between
the class number of © = I, and the presence (or absence) of unique factoriza-
tion in I,

Theorem 11: Let 4, denote the class number of ;. Then h; = 1 if and only
if I, is a unique factorization domain.

Proof: Exercise 20. [}

We shall close this section by observing that the set of similarity classes
of modules belonging to © forms a group in a natural way.
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First let 9 denote the collection of all modules belonging to 0. Among
the modules of I, we have defined the operation of multiplication of mod-
ules. By Corollary 3.11 the product of two modules in 91T belongs to M. From
Proposition 3.6 we know that this operation is commutative and associative
and that O is the identity. Finally, from Theorem 3.8, we see that if M is in
M and M, = (1/(N(M))M’, then MM, = 0O, and so M, is an inverse for M.
Thus, N is an abelian group with respect to multiplication of modules.

Now let @ denote the subgroup of N consisting of all yO such that y = 0
belongs to Q(./ d). We observe that the quotient group 91/@® is just the set of
all similarity classes of modules belonging to O (exercise). Denote 9, = N/®.

Definition 12: 9, is called the ideal class group of ©.

Theorem 13: d, is a finite abelian group of order A, with respect to the
operation [M,][M,] = [M,M,]. Note that the identity is [0] and that

[M]™! =[M].

The ideal class group is of major importance in number theory. We shall
make use of it in Sections 10.1 and 11.5.

9.6 Exercises

1. Let M be any module of Q(./ d). Show that N(M) = N(M").
Prove Proposition 2.

Determine whether the following modules are similar:

(@ M, ={LJ/3}L M,={3+./3,34+3/3}

(b) M, = {1"\/16}’ M, = {29'\/1_0}

© M ={2+./3,1+4/3}L M, ={7+5/3)/2,4+4/3}

@ M, ={23/2},M,={,3./2}.

Verify that A_, = 1 using the Minkowski bound.

Compute the following class numbers: k_,, A3, ks, o, h_s.

Verify that 4_,; = 3.

Compute the class numbers of the coefficient rings 0, in Q(./—1) for

£ =235

8. Determine a y satisfying Lemma 6 for M = {100, 50 + ./—2}. For
M ={100, 49 + ./—1}.

9. Give an example of an element in I,, which does not have unique fac-
torization. Do the same for I_,,.

A

**]10. Prove the following: Let n > 1 be a rational integer. Let I; be the
integers in Q(+/ d). Then for any ideal M there is an ideal M, similar to
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M such that gcd(n,N(M,)) = 1. (This allows us to adapt the method for
computing ke for £ = 1 given in the text for £ > 1.)
Prove Proposition 8 for I; using unique factorization.

Prove that for an arbitrary coefficient ring © there can only be a finite
number of distinct factorizations for any given module M associated
with O.

Exercises 13-19 constitute a proof of the Minkowski theorem (Proposis

tion 7).

Definition: Denote the Euclidean plane by R2. Let A4,, B, be in R? and
assume that they are linearly independent. By a lattice A we mean the collec-
tion of points in R? of the form a4, + bB, such that a, b are rational inte-
gers. Call A,, B, a basis of A.

13.

14.

15.

16.

Let A,, B}, belong to A. Show that Aj, By is also a basis of A if and
only if there are rational integers r, s, ¢, u such that ru — st = 41 and
Ay =rd, + sB,
By =tA, + uB,.
Define the determinant of A to be the absolute value of the determinant
of the 2 X 2 matrix (4,, B,) (denoted det A).

(a) Show that the number det A is the same for any possible choice of
bases.

(b) Show thatdet A =||A4,||+|| B, || sin 8, where @ is the angle between
A, and B,, 0 < 0 < 180°, and where || 4, || is the length of 4,.

Now choose two points X;, X, in A as follows: Let X, be the smallest

nonzero vector in A. Let X, be the smallest vector in A linearly inde-

pendent of X, (i.e., X, % tX, for all real ¢).

(a) Show that X, X, is a basis of A.
(b) Show that for all rational integers a, b with b %= 0 we have

X[ <|laX, + bX, ||

(c) Let @ be the angle between X, and X,, where 0 < 6 < 180°. Use
part (b) with a = 1, b = 41 to show that, in fact, 60° < 8 < 120°,

(Minkowski’s theorem) Use Exercises 15(a) and (c) and 14(b) to show
that

1x0p <283 det A,

That is, for any lattice A in R? there is an X = 0 in A such that

X1 ng det A.
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17.

18.

19.

20.

Let M be a module in Q(./ d) for d < 0. Thus, M is a subset of C, the
complex numbers. View C, as usual, as R? via the real and imaginary
parts of a complex number.

(a) Show that M is a lattice.

(b) Show that det M = 1|A,|"/2.

(c) Show that there is a y 7= 0 in M such that

]N(y)IST'IAMIUZ'

(d) Note that part (c) is the best possible for M =1_; (i.e., the
constant /3 /3 cannot be any smaller).

Let M be a module in Q(,/d) for d > 0. Let M* be the subset of R?
consisting of all pairs (&, &") such that & belongs to M.

(a) Show that M* is a lattice.

(b) Show that det M* =|A, |'/2.

(c) Show that there is a y = 0 in M such that

ROIESVERVWIES

(Hint: Exercise 16 guarantees that there is a y % 0 in M such that
P+ 92 < (2 33) A V)

Let O be a coefficient ring. Show that every integral module belonging to
0 is similar to an integral module M belonging to O such that

NOM) <2 Ao,

Prove Theorem 11. (Hint: That h; = 1 implies I, is a unique factoriza-
tion domain, is a standard fact from algebra. Conversely, by unique
factorization of ideals, it suffices to show that all prime ideals P are
principal. First show that if p in I; is a prime element, then pl; is a
prime ideal. Do this by writing pI; = AB so that pIl;<A4 N B and then
show by contradiction that A =pl; or B < pl,;. Now show that there is
a prime element p in P. Conclude that P = pl;.)
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Applications of the
Factorization Theory
to Diophantine Equations

10.1 The Diophantine Equation y2 = x3 + k

In this section, we shall use the methods of quadratic fields to study the
Bachet equation y? = x* + k, where k is a given rational integer. We de-
scribed the history of this Diophantine equation in Chapter 3. The important
fact to recall is that Mordell proved that the Bachet equation always has a
finite number of solutions (x, ). Explicit bounds for solutions (x, y) in terms
of k have very recently been obtained by Alan Baker and Harold Stark.
These results are far beyond the scope of the present book, but we can verify
them for special classes of k, using the machinery of Chapters 8 and 9. Our
most striking result will be that the only solutions to y> = x* — 74 are given
by x =99, y = 4-985. The methods of this section provide the reader with
a fairly typical example of the way in which the theory of quadratic fields
can be applied to solve Diophantine equations. The reader should compare
the results of this section with the results on the Bachet equation obtained
using more elementary ideas in Section 3.3 (k = 23), Section 4.5 (k = 45),
and Exercise 12 in Section 3.3.

Let us write the Bachet equation in the form

O+ VRN —Sk)=x° ()

and interpret this equation as an equation involving elements of Q(./%).

For simplicity let us make the following assumption throughout this section:

k is square-free. Equation (1) implies the following relation among ideals of
I,:

O+ M (v — N E) = (x1)°. @

29
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We shall show that for certain values of k, the ideals (y + /% )I, and
(y — ~/ k)I, have no prime factors in common, so that, by the unique factor-
ization theorem (Corollary 9.4.11), we may conclude that both (y + /% )I,
and (y — / k)I, are cubes of ideals. But it is very difficult for these ideals
to be cubes because of the very special form of y + ./ 'k, namely that the
coefficient of ,/k is 1. An analysis of the various possibilities leads to a
determination of all solutions of the Bachet equation. Unfortunately it is
not known (as of this writing) how to carry out such an analysis for general
k. However, we shall show how various restrictive assumptions about k
suffice to make the analysis possible.

The basic tool to be used in our study of the Bachet equation is the ideal
class group of I, defined in Definition 9.6.12. It allows us to prove the follow-
ing basic lemma:

Lemma 1: Let A4 be an ideal of I;, and 4, the class numbert of Q(./ k).

(i) A™ is a principal ideal.
(ii) Let m be a positive rational integer such that gcd(m, h,) = 1. Then,
if A™ is a principal ideal, 4 is also a principal ideal.

Proof: Let 9, denote the ideal class group of I, (See Definition 9.6.12).
We observe that an ideal B is principal if and only if [B] = [I,]. Since the
order of 9, is h, and the identity of 4, is [I;], we know from elementary
group theory that [A4]* = [I.], so that [A]* = [4™] immediately gives part
(i). To show part (ii) we need to show that [4]™ = [I,] implies that [4] = [I.].
This again is an elementary fact from group theory. Indeed, ged(m, &) =1
implies that there are rational integers x, y such that mx 4 h,y = 1, and so

[4] = [ = (A (4]
= [Ik]x[Ik]y = [Ik]' [ |

Let us consider three possible restrictive conditions on k:

Casel: k < —1,k =2or3(mod 4), 3 } h,. We immediately conclude from
Theorem 8.3.2 that I, = {1, ./ k }. Moreover, since kK = 2 or 3(mod 4), the
relation y? = x* 4+ k implies that ged(x, 2k) = 1. For if 2|x, then y* =
k(mod 8); but y2 =0, 1, or 4(mod 8) and k = 2, 3, 6, or 7(mod 8), which
gives a contradiction. Further, if p is an odd prime such that p|x and p|k,
then p|y and p?|y? — x3, so that p?|k, a contradiction to the assumption
that k is square-free. Thus, ged(x, 2k) = 1.

Let us now prove that the ideals (y + /% )Ix, (y — ~/ k)I have no
prime factors in common. Let P be a prime ideal of I, such that

Py + ~/F). and P|(y — /K.
By Theorem 9.4.6, y + /k and y — /k belong to P, and thus
2k =+ k)= —k)
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is in P, and also
X =0+ /)y — k)
is in P. But then P|2./k I, and P|x3I,. But x3I, = (xI,)? and P is a prime
ideal, so that P|xI,. Therefore,
NP)|NQS/ kL) =4k|, NP NxL) =x?

which implies that ged(x?, 4k) > 1, contradicting the fact that ged(x, 2k) =1.
Thus, we have proved that (y + ./ & )I, and (y — ./ k )I, have no common
prime factors.

From Eq. (2) we can now deduce that each of the ideals (y + A/ k),
(v — A/ k)I, is the cube of an ideal (by unique factorization of ideals). In
particular, there exists an ideal A of I, such that

O+ e =A% 3
Let us now use the hypothesis 3 } 4,. From Eq. (3), we have
4P = L,

so that from Lemma 1, [4] =[I;] and 4 is a principal ideal, say 4 =
(a + b/ k)I, for rational integers a, b. Then (3) can be rewritten

O+ VBN =@+ b/k)LL.
By Lemma 9.1.10, we can deduce that
y+ Ak =ela+bJSk) @
for some unit € of I,. However, since k < —1, k = 2, 3(mod 4), we see that

k = —2 or k < —3, so the only units of I, are 41 (Theorem 8.7.5).
Thus,

Y+ Ak =@+ bJSE).
By multiplying this last equation out, we see that
y = Fa(a? 4 3b%k)
1 = 4+b(3a* + b%k).

The last equation immediately implies that b = +1 and 3¢> +k =41.In
particular, £ must be of the form

k=41 —3a% ®)
or there are no solutions. If Eq. (5) holds, then
y = +a(a® + 3k).
We may obtain x from
x=N@+b/k)=a?—k.
Thus, we have proved the following result:

Theorem 2: Let k be a negative, square-free rational integer, k =2 or
3(mod 4), k = —1. Assume that 3} h,. Then the Diophantine equation
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y? = x® 4 k can be solved if and only if there is a rational integer a such
that k = 41 — 342. In this case, there are two solutions (x, y) = (a*> — k,
+a(a? + 3k)).

Let us find some specific values of k to which Theorem 2 applies. If
|k| <100, k = 41 — 3a?, then a is one of 1, 2, 3, 4, 5. Moreover, if k =2
or 3(mod 4) and is square-free, the only possibilities are k = —2, —13, —26,
—74. Referring to Table 3, we see that h_,;, = 6, so that —26 must be
eliminated. All of k = —2, —13, —74 have corresponding class numbers
not divisible by 3. Thus, we obtain

Corollary 3: The solutions of

(i) y? =x® — 2 are given by (x, y) = (3, £95).

(i) y* = x® — 13 are given by (x, y) = (17, +70).

(iii) y? = x3® — 74 are given by (x, y) = (99, +985).
Ifk = -5, —6, —10, —14, —17, —21, —22, —30, —33, —34, —37, —41,
—42, —46, —57, —58, —62, —65, —66, —69, —70, —73, —77, —78, —82,
—85, —86, —89, —93, —94, or —97, the equation y* = x3 4+ k has no
solutions.
Proof: The list of k given includes all square-free, negative k, [ k| < 100,
k=2 or 3(mod 4), 3} h,, k not of the form -+1 — 3a2. (Again, consult
Table 3.) [ ]

Let us now give an example of the above sort of analysis for k’s which are
positive.

Case 2: k>0, k=2 or 3(mod 4), 3 } h,. The main difficulty in this case
is caused by the presence of nontrivial units in 7. Let €, be the fundamental
unit of .. Then any unit € of I, is of the form +¢€%. The reasoning of the
previous case works up to and including Eq. (4). Suppose that € = +-€}.
If N(e,) =1, write n =3m+r, r =—1,0,1; if N(e,) = —1, write n =

3m+r, r =—2,0,2 (possible since —2, 0, 2 is a complete residue system
modulo 3). Then, in either case,
y + Ak = es(Lex(a+ b/ k). (©)

Let n, = €, if N(€,) = +1, n, = €2 if N(€,) = —1. Since +e5(a+ b/ k)
belongs to I, € in Eq. (4) may be replaced by one of %5, 1,#,. That is, (4)
may be rewritten in the form

y+ Ak =n@+bJ/k), M
where = 1o, 1, or n5. Suppose that , = u + v./k . Then u? — kv? =
+1, and ¥ > 0, v > 0 by Lemma 6.6.6.

If n =1, then from Eq. (7), we deduce that 1 = b(3a* + kb?), so that
b=41, k =41 — 3a% If |a]| > 1, there are no solutions since k > 0. If
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a =0, there are no solutions since k = 2, 3(mod 4). Thus, since 7' =
u — v/ k, we see that y = u &+ v./k . Multiplying out Eq. (7) and equating
the coefficients of ./ %, we obtain

u(3a® + kb*)b 4+ v(a® + 3kb*)a =1 ®)
or

+va® + 3ua?b + 3vkab? + ukb® = 1. )]
Recall that u, v are known. (We can compute them in a finite number of
steps for given k.) We must examine Eq. (9) for solutions (a, b). In general,
this is a quite delicate task. However, in some cases, congruence considera-
tions suffice.

For example, let k = 7. Then h, =1, u = 8, v = 3 (see Table 2 at the

end of the book). Then (9) becomes

+3a® + 24a%b + 63ab* + 56b° = 1. (10)

By examining congruences modulo 3, Eq. (10) reads 56b° = 1(mod 3) or
= —1(mod 3). However, by (10), read modulo 9, we obtain that

+3a® + 6a%b + 2b* = 1(mod 9).
Since b = —1(mod 3) implies that #* = —1(mod 9), we obtain
+3a® 4+ 6a2b = 3(mod 9),
so that +a® 4 24%b = 1(mod 3), which implies that 4+a4* — 24% = 1(mod 3)
(since b = —1(mod 3)). However, checking the three cases, a=1, 0,

—1(mod 3), we see that the last congruence is always impossible to satisfy.
Thus, the Diophantine equation y* = x* + 7 has no solutions.

Case 3: k = —31. In this case, we avoid the difficulty £ > 0, but we have
the additional difficulty that 3|A_;,, since from Table 3 at the end of the
book, h_;, = 3. Let us show how even an example of this sort can be handled
by the methods of the theory of quadratic fields. Let us assume that

yr =x% —3l. (1)
First assume that x is odd. If x = 1(mod 4), then (11) implies that y? =

2(mod 4), which is impossible. If x = —1(mod 4), we may write (11) in the
form

y2+4=>x—-3)x*+3x+9),
and x2 + 3x + 9 = —1(mod 4), so that x2 4 3x + 9 has a prime divisor
p such that p = —1(mod 4). But y> = —4(mod p), and so (—74) = 1. How-
ever, (%i‘) = (——1) = —1 since p = —1(mod 4). Thus, x 5= —1(mod 4)

p
and x must be even, say x = 2x,. It then follows from (11) that y is odd. We
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may write (11) in the form

yto/ Iy — o/ om, (12)

Since —31 = 1(mod 4), we see that I_,, = {1, (1 + ./—31)/2}. Thus, since y
is odd, we have that (y 4= ./—31)/2 belongs to I_;,. Moreover, by using the
same argument as in Case 1, we can show that the two ideals

y+ /=31, y—A/=31;
2 =31 2 =31

are relatively prime. We leave the details as an exercise.
Since —31 = 1(mod 8), we see that 2 is decomposed in I_;, (Theorem
9.5.4). In fact, we proved that

2I_5; = P,P, P2={2’1+w}’
where w = (1 4+ /—31)/2. We assert that P, is not principal, for if P, =
yI_;,, then N(y) = N(P,) =2, but if y = a + bw (a, b rational integers),
then 2 = a? + ab + 8b2, which is impossible (exercise).
Writing Eq. (12) as an equation involving ideals, we see that the unique
factorization theorem implies that (note that 2} (y & ./ —31)/2)
PrA® =yl_54, (13)
where A is some ideal of I_;, and y is one of (y 4- »/—31)/2. But, since 4_j;,
=3, Corollary 3 implies that A4* is principal. Thus, by (13), P, is principal,
which contradicts what we just proved. Therefore, the Diophantine equation
3 = x3 — 31 has no solutions.

10.1 Exercises

1. Show that the Diophantine equation x? 4 xy -+ 8y* = 2 has no solu-
tions.

2. Show that the Diophantine equation y* 4+ 4 = x* has as its only solu-
tions (x, y) = (2, £-2), (5, £11) (Fermat).
3. Find all solutions of the Diophantine equation y2? 4 3 = x.

4. Let k be a square-free negative integer such that k£ = 2, 3(mod 4) and
5/ h,. Find all solutions of y% + k = x5.
5. Find all solutions of y? = x* — 1.

10.2 Proof of Fermat’s Last Theorem forn = 3

In the first half of this book, we stated Fermat’s Last Theorem, which as-
serts that for a given integer n = 3, there are no solutions of the Diophantine
equation x" + y" = z" in rational integers x, y, z with xyz 7 0. In this sec-
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tion we shall give a proof of this assertion in the special case n = 3. Our
proof will rest on the arithmetic properties of I_;, the ring of integers in

QW —3).
From Theorem 8.3.2, noting that w_; = (1 4+ ./—3)/2, we have

S IR

Let { = (—1 + A/—3)/2. Then it is easy to verify that {3 = 1. It will be
more convenient to deal with { than with w_;. Since {* =1, we see that
€ — D(E* + ¢+ 1) =0. Therefore, since { = 1, we have

+¢+1=0. 2
Equation (2) is very helpful in computations. We use the above relations
involving { to factor x* 4+ y*in I_; as

x4y = x4+ )+ )+ Py).
Now let us prove the basic fact about the arithmetic of 7_,.

Theorem 1: I_; is a unique factorization domain (UFD).

Proof: By Theorem 9.6.11, it suffices to show that A_; = 1. By using Min-
kowski’s bound (Proposition 9.6.7') we see that every class of ideals of I_q
contains an integral ideal A such that N(4) < (»/3/3)a/3 =1 (since the
discriminant of I_, is —3). That is, N(4) = 1, and so 4 = I_,, which is the
principal ideal 1-7_,. Thus, every ideal is principal and 4_; = 1. ]

A direct proof of this result, which exactly parallels the proof that I_, is
a UFD, can easily be given (exercise).

It is necessary to know the units of 7_,. We recall the following from
Theorem 8.7.5

Lemma 2: The units of I_; are precisely the numbers 41, (1 — »/—=3)/2,
+(1 4+ ~/=3)/2, that is, £1, £, +L2

The result we are going to prove is

Theorem 3: The Diophantine equation
X3 4 y3 =23
has no solutions in rational integers x, y, z, where xyz # 0.

We note that since x* 4 y* = z3 is solvable if and only if x* 4 y* +
(—2)® =0 is solvable, Theorem 3 is equivalent to the insolubility of x* +
y:4+2z2=0.

Our proof of Theorem 3 will involve a descent argument (see the discus-
sion in Chapter 6 concerning x* 4 y* = z%). However, it is necessary to use
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the factorization of x* 4- y% in I_; given above, and consequently our descent
argument will give us new solutions to our equation with x, y, z lying in I_,.
Thus we are forced to prove the more general

Theorem 4: The equation
E+r+6=0 ®
has no solutions for &, #, 8 in I_; with &y@ = 0.

Actually the statement made immediately above the statement of Theorem
4 is not quite accurate. The descent argument is based upon how divisible the
three numbers &, 7, @ are by A = 1 — {. We shall eventually wind up proving
a more general assertion than Theorem 4 (Theorem 7). The point we want to
emphasize is that we do not prove Theorem 7 because it is more general:
We are forced to prove Theorem 7 just to be able to prove Theorem 3.

Lemma 5: Let A =1—{ =3 — ./—3)/2. Then N(A) =3,sothat Aisa
prime in I_;. Moreover A|3.

Proof: 1t is trivial to compute that N(1) = A4’ = 3. Thus, also, 4|3 since
Alisin I_;. |

We recall the concept of a congruence given at the beginning of Section
9.2. We change the notation slightly. Let p belong to I_;. We say o is
congruent to B mod y if

a = B(mod yI_;),

and write & = f(mod p). That is, &« = f(mod y) if and only if y|a — 8. We
assume the properties of congruences given in Section 9.2.

Lemma 6: For any « in I_; we have o« = —1, 0, 1(mod 4).

Proof: Since N(1) = 3 and N(1I_;) = N(4), we know from Theorem 9.2.11
that any complete residue system in I_; mod A/_; contains three elements.
Thus, it suffices to show that no pair of the three numbers —1, 0, 1 are con-
gruent mod A. That is, we need to prove that A does not divide 1, 2. But this
is clear since A | a (for some rational integer a) implies that N(4)|a?,and 3} 1
and 3} 4. [ |

If A} o, then & = 4-1(mod A). Thus, &« = 41 + xA for some x in I_,.
Thus,
o = 414 3kl £ 3x24% 4+ K343
= 41 — {2K4° F {2K20% + K2A®  (since 3 = —{222).
Thus, A } o implies that
o® = +1(mod A2). (C))
Let us divide the proof of Theorem 4 into two cases,
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Case 1: Equation (3) has no solutions in integers &, #,  in I_; such that
&nb = 0 and A | &nb.

Case 2: Equation (3) has no solutions in integers &, #, 8 in I_; such that
&nd = 0 and A|&nb.

The first case turns out to be very easy. We proved the similar assertion
for &, n, 0 rational integers at the end of Section 3.2.

Proof of Case 1: Assume that &, 5, @ satisfies (3) and that A } ¢n6. Then
none of &, n, @ are divisible by A, and so by Eq. (4), we have

0=+ +60=4+1+14 I(mod A3).
If all the signs are the same, we obtain 43 = O(mod A3), or 43| 3. But N(4%)
= N(A)® =27, N(3) =9 and 27 } 9. If two of the signs are different, then

two of the terms cancel, and we obtain +1 = 0(mod A3). Thatis, A*|1. But
A is a prime, so this is also absurd. [}

Proof of Case 2: Now we assume that &, #, 0 is a solution to (3) with {nf
7 0 and A|&n0. Then, since A is a prime, A divides one of &, 1, 6. If A divides
two of &, #, 0, it must divide the third since £° + ° 4 6° = 0. But we may
assume that £, #, @ have no common factors since if y is a common factor of
&, n, 0, then &/y, n/y, 0/y is another solution to (3). Henceforth, we shall
assume that &, #, @ have no common factors. Then we see that A divides
precisely one of &, #, 8. Without loss of generality we may assume that 4|8,
AYE Ak n. Write § = A*¢ for some rational integer s > 1, where 4/ ¢.
Now we have

E+n+ A% =0, {nd=0,14¢ngd. O]

Our descent argument goes as follows. If Eq. (5) has solutions, then it
has solutions for a least value of s > 1. But given an s such that (5) has a
solution &, , ¢ we shall find another triple £, #, ¢ satisfying (5) with s replaced
by s — 1. This contradiction shows that Eq. (5) has no solutions, and thus
Theorem 4 is true.

Actually we do not quite manage to replace a given &, #, ¢ with another
triple satisfying (5). Instead, given &, 5, ¢, we may replace them with another
triple satisfying

63 4 ”3 + 613("—”¢3 — 0,
where € is some unit. This further complication forces us to prove the even
more general

Theorem 7: Let € be a unit of I_; and let s > 1 be a rational integer. Then
the equation

&+ ?]3 + 613"¢3 =0, (6)
has no solution for &, 5, ¢ in I_; with {nd = 0 and 4 } ¢éng.
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Proof: If Eq. (6) does have solutions, then let s > 1 be the least integer such
that &, n, ¢, € exist satisfying (6). Without loss of generality we may assume
that £, 7, ¢ have no common factor except units. Then, since s > 1,

63 + ’13 = 63 + ”3 + 6).3"¢3 = O(mod l)
Therefore, one of &, n is congruent to 1 and the other to —1(mod 1) (see
Lemma 6). Without loss of generality assume that £ = 1(mod 1) and # =
—1(mod A).
We assert that s > 2. Let { =1+ Ao and n = —1 + Af for &, B in
I_,. Then
53 __l_ ”3 — 3l(a + ﬁ) + 312(m2 —_ ﬁZ) _|__ l3(a3 + ﬂ3)
— (30 + B) — (AP — B+ W@+ B Gsince 3 = —{222)
= (=% + p) + o* + p*)(mod 1) )
Moreover, since { = 1(mod 1),
—@+ p)+ o + pP= (> — o) + (B° — f)(mod 2). ®
Now we note that in general we have (see Lemma 6)
y? = p(mod 4). )
It follows from (7), (8), and (9) that
& + n® = 0(mod 14).

But &3 + #® = —eA¥*¢3, so that Af¢ implies that A*|A3*. Thus, s > 2 as
desired.
Let

2, 2,
& = ¢ ‘;’ C’l’ N = ({4 ‘;C ﬂ), 0, = 4 (C;' n. (10)
Since ¢ = 1(mod ), # = —1(mod 1), { = 1(mod 1), {* = 1(mod 4), it is
easily seen that &,, #,, 6, are in I_,. Moreover, £,, n,, 0, are pairwise rela-
tively prime. For example, if #|, and z|#,, then

¢+in e+ _
A e <

{E+8m ¢+8n_
"| T =

and so #|n and z|&. Since 4 f 7 and A } £, we see that gcd(A, ) =1 (Aisa
prime). Thus, by (6), #*|eA*¢* implies that #* |3, which implies that z|¢
(since I_; is a UFD). But then z is a common factor of &, 5, ¢ whose only
common factors are units. Thus, the only common factors of &, and #, are
units. Similarly, ged(&,, 6,) = ged(ny, 0,) = 1.

We now factor &2 + . (The whole point of working in I_; is that this
may be done.) We have

&+ =&+ &+ 2+ n) = —el>¢’,
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so that
$imi0, = —€A*¢ V¢ an
Furthermore, recalling from (2) that 1 4+ { + {*> = 0, we see that
& +n+6,=0. (12)

From (11), the fact that I_,; is a UFD, and the fact that &, ,, 8, are pairwise
relatively prime, we see that there exist elements a, £, y and units €,, €,, €
such that

$i=€0° =60, 0,=¢y (13)
Since s > 2 and since £,, , and @, are pairwise relatively prime, Eq. (11)
implies that A divides precisely one of &,, 7, 6,. Therefore, A divides precisely
one of the &, f§, y, say A|y. Then (11) and (13) imply that

y=~4"'u, Afau (14
Moreover, by (11), (12), (13), and (14), we see that
o3 + €4ﬂ3 + 65}.3("“”/13 =0, (15)
where €, and €, are units of 7_;. Since s > 2,
o® + €,4° = 0(mod A%). (16)
But by (4) and the fact that 4 } &, 1} B8, we see that
+1 + €, = O(mod 1%). an

But €, = 4-1, 4§, +-{%. A simple verification shows that if (17) holds, then
€, = +1 or —1. In the former case, (15) implies that

a3 + ﬁJ + 6513("_1)[13 — 0’ (18)

while in the latter case
o’ + (—ﬂ)3 + €sA3 Vs = 0. 19)
In either case, (18) and (19) contradict the original choice of s. Thus, a con-
tradiction is established, and Theorem 7 is proved. [ ]

10.2 Exercise

1. Show that the Diophantine equation x* + y3 4 az® = 0 has no solu-
tions, where a is a prime = 2 or 5(mod 8).

10.3 Norm Form Equations

In Chapter 8 we considered the theory of quadratic Diophantine equa-
tions in two variables as an outgrowth of the theory of quadratic fields.
That entire discussion may be generalized to include other Diophantine
equations called norm form equations. To develop this theory, it is first neces-
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sary to study general algebraic number fields, which are generalizations of
the quadratic fields studied in Chapters 8 and 9. In this section, we shall give
an outline of some of the basic results concerning norm form equations and
algebraic number fields. We shall include no proofs since we intend this
section to be a point of departure for further study rather than a complete
exposition.

Let us begin by describing the object which generalizes a quadratic field.
Note that every quadratic field is of the form Q(J), where 6 = ./d and d
is a rational integer. Moreover, ¢ satisfies the equation x2 — d = 0. Let us
generalize this as follows: Let d be a complex number which satisfies an equa-
tion of the form

Px)y=x"+d,_x"'+ ... +d, =0, (0))

where d,, . . ., d,_, are rational integers. Note that if we can factor P(x) into
O(x)R(x), where Q(x) and R(x) are polynomials with rational coefficients,
then
0 = P(6) = Q(OR(9),

so that either Q(6) = 0 or R(d) = 0. Thus, by successively factoring, we may
suppose that P(x) is irreducible over the rationals; i.e., P(x) cannot be written
as a product of two polynomials with rational coefficients and positive
degrees.

Let us define the algebraic number field Q(J) to be the set of all complex
numbers of the form

a+aodo+---+a,_0"", do, . . . » 4,_, rational.

The following properties of Q(d) are not too hard to check:

Lemma 1:
(i) Let o belong to Q(d). Then & can be written in the form
o = a+ad+ - +a,_0"", ay, . . ., a,_, rational,
where a,, ..., a,_, are uniquely determined by a.
(ii) Leta, B belong to Q(d). Then o + B, af, &/B (B += 0) all belong to
Q(%).

Let us now generalize the notion of the norm. To do this, we require the
following result about the complex numbers:

The Fundamental Theorem of Algebra: Let f(x) be a nonconstant poly-
nomial with complex coefficients. Then f(x) can be written in the form
f(x) = ay(x — &) - -+ (x — a,), where a,, &, . . . , &, are complex numbers.

From the above result, we see that
P(x) = (x — 0V)x — %) - -+ (x — ™).
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Since P(6) = 0, it is clear that § = ¥ for some i (1 < i < n). Suppose that
6 =6V, Then, if &« =a, + a,0 + --- + a,_,6"! belongs to Q(J), set
a® = a, + al(;(i) + o+ a,,_l(5“’)""l. (2)

Then o'V = &, &?, ..., a™ are called the conjugates of o. Let us define the
norm of &, denoted N(x), by

N(@) = a't - a™. A3)

The following properties of the norm may be proved:

Lemma 2: Let «, # be in Q(5). Then
(i) N(a)is a rational number.
G) f «a=ay+ a6+ --- + a, 6 with all g, rational integers,
then N(e) is a rational integer.
(iii) N(x) =0 if and only if & = 0.
(iv) N(@p) = N(@)N(B).
Now let us turn to the generalization of the notion of a module. Let us
say that a,, . . ., «,, are linearly independent if and only if whenever
a0 + a0, + -+ + a0, =0,
for rational numbers a,, a,, . . ., a,, we have
al =az= e :a,,,:O.
Ifa,...,a, are not linearly independent, then we say that &, . .., &, are
linearly dependent. Call a4, . . ., o, a basis of Q(J) if and only if every « in
Q(0) can be written uniquely in the form
o= a0, + at,, + e + Q.00

where a,, . . ., a,, are rational numbers. It is easily shown that «,, . . ., a,in
Q(9) form a basis of Q(9) if and only if m =n and «,, ..., ®, are linearly
independent. (This is just elementary linear algebra.) For example, 1,4, ...,
0"~1 is a basis of Q(J).

A module in Q(J) is a subset M of Q() consisting of all numbers of the
form

o = X;00; + X0y + -+ Xp0ns (4)

where x,, x,, ..., x, range through all rational integers and a,, ,,...,a,
is a fixed basis of Q(d). In the above circumstances, we write

M= {“l,az,..., ”}o
It is easily seen that the conjugates oV, . .., a™ of & in (4) are given by

a® = x,a? + x,0f + -+ + x,00 (1<i<n).
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Thus, for all & in M,
N(@) = (08" + -+ + x,00) 0 + -+ + x,02)- -
(e + -+ x0)

is a rational number. N() is also a polynomial in x,, ..., x, of degree n.
Set.

fGys vy %) = N(@).
Since for arbitrary rational integer values of x,, ..., x,, f(x,,...,x,)isa
rational number, we can see that f(x,,...,x,) must have rational coeffi-
cients. We call f(x,...,x,) a norm form. If n =2, f(x,, x,) is simply
a binary quadratic form.

Example 3: Let § =.¥2, which satisfies the polynomial x3 — 2 =0.
Consider
M ={l, 9, ¢}
Then M is a module of Q(6). We shall consider the norm form
SGe1s X2, X3) = N(x; + %20 + x36%).
We first determine the conjugates of d. Set

c=_1+«/“_3.

Then {* = 1. Thus,
0° =2, ((6)) =2, and ({29)® =2.
Since d, {0, {20 are easily seen to be different, we must have
x3 —2 =(x— d)(x — {o)(x — {29).
We may set 'V = d, 6 = {d, 0¥ = {?J. Thus,
f(xl’ X2, X3)
= (x; + %20 + x300)(x; + x,00 + x3820%)(x, + x,£20 + x3{6?).

Using the relations { + {2 = —1 and {* =1 and § = .72 we can easily
show that

f(xy5 Xa, X3) = X3 + 2x3 + 4x] — 6x,x,x;.

Assume that we are given a norm form f(x;,...,x,) obtained
from a module M in a field Q(5). Let m be a rational number. We say
that f(x,, ..., x,) represents m if and only if there exist rational integers
X5 .. .5 X, such that

f(xn*-"xn =m, (5)
that is, provided the Diophantine equation (5) can be solved. We may ask
the same questions here that we asked concerning binary quadratic forms in
Section 8.4. Namely, (i) give a procedure for solving (5) or (ii) determine all
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m such that (5) is solvable. Problem (i) may be solved by imitating the
methods of Section 8.8, which sufficed to solve problem (i) in the case n = 2.
Problem (ii) has not been solved in general, and there are many open prob-
lems concerning it.

We shall now outline some of the results concerning problem (i). We let

0 ={yin Q@) |yM = M}.
Then 0O is called the ring of coefficients of M. Just as in the case n = 2 we have

Lemma 4:

(i) For any numbers y,, 9, in O, y, 4 y, and p,y, belong to ©.
(ii) O is a module in Q(J).
(iii) There is a unique coefficient ring 7, in Q(d) such that © < I; for
every coefficient ring 0.

The coefficient ring I; is called the ring of integers of Q(6). It is charac-
terized as the set of all y in Q(0) satisfying a polynomial equation of the form

VG s+ 6 =0,

where c,_;, ..., Cc, are rational integers. (See the quadratic case.)

We call € in O a unit if and only if there is an €, in O such that €€, = 1.
It can be shown that € is a unit if and only if N(¢) = 4-1. Suppose that
N(e) =1 and that € is in 0. Let x, . . . , x, satisfy (5); that is, for & given in
(4), we have N(&) = m. Then

N(ex) = N(e)N(e) = N(&w) = m,

so that ex = y,a, + --- + y,, gives a new solution to (5) with x;, =y,,
«e.s X, =, Also, it may be shown that all these solutions are different.
We call two solutions (x,,...,x,) and (y,,...,¥,) associates if and only
if they correspond to & = x,, + --- + x,a, and B =y,0;, + -+ + y.&,
respectively, with & = €f for some unit € of ©. Then it can be shown that

Theorem 5: There are only a finite number of nonassociate solutions of

S, X,) =m. ©®

For completeness we shall describe the units of ©. Once this is done then
the solution of problem (i) is given by first finding the units of © and then
finding the finite number of nonassociate solutions of (6).

Let us number 6 = 6V, 6®, ..., 0™ in such a way that §V,...,d?
are real numbers (s > 0) and d“*?, ..., §™ are complex numbers but not
real numbers. Since ¢ satisfies (1) with rational integers d,, ..., d,, it is
easy to see that for any root 6% of P(x), 6% is a root of P(x) (6P denotes
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the complex conjugate of §*°). Thus, there is an even number of the complex
numbers 0“*1, ..., 0™; say there are 2¢ of them. Set r =s + ¢ — 1.

Lemma 6: There are numbers {, €,, . . ., €, in O such that {¥* = 1 for some
integer k > 0 (we may suppose that k > 0 is least) and such that for every
unit € in O there exist unique integers ¢, n,, .. ., n, such that 0 << ¢ < k and

€= Lleneen e e, )

Example 7: If we specialize to the case n = 2, § = ./ d, then there are two
cases (see Theorem 8.7.10 and 8.7.5):

(i) d>0. Here s =2, t =0, and so r = 1. Also { = —1. Thus, any
unit € has the form € = 4 €7.

(i) d<0.Heres =0,¢ =1,and sor = 0. We showed before that there
is one case (d = —3) where { = (—1 + ./—3)/2 and one case (d = —1)
where { = ./—1; in all other cases { = —1.

Example 8: Let us continue Example 3, where 6 = .72 . The conjugates
of & are 6,(d, {26. Now {6 = {26, and {6 and {26 are complex. Thus,
t=s=1landr=s5s+41t—1=1. Also { = —1, since J is real. Thus, just
as in the real quadratic case, the units of any coefficient ring O are all of the
form € = +€7 for some fundamental unit €,.

It is an easy matter to determine which units € in (7) have N(e) = +1
by taking into account the values of N({), N(e,), . . . , N(€,). Thus, we may
conclude that

Theorem 9: Let f(x,,...,x,) = N(x,&;, + --- + x,a,) be given as above.
Let M ={a,,...,a,} and O be its associated ring of coefficients. Let m be
a given rational integer. Let y,, ..., y, be a complete set of nonassociate
numbers in M such that N(p)) = m. Then for rational integers x,, ..., x,,
we have
fxy.ooosx)=m

if and only if

X400y + + 0+ X0, = €Y,
for some i, 1 < i< u, and some unit € as given in (7) with N(e) = 1.

Corollary 10: Assume that » > 2 or n = 2 and that ¢ is real. Then if

[y, x)=m

has a solution, it has an infinite number of solutions.

Now let us remark on the equivalence classes of modules. If M,, M, are
modules in Q(J), we say that M, is similar to M, if and only if there is a y
in Q(9) such that yM, = M,.
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Theorem 11: Let O be a coefficient ring of Q(6). Then there are only a finite
number of nonsimilar modules whose coefficient ring is ©O.

The number 4 of nonsimilar modules whose coefficient ring is 0 is called
the class number of 0. If © = I, then A is called the class number of Q(é).

The study of Q(J) and the arithmetic of its integers may be pushed much
further than we have suggested above. The resulting subject is called algebraic
number theory. We have given some motivation for studying it, and we hope
that many of you will. Some suggested readings are The Theory of Algebraic
Numbers by H. Pollard (Wiley & Sons, New York, 1950), Number Theory
by Z. 1. Borevich and I. R. Shafarevich (Academic Press, New York, 1965)
and Algebraic Number Theory by S. Lang (Addison-Wesley, Reading, Mass.,
1971).



11

The Representation
of Integers by Binary
Quadratic Forms

11.1 Equivalence of Forms

Let us now turn to the second problem about binary quadratic forms
which was stated in Section 8.4.

Definition 1: Let f(x, y) = ax? 4 bxy + cy? be a binary quadratic form
and let m be given. If the Diophantine equation f(x, y) = m is solvable (in
rational integers x, y), then we say that f(x, y) represents m.

We may phrase the problem we shall consider in this chapter as follows:
Problem: Determine all numbers which f(x, y) represents.

Often, we can solve this problem by clever observation and known results.
For example, let f(x, y) = 2x% — 10xy 4 13y2. At first, it seems very diffi-
cult to determine which integers f(x, y) represents. However, note that

fGx,y) =& —2p)* + (—x + 3y): = X2 + Y2,
where
X=x—2, Y=—x+3y. ()]

Thus, we see that for any rational integers x and y, f(x, y) is a sum of two
squares, X2 and Y2. Moreover, if Xand Y are any two given rational integers,
then we can find x and y such that f(x, y) = X2 + Y2, since from Eq. (1) we
may set y = X + Y, x = 3X + 27. Thus, f(x, y) represents the same integers

307
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as the form g(X, Y) = X2 4 Y2. And the integers represented by this form
are described in Theorem 6.4.5. Thus, we have solved our problem for the
form f(x,y) =2x* — 10xy + 13y2.

Let us consider further the phenomenon exhibited in the above example.
There are two facts which explain the example: (i) The form f(x, y) was
obtained from the form g(X, ¥) = X2 + Y2 by making the linear substitu-
tion (1). (ii) The linear substitution (1) has the following property: As x, y
run over all rational integers, so do X, Y.

Let us consider linear substitutions of the form

X=rx+sy, Y =1tx+ uy, (¥)]
where r, s, t, u are given rational integers. By solving Egs. (2) for x, y, it is
easy to see that fact (ii) holds for Eq. (2) if and only if r# — st = 4-1. A sub-
stitution with this property is called a unimodular substitution. For various
technical reasons, we shall restrict ourselves to those unimodular substitu-
tions whose determinant r¥ — st = -+1. Henceforth, the term unimodular
substitution will be used only to refer to substitutions (2) for which ru — st
= +1.

We may now generalize our above example. Suppose that f(x, y) and
g(x, y) are binary quadratic forms and suppose that there exists a unimodu-
lar substitution of the form (2) such that

fCx, y) = glrx + sy, tx + uy). &)
Then it is clear that the numbers represented by fare the same as the numbers
represented by g. Equation (3) is useful in transforming the problem of
representation of numbers by f into the corresponding problem for g. This
is useful if we know something about g, as we did in the above example,
where g(x, y) = x* + y2. This idea will be the principal theme in this section.
Equation (3) suggests the following definition:

Definition 2: Let fand g be binary quadratic forms. We say that fis equiva-
lent* to g, denoted f = g, provided that there exists a unimodular substitu-
tion

X =rx-+sy, Y=1itx+uy
such that

S, y) = glrx + sy, tx + wy).

From the above discussion, we have the following result:

Proposition 3: Let fand g be equivalent binary quadratic forms. Then fand
g represent the same numbers.

*Note thatsome authors define equivalence of forms to mean that Eq. (3) holds for
r, s, t, u satisfying ru — st = +1. In such circumstances, our notion of equivalence is
called strict equivalence or proper equivalence. ‘
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Assume that f and g are equivalent with respect to the unimodular sub-
stitution X = rx + sy, Y = tx + uy (as in Eq. (3)). Suppose that g(x, y) =
ax? + bxy + cy?, f(x,y) = Ax* 4+ Bxy + Cy?. Then, a simple computa-
tion shows that

A=g(r1t)
C =g(s,u) Q)
B = 2ars + b(ru + st) + 2ctu.
Moreover, a further calculation shows that
B? — 44C = (ru — st)*(b* — 4ac)
= b? — 4ac

since ru — st = 1. Thus, we have proved

Proposition 4: Let fand g be equivalent binary quadratic forms. Then f and
g have the same discriminant.

The notion of equivalence of forms will be basic to everything that follows
in this chapter. Therefore, let us state and prove a few more elementary prop-
erties of equivalence.

Proposition 5: Equivalence of forms is an equivalence relation.
Proof:
(i) Reflexivity. f = f with respect to the substitution X = 1.x 4 0.y,
Y=0-x41.y.
(ii) Symmetry. Suppose that f(x,y) =g(rx -+ sy, tx + uy), where
r, s, t, u are rational integers such that ru — st = 1. Then
g(x,y) = g(r(ux — sy) + s(—1x + ry), t(ux — sy) + u(—1x +ry))
= f(ux — sy, —tx + ry).
Thus, g = f.
(iii) Transitivity. Suppose that f(x, y) = g(rx + sy, tx + wy), g(x, y) =
h(r'x + s'y, t'x + u’y). Then
f(x,y) = h(Rx + Sy, Tx + Uy),
where R=r'r+s5't,S=r's+s'u, T=t'r+ u't, U=1t's + v'u.
Moreover,
RU —TS = (ru — ts)(r'v’' — t's") = 1.
Thus, f = h. |
Definition 6: Let f'be a binary quadratic form. Denote by { /} the equivalence

class of f with respect to =. Then {f} is called the class of forms determined
by f. Thus, { f}is the set of all forms equivalent to fand consists of all the forms
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f(@rx + sy, tx 4+ uy), where r, s, t, u are rational integers such that ru — st
= 1. By Proposition 3, the numbers represented by all forms in a class are
the same. Let us call these the numbers represented by the class. Also, by
Proposition 4, all forms in a class have the same discriminant, which we call
the discriminant of the class.

If we are interested only in the problem of representation of numbers by
forms, we may study the problem only for one form selected from each class
of forms. Is this any simpler than our original problem? Indeed it is, by
virtue of the following amazing and deep theorem of Gauss.

Theorem 7 (Gauss): The number of classes of forms having a given discri-
minant is finite.

According to Gauss’ theorem, we may list the classes of forms of dis
criminant D in a finite list, say {f},..., {f;}. In terms of quadratic Diophan-
tine equations, this means that in order to determine the representability of
a number by forms of discriminant D, it suffices to study its representability
by f1s - . - 5 f;. Thus, our original problem, although not completely settled,
is reduced to a finite series of questions. To give the reader some idea how
this can help, consider the following example. The form x2? + y* has dis-
criminant D = —4. We shall prove that there is only one class of forms of
discriminant D = —4. Thus, the form 2x? — 10xy -+ 13y2, which has dis-
criminant D =100 — 4:2.13 = —4, is equivalent to x? + y2, and the
rational integers represented by 2x2 — 10xy 4 13y? are given by the two-
square theorem. Note that we did this example once before. But with the aid
of some information about the classes, we are able to establish the equiva-
lence of 2x? — 10xy + 13y* with x? 4 y* without exhibiting the linear sub-
stitution which effects the equivalence. Thus, we can replace some of the
accident and luck present in our preceding analysis with what seems to be
the initial step of a general method. This is precisely Gauss’ plan.

But Gauss’ method is even more powerful than the above might suggest.
Let us illustrate its power by giving yet another proof of the two-square
theorem (Theorem 6.4.5). The essential part of the two-square theorem is
the statement which asserts that if p is a prime and p = 1(mod 4), then

x*+y*=p
is solvable in integers x, y. Let us prove this statement using the fact that
every form of discriminant —4 is equivalent to x2 4 y2. If p is a prime such

that p = 1(mod 4), Theorem 3.3.5 implies that there exists a rational integer
u such that

u? = —1(mod p).
Set b = 2u. Then
b* = —4(mod 4p),
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and thus b? = —4 + 4pc for some c. Set

g(x, y) = px* + bxy + cy.
Then the discriminant of g is b> — 4pc = —4, and thus g(x, y) is equivalent
to x2 4 y2, so that x2 4 y? represents the same rational integers as g(x, y).
In particular, since g(1,0) = p, x2 + y? represents p, which is what we
desired to prove.

Let f(x,y) = ax* + bxy + cy* be a binary quadratic form, a, b, ¢
rational numbers. It is an easy exercise to show that there is a unique positive
rational number e such that if a = ea,, b = eb,, ¢ = ec,, then a,, b,, ¢, are
rational integers with no common factor > 1. Then f(x,y) = efi(x, ),
where f,(x, ¥) = a,x*> + b,xy + c,y*. Thus, we see that m is represented by
f(x, ) if and only if m, = m/e is represented by f;(x, y). Thus, insofar as
determining which numbers are represented by a form are concerned, we may
always restrict ourselves to forms with rational integer coefficients having no
common factor greater than 1. Such forms are called primitive forms. For
example, f(x,y) = 2x% + 3xy 4+ y? is primitive, but f(x, y) = 2x* 4 6xy
+ 8y2 is not primitive. The connection between arbitrary binary quadratic
forms and primitive forms is summarized in the following lemma:

Lemma 8: Let f(x, y) = ax? + bxy + cy? be a binary quadratic form, a,
b, c rational numbers. Then f(x, y) can be uniquely written in the form

f(x’ y) = efl(xa y)s

where e is a positive rational number and f,(x, y) is a primitive form.

We shall see that it is more convenient to work with primitive forms.
Note that if one form in a class is primitive, then all are primitive. Thus, we
may speak of primitive classes. We may state Gauss’ theorem equivalently in
the following form:

Theorem 7': There are only finitely many classes of primitive forms of dis-
criminant D.

We leave it as an exercise for the reader to prove that Theorem 7’ implies
Theorem 7. We shall prove Theorem 7’ in Section 3. One distinction which
will be important in our proof of Gauss’ theorem is given in the following
definition:

Definition 9: Let f(x, y) = ax* + bxy + cy* be a binary quadratic form
of discriminant D. If D > 0, we say that fis indefinite. If D < 0, we say that
f(x, y) is positive-definite if a > 0 and negative-definite if a < 0.

It is clear that if f(x, y) is negative-definite, then — f(x, ) is positive-
definite and conversely. Moreover, f(x,y) represents m if and only if
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— f(x, y) represents —m. Therefore, insofar as our problem of represent-
ability goes, we may safely ignore the negative-definite forms. This will be
convenient in what follows.

The reason for the terminology above is as follows:

Proposition 10: Let f(x, y) be a binary quadratic form of discriminant D.
(i) fis positive-definite if and only if f(x, y) > 0 for all x, y.
(ii) If fis indefinite, then f(x, y) assumes both positive and negative
values.

Proof: Exercise. [ ]

11.1 Exercises

1. Determine whether f =~ g if
@) f=2x%4 3xy + 3y%, g =x% 4 y
() f=2x*+ 3y% g = x> + 62
(© f=x+82g=2x2 + dy2.
d f=x%+xy+ 5y% g =x%+ 5xy + 11y2.
(Hint: Before beginning a search for a unimodular substitution, check
discriminants and the integers obviously represented by each form.)

2. (a) Show that the two forms f = x2 4 2y2, g = 17x% 4 20xy + 6y?
are equivalent.
(b) Note that f(1, 3) = 19. Find rational integers x, y such that g(x, y)
=19.

3. (a) Make a table of all integers << 100 represented by f = x2 - 2y3.

(b) Can you make a conjecture concerning the integers so represented ?
(Hint: Factor the numbers represented and look at the statement of
the two-square theorem.)

(c) By imitating the proof of the two-square theorem, prove your
conjecture.

Describe {f} for f = x? + 5y2.

Prove that equivalent forms have the same discriminant.

Prove Proposition 10.

Prove that Theorem 7’ implies Theorem 7.

Let f = x2 + 6y2.

(@) Does frepresent 415?

(b) .Does frepresent 31?

9. Verify directly that {x2 4 2y2} = {17x% +- 20xy + 6y2} (see Exercise

2(a)).

® NS0
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Exercises 10-13 will outline a proof of Gauss’ theorem (Theorem 7’) in
the case where the discriminant D is negative. The method outlined is called
reduction theory and can also be developed for positive D, although the
results are much more complicated. The reduction theory for binary quad-
ratic forms was discovered by Gauss. Let us write (a, b, ¢) instead of ax?
+ bxy + cy2.

10. Let a, b, c be rational integers.

(a) Show that if (a, b, ¢) is positive-definite, then a > 0 and ¢ > 0.

(b) Show that (a, b, ¢) = (¢, —b, a).

(c) Show that (g, b, ¢) is equivalent to some form (g, b’, ¢’), where
|6'| < a. (Apply a substitution of the form X =x + ky, Y =y.)

(d) Let (a, b, ¢) be positive-definite. Show that by alternately using
equivalences (b) and (c), we can find a form (@', &', ¢) equivalent
to (a, b, ¢) such that either (i) ¢ >a and —a < b < a or (ii)
¢ =aand 0 < b < a. A form satisfying one of the conditions (i)
or (ii) is called a reduced form. (e) Show that every positive-definite
form is equivalent to one and only one reduced form.

11. Use operations (b) and (c) of Exercise 10 to find the reduced form

associated to the following positive-definite quadratic forms:

@ 2,38. @® (1,0,3). (© (2417

12. Let (a, b, ) be a positive-definite reduced form of discriminant D.

(a) Show that 3ac <|D|.

(b) Show by using part (a) that the number 4, of classes of primitive
forms of discriminant D is finite.

(c) Show that |b| < 4/| D]/3.

(d) Show that one may enumerate all positive-definite reduced forms
of discriminant D by considering for each b, such that |b| < /| D|/3,
the pairs of positive integers (a, c) such that ac = (D + b?)/4.
Then determine those forms (a, b, ¢) which are reduced.

13. Use the results of Exercise 12 to compute a complete set of reduced
forms of discriminant D for D = —3, —4, —7, —8, —11, —12, —15,
—16, —19, —20. In each case, compute the number of classes of posi-
tive-definite forms of discriminant D.

11.2 Strict Similarity of Modules

We plan to discuss our problem of the representation of integers by a
binary form by translating the problem into an equivalent problem about
modules. In the next section, we shall describe the means for translating the
problem from forms to modules and back to forms. There, we shall construct
a one-to-one correspondence between certain classes of forms and certain
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classes of modules. This correspondence will allow us to effect the transla-
tion. However, the correct classes to use in this correspondence are, unfor-
tunately, not the similarity classes introduced in Section 9.6. We need a new
notion of class, that of strict similarity class. This section is devoted to dis-
cussing this concept.

Definition 1: Let M, and M, be modules of Q(./ d). We say that M, and
M, are strictly similar* if there exists a nonzero y in Q(./ d) such that
N(y) > 0and M, =yM,. If M, and M, are strictly similar, we write M, =~
M,.

Clearly, if M, =~ M,, then M, ~ M,. But the converse is not necessarily
true. There are modules which are similar but not strictly similar. (See
the proof of Theorem 3 for an example.) Just as was the case with
similarity, the notion of strict similarity can be used to divide all modules
into strict similarity classes. If M is any module, then {M} will denote the
strict similarity class containing M and equals the collection of all modules
strictly similar to M. As was the case with similarity classes, every module
belongs to one and only one strict similarity class. Moreover, since strictly
similar modules are similar, all modules belonging to a single strict similarity
class have the same ring of coefficients.

Definition 2: Let O be a ring of coefficients of Q(./ d). The number of strict
similarity classes of modules belonging to O is called the strict class number
of 0 and is denoted A{.

We do not have to give a long complicated proof that the strict class
number of O is finite, since it is simple to compute 43 in terms of A, the class
number of 0.

Theorem 3: Let © = {1, fw,} be a ring of coefficients of Q(./ d). Then the
strict class number of O is given as follows:

ho ifd <0,

h$ = dhe ifd> 0and N(e,) = —1,

2he  ifd > 0and N(eg) =1,
where €, = the fundamental unit of ©.
Proof:

Casel: d<0.Lety =r + si/d be an element of Q(,/ d), wherer, s

are rational. Then N(y) = r* — s* d > 0 since d < 0. Therefore, all nonzero

elements of Q(./"d) have positive norm, so there is no difference between
similarity and strict similarity of modules. Thus, A = h,.

*Some authors use similar in the narrow sense.
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Case 2: d > 0. Suppose that N(e,) = —1. If M, and M, are modules
belonging to © and if M, and M, are similar, there exists yin Q(./d), y # 0,
such that M, = pM,. If N(y) > 0, M, and M, are strictly similar. If N(y) <0,
then N(e,y) = N(e,)N(p) > Osince N(e,) = —1. Moreover, since € ¢ is a unit
of 0, we have e, M, = M,, so that

(€)M, = y(€,M,) = yM, = M,.

Thus, M, and M, are also strictly similar, and so ¢ = h,.

Next, suppose that N(e,) = +1. First note that M ~ M, implies that
M ~ M, and so {M} < [M]. Let &, be any element of Q(./ d) of negative
norm (e.g., &, = 1/ d). Then we shall show that for each module M belong-
ing to O the similarity class, [M], breaks up into precisely two strict similarity
classes: [M] = {M} U {a,M} with {M} 7= {a,M}. It then follows immediately
that h§ = 2h,. It is obvious that {M} U {a,M} < [M], since any module in
{M} (respeetively, {o,M}) is strictly similar to M (respectively, a,M) and is
thus similar to M. Conversely, let M, belong to [M]. Then M, ~ M, and so
there is a y 7= 0 in Q(./d) such that M, = yM. If N(y) > 0, then M, isin
{M}. If N(y) < 0, then N(3'y) = N(®o)"'N(y) > 0 and M, = (az')(@o M),
so that M, isin {a,M}. Thus, [M] = {M} U {&,M}, and hence [M] = {M} U
{eoM}. Finally, we see that {M} == {a M}, for if {M} = {a,M}, then there
exists a y in Q(y/d) such that N(y) > 0 and M = p(a,M). From this last
equality, we have aoyM = M and (&,p) M = M. Therefore, both a,p and
(o)~ ! belong to O, so that a,p is a unit of 0. Also N(&,p) = N(et,)N(p) < 0.
But by Theorem 8.7.10 all the units of O are of the form + €% and so have
positive norm. This contradiction establishes the result. [ |

Recall that when we change bases in a module M = {a, 8}, the new
basis a,, 8, is given by a substitution: & = ra; + s8,, § = to, + uf,, where
ru — st = 4-1. Conversely, every such substitution gives rise to a new basis
of M via the above formula. On the other hand, in defining equivalence of
forms, we restricted such substitutions to having the determinant ru — st =
+1. Since we wish to set up a one-to-one correspondence between strict
similarity classes of modules and equivalence classes of forms, we must
somehow avoid shifting from one basis to another when the determinant of
the transformation is —1. This can be done by an easy clever subterfuge.
Let us agree to always arrange the basis elements o, f# of M in a particular
order, so that it is impossible to get from one such ordered basis to another
by a unimodular substitution of determinant —1.

Definition 4: Let M = {a, B} be a module. We say that a, § is an ordered
basis provided that the determinant
o o

B F

5=

satisfies d/n/ d > 0.
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If d> 0, a, B are real, and so our definition certainly makes sense. If
d <0, §/n/ d is a real number, because &’ = &, B’ = f, the complex con-
jugates of a, B respectively, so that

d=af —ap=ap —af = —6.

Thus, ¢ is purely imaginary, and 8/./ d = 6/./—1./]d] is real.

Note that if &, f is not an ordered basis of M, then f§, & is an ordered
basis. Therefore, every module has an ordered basis.

If M has ring of coefficients 0, we have N(M) = | A, /A, |/?; moreover,

{de if d = 1(mod 4),
° " laf2d  ifd =2, 3(mod 4),
and 02 = A,,. Thus, we have

i|_‘5_| if d = 1(mod 4)
N = £/ d
2%|%| if d = 2, 3(mod 4).
Hence we see that a, § is an ordered basis of M if and only if
__0 _of—ap
NOD = T8, = A, O

The most important property of ordered bases is given by the following:

Proposition 5: Let a, § and a,, #, be two ordered bases for the module M.
Then there exists a unimodular substitution

X=rx+1ty
Y=sx+uy
such that ru — st = +1 and
o, =ro ¢
y =ra+tf @
B = sa + up.

Conversely, if a, § is any ordered basis of M and if ru — st = +1, then
o, B, defined by (2) is an ordered basis for M.

Proof: We already know that there exists a unimodular substitution such
that (2) holds. Note that

oy 0 ro+tf ro’ +tp
B B sa+uf so’ + uf’
= (ru — st)(@p’ — Ba’) = (ru — st)d.

61=

Therefore,
5 1 5 .
/\/—— == (’ U — St)_/—!
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Since a, f and a,, f, are both ordered bases, ,/./d and 8/./d are both
positive, so that ru — st = +1. We leave the second statement as an exercise.

|
Proposition 6: Let M = {a, §} be a module with &, § an ordered basis, and
let y in Q(./d) satisfy N(y) > 0. Then ya, pf is an ordered basis of pM.
Proof: Indeed, if
v (yay
B @By

0, = (' )ap’ — ') = N(y)ap' — o),
so that 8,// d = N(p)(d/~/ d) > 0, since a, f is an ordered basis of M and
N(p) > 0. Thus, ya, pf is an ordered basis for yM. |

1=

then

11.2 Exercises

1. Show that 1, fw, is an ordered basis of the coefficient ring 0, =
{l: f wd}'

2. Determine ordered bases for the following modules:
@ M={Q2+.3,1—-./3]}
b M={1-—./-53+./-5}

3. Leta, B be an ordered basis of the module M. Let r, s, ¢, u be rational
integers such that ru — st = 1. Show that o, = ret + 28, B, = s + uf
is an ordered basis of M.

4. Let f(x,y) be a binary quadratic form of nonsquare discriminant A.
Show that A = f2A,, where f is a rational integer and A, is the dis-
criminant of the integers in some quadratic field. Show that £ and A,
are unique.

Show that strict similarity of modules is an equivalence relation.

Let {a, B} be a module such that the basis a, § is not ordered. Show
that the basis o, #;, of (2) with ru — st = —1 is ordered.

7. Determine the strict class number of 1,, I,, Iy, I,,, and I, ;. Determine
the strict class numbers of the coefficient rings O, contained in Q(+/2)
for £ =2,3,4,5,6,7.

8. (a) Give an example of two modules which are similar but not strictly

.similar.
(b) In your example in part (a), show how the classes are broken up
into strict classes.

9. Give an example of a module M such that [M] = [M].



318 Chag. 11 The Representation of Integers by Binary Quadratic Forms

10. Determine whether the following modules are strictly similar:

(@ {L/3}%{24/3}
® W3I+1L3-3}L{4+2/3,2V/3%
(C) {5"\/_3_}9{8+3'\/_3_’5_2'\/_3_}'

11. Here is an algorithm for determining whether two modules M, and M,
are similar in a finite number of steps. Verify that it works and that all
steps can be carried out in a finite number of steps.

(a) Determine O, and O,,. If 0, % O,,, then M, and M, are not
similar.

(b) Assume that 9,,, = 0,,, = 0. By replacing M, by a module similar
to M,, we may assume that M, < M,.

(¢) Letn = (M,: M,). Show that n belongs to 0. Show that if yM, =
M,, then | N(p)| =n and y is in O.

(d) Lety,,...,7, bea complete set of nonassociated elements of ©
such that N(y) =n (1 < i <r). Then M, is similar to M, if and
only if M, is one of y,M,, y,M,, ..., y.M,.

12. Use the algorithm of Exercise 11 to determine whether {2 — 3,/75,
5—84/5}and {3,4 + /5} are similar.

13. Modify the algorithm of Exercise 11 to determine when two modules
M, and M, are strictly similar.

11.3 The Correspondence Between Modules and Forms

In this section, we shall set up our correspondence between strict similarity
classes of modules and equivalence classes of forms. Throughout this section,
all forms will be assumed to be primitive with discriminant not equal to a perfect
square.

Let us begin with a module M = {a, f} of Q(./ d), where the basis a, §
is ordered. To this module, let us associate the class of forms Cy; = {f, 5},
where

1
Jo, 6(x,¥) = N_(AT)N(“x + By).
Lemma 1: C,, depends only on M and not on the particular ordered basis
of M.

Proof: 1If a,, B, is another ordered basis of M, then there exist rational
integers r, s, t, u such that o; = rot 4 s8, B, = to. -+ uf, ru — st = 1. But
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Fuun(607) = ﬁmzv(a,x + By

= w5 V@ + 1)+ Blox + w) W
= fos(rx + ty, sx + uy).
Since ru — st = 1, we see that f,, 5, = f, 5, so that {f, 5} = {f.. 5} [ |

Theorem 2: Let a, B be a basis of Q(./ d), M = {a, f}. Then the binary
quadratic form

fus%:3) = 3p M)N(ocx + By

has rational integral coefficients. Moreover, f, 4(x, y) is primitive, and the dis-
criminant of f, , equals the discriminant of 0,,, the coefficient ring of M.

Proof: Lety = —f/a. Then y satisfies a quadratic equation with rational
coefficients. Therefore, y satisfies an equation of the form ay? + by 4 ¢ =0,
where a, b, c are rational integers, having no common factor greater than 1,
a > 0. Now

Jo, 6(x, ¥) = N(M)N(“x + By) = ]{,\g‘})]v(x + % )

= Jfr\g;))N(x — )= szﬁ;a(axz + bxy + ¢y?),

since Tr(y) = —b/a, N(y) = c/a. By Corollary 9.3.10, the module {1, —y} =
{1, p} has norm 1/a, so that

NQM) = N1, 7D = | NG | N1, 7)) = 120

Thus, f, s(x, ) = +(ax? + bxy 4 cy?). In particular f, , has integer coef-
ficients and is primitive. By Lemma 8.6.13, the coefficient ring 0,, is equal
to {1, ay}, so that the discriminant of ©,, equals

1
ay ay

2

= ¥y’ —yp

= a((y + 790 — 4
= aX(Tr(y)* — 4N ()

b
— az(_a_z _ a)
= b% — 4ac
= the discriminant of £, ,. [ |
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Corollary 3: Let M be a module. Then C,, is a primitive class of forms of
discriminant A,,,.

The following result summarizes some important facts about discrimi-
nants of forms and coefficient rings:

Proposition 4:
(i) Let o ={1, fw,}. Then A, = f2A,, where A, = the discriminant
of I,; thatis, A, = dif d = 1(mod 4), and A, = 4d if d = 2, 3(mod
4).
(i) O is uniquely determined by its discriminant.
(iii) Let D be the discriminant of a binary quadratic form. Then D is
the discriminant of a unique coefficient ring, denoted* 0,,.
Proof:
(i) Exercise.
(i) If A, is given, then £ and d may be computed from A, since d is
square-free. Thus, from Ao, we may reconstruct 0 = {1, fa,}.
(iii) Let f = ax? + bxy + cy? have discriminant D. Since D = b? —
4ac = b*(mod 4), we see that D = 0 or 1(mod 4). Write D = f1d,
where d is not divisible by a perfect square > 1. If D is odd, so
are £, and d. Since f3 is then = 1(mod 4), d is = 1(mod 4),
and we may set 9, = {1, £,w,}. If D is even, it is divisible by 4.
And since d is square-free, we see that d =2 or 3(mod 4) and
£1 =2KL. In this case, we may set 0, = {1, f,}. [ ]

Let us fix a discriminant D of a binary quadratic form and let ©,, be the
coefficient ring having the same discriminant. By Proposition 4 and Corollary
3, we see that if C,, is a class of forms of discriminant D, then M belongs to
0,. Moreover, we have

Proposition 5: If M ~ M, then C,; = Cy,,.

Proof: Suppose that M, = yM with N(y) > 0, M = {a, B}, @, § an ordered
basis for M. Then ya, B is an ordered basis for M, (Proposition 2.6). There-
fore,

CMI = {fra-rﬂ}’

where
Fyeni6,3) = gy NGO + BY)

Ny 1
W}%N(M)N(“x + ﬂy) fa ﬂ(x,y)

*Note that this notation is at variance with the notation 0 ¢ introduced in Chapter 8.
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since N(y) > 0. Thus,
CMl ={f¢,ﬁ}= CM‘ .

By Proposition 5 and our above discussion, let us set up the following
correspondence between strict similarity classes of modules and classes of
forms: Let D be the discriminant of a binary quadratic form, and 0, the
coefficient ring of the same discriminant.

To each strict similarity class {M} of modules belonging to 0,, let us
associate the class of primitive forms C,, of discriminant D. Denote this
correspondence

{M} —> C,,.

We have proved above that this correspondence is well defined. The reason
that this correspondence is useful is because the following theorem holds:

Theorem 6: The function {M} — C,,, from the set of all strict similarity
classes of modules belonging to 0, to the set of all classes of forms of dis-
criminant D, is one to one. Its image consists of all classes of primitive posi-
tive-definite or indefinite forms of discriminant D.

Before we prove Theorem 6, let us note that Gauss’ theorem follows
immediately. In fact, we have

Corollary 7: The number of classes of primitive binary forms of discrimi-
nant D is finite. In fact, this number equals A} (D > 0) or 2k} (D < 0),
where A3 denotes the strict class number of O,,.

Proof: 1In the case D > 0, the result follows immediately from Theorem 6.
If D < 0, note that the classes of positive-definite forms can be put in one
to one correspondence with the classes of negative-definite forms by mapping

{f} into {—f}. u

Let us prove Theorem 6 in two parts. Let us first identify the image of
the function {M} — C,,. Since C,, is a class of forms of discriminant D,
these forms are indefinite in the case D > 0. If D < 0, then f, , is positive-
definite since the coefficient of x? is N(&)/ N(M), and N(«x) > O for all &« when
D < 0. Thus, the image of the function consists only of indefinite and posi-
tive-definite forms.

Let f = ax? 4 bxy + cy? be a primitive form of discriminant D which
is either positive-definite or indefinite. If a > 0, set

M= { 1, b_ﬂ}
2a
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Then by Corollary 9.3.10, we have N(M) = 1/a, and thus

N(IM) (x+

If a < 0, then we must have D > 0 since f cannot be negative-definite. In

this case, set
M= D {1, b_z_ ;/D } i

——a“/—l_)y) = ax?® + bxy + c¢y?.

Then
w0 - D1 2)) - 2,
Therefore,
1 b—A/D\ D b— /D
yan ™Y (VD + /DL 2 y) =—van” (r+2222)
= ax? + bxy + cy2.
In each case let M = {a, B}. Then we have

/ 1 1
o o ~D
g p|=|b=a/D b+ A/D|=F @9
2a 2a
/D _./
DN/D 0,D>0
=—D+b,\/_ —D—bf (@<0,D>0).

Therefore, we see that &, # is an ordered basis, so that our correspondence
associates {f} to the strict similarity class of modules {M}, where

_ {1 b—AD
- {ﬁ,—_D 1 by D} (@<0,D>0).

This completes the study of the image of the function {M} — C,,.

Example 8: The form f(x, y) = 2x2 4 3xy — 4y of discriminant D = 41
determines the strict equivalence class {f} consisting of the forms

2(rx + sp)* + 3(rx + sy)(x +uy) — 4(@x +uy):, ru—st=++1. (2)
And this class of forms corresponds to the strict similarity class of modules
{M?}, where

.\
In other words, to the collection of modules

L34y inQ/aD, Ny >0,

we associate the collection of forms (2).

M={1,ﬂ}.
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Now let us prove that under our correspondence distinct classes of
modules give rise to distinct classes of forms. This will complete the proof of
Theorem 6.

Proposition 9: Suppose that M, and M, are modules and that C,,, = C,,.
Then {M,} = {M,}.

Proof: We may rephrase the proposition. Suppose that M, = {«,, §,}, M,
= {a,, B,}, where a;, B, (respectively, a,, B,) is an ordered basis for M,
(respectively, M,). Then C,;, = Cy, if and only if f,, 5 = f,, s,- Therefore,
suppose that

Jan 5% ) = funprx + sy, tx +uwy),  ru—st=+1.
We shall prove that M, ~ M,. By Eq. (1) we see that
fan,ﬂn(rx + Sy’ tx + uy) =fla|+tp|, .l’¢|+llﬂ1(x’ y)'

Moreover, since ru — st = 41, we know that ra, + sf8,, ta; + uf, is an
ordered basis of M,. Let us replace the basis «,, §, by this new basis of M.
Then we see that we could have initially assumed that

f;l;pl(x’ y) zf;u.ﬁz(x’ y)' (3)

Let us henceforth make this assumption. Now

Fuutl:9) = gy N @sx + B13)

Rl o
Similarly,
Jun 8%, ¥) = 11\}’((“1‘;))( + ;L;y) (x + ;L':y) ®

Therefore, the zeros of f,, ;(x, 1) are —f,/a; and —f}/a’, and the zeros of
Jur5(%, 1) are — B,/at, and — B /a,. Thus, by Eq. (3), we conclude that £, /a,
equals either B8,/a, or f5/a’. Let us prove that the latter cannot be true, for
if By/a, = Ba/az, then Bifay = B,/a,, and

' 1 1

1 |e @ a0 Ny
7d | = 7 a | B 74 | B ﬁz
4 B B 4 E_l- ;Ll ;Lz 173

- e, é

[+ 73 “2
N(a]) 1 “z 0
N(“z)»v z <

since a,, B, is an ordered basis, and N(a,), N(«,) have the same sign by Eqgs.
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(3), (4), and (5). But then
1 | &
~ | B
contradicting the fact that &, §, is an ordered basis. Thus, 8,/a, = B/} is
impossible, and we must have ,/a; = fB,/a,. Set y = ,/a,. Then, B, =a,y
and B, = a,y, so that

M, = {o, i} = {os, 0,9} = a,{1, 9}
M, = {a,, B2} = {002, %27} = 0,{1, 9}

<0,

Therefore,
M, =%, ©)
0y

Again we observe by Eqs. (3), (4), and (5) that N(x,) and N(a,) are of the
same sign. Therefore, N(a,/a,) > 0, and Eq. (6) shows that M, and M, are
strictly similar. Theorem 6 is now completely proved. [ ]

Example 10: Let d = —6, £ = 1. In this case, © = {1, w_s} = I,. Since
d < 0, strict similarity and similarity are the same. In Example 9.6.10, we
showed that every module M belonging to © is similar to one of the two
modules P, = {2, ,/—6}, © = {1, ,/—6}. Therefore, there are two strict
similarity classes of modules belonging to O, namely {P,} and {0}. Therefore,
there are two equivalence classes of forms of discriminant —24 = A,. These
two classes are

{x? + 6y?}, {2x% 4 3y}
Example 11: Let us suppose that © = {1, fw,} and hf = 1. Thus, every
module belonging to O is strictly similar to ©, and thus every form of dis-
criminant Ay = £2A, (A, = the discriminant of Q(./ d), that is, of I,) is
equivalent to the form associated with O. This form is
x2 — f2dy* if d = 2 or 3(mod 4),

1—d_,

1 _
WO)N(x +rdw) = {xz + x4+ £2= 7%y if d = 1(mod 4).

11.3 Exercises

1. Let f(x, y) = 3x2 4+ Txy + y2. Determine the strict module class asso-
ciated with f.

2. Use Exercises 7 and 13 in Section 2 to determine the equivalence classes
of primitive forms of discriminant D = 8, 12, 24, 40, 32.

3. On the basis of Exercise 11 in Section 2, devise an algorithm for deter-
mining the equivalence classes of forms of discriminant D in a finite
number of steps.
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11.4 The Representation of Integers by Binary
Quadratic Forms

Let us now make use of the correspondence between modules and forms
constructed in Section 3 to reformulate the problem of representation of inte-
gers by a binary form in terms of modules. Throughout this section we shall
assume the following notation (see Proposition 3.4). Let f(x, y) be a primi-
tive binary quadratic form of discriminant D. We factor D = £2A,, where
A, is the discriminant of Q(./d) and £ is a rational integer. We further
write d = A, if A, =1(mod 4) and d = A,/4 if A, =0(mod 4) (in this
case d = 2, 3(mod 4)). Thus, d is a square-free rational integer. Set © =
{1, £w,}, the coefficient ring of Q(./d) of discriminant D. Assume that f is
positive-definite or indefinite.

From our correspondence of Section 3 we can find an ordered basis a, #
of Q(+/d) such that, if we set M = {a, f}, then 0,, = © and

fGey) = ﬁzv(ax + By).

Let m be a rational integer. Then we seek necessary and sufficient conditions
on m for the Diophantine equation

fxy) =m

to be solvable. As we have previously seen, this is equivalent to determining
all elements £ = ax + By in M such that N(§) = mN(M). Since we have
already given a constructive procedure for determining the units of O, it
suffices to determine a complete set of nonassociate &’s such that N(§) =
mN(M). Let us show how to.solve this problem, at least in principle, in terms
of modules. If D < 0, then we may take m > 0 since f(x, y) is positive-
definite. If D > 0 and m < 0, we may replace f by —fand m by —m, so that
we may again assume that m > 0. Thus, in any case, assume that m > 0.

We know from the construction of our correspondence that M may be
replaced by any strictly similar module. Moreover, we have shown that there
exists a rational integer g such that gM < O (Lemma 9.6.5). Since N(g) =
g2 > 0, we see that gM ~ M. Thus, without loss of generality, let us assume
that M < O; that is, we may assume that M is an integral module.

Let & = ax + By belong to M and suppose that N(§) = mN(M). Then
€0 = M, so that M|&0 by Theorem 9.4.6. Thus, there exists an integral
module M, such that MM, = £O. But then

N(M)N(M,) = |N@E)| = mN(M)  (since m > 0).

Therefore, N(M,) = m. From Theorem 9.3.8, we have that MM' = N(M)0,
and thus multiplying by M, and recalling that MM, = £O, we see that

MM'M, = &M’ = N(M)M,,
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and since N(¢) = mN(M), we see that N(N(M)/E) = N(M)2/N(€) > 0. There-
fore, we see that M’ =~ M,. Thus, from the element & of M of norm mN(M),
we have constructed the module M, having the following properties: N(M,)
=m, M, is integral, and M; =~ M’; in fact, M, = ({/N(M))M'. Let us try
to classify elements £ of M having norm m in terms of the corresponding
modules M,.

Suppose that &, and &, are associate elements of M. Then there exists a
unit € of O such that &, = €£,. But then, since eM’ = M’, we have

¢ ’ € a1 p ¢ n__ & ’
oM = von™ = van™M) = xanM

Therefore, associate elements of M give rise to the same module M.
On the other hand, if £, &, belong to M, both have norm mN(M), and if
they give rise to the saime module, then
$ oy & g
yon™” = won™
so that (¢,£;)M’ = M. Therefore, &,&;! is a unit € of 0,,, = 0 and &, = €¢,.
In other words &, and &, are associates. To put it another way, nonassociate
&s give rise to different modules M.

Theorem 1: Let m be a positive rational integer, and M be an integral
module of Q(./ d). To each element & of M such that N(¢) = mN(M), asso-
ciate the module

¢ v
M, = M-
Then M, is an integral module such that N(M,) = m and is strictly similar
to M'. Moreover, two different elements &, and &, of M correspond to the
same module M, if and only if ¢, and £, are associate. Finally, every integral
module of norm m which is strictly similar to M’ arises from some & in M of

norm mN(M).

Proof: We have established everything but the last statement. Let M, be an
integral module of norm m which is strictly similar to M’. Then there exists
&, with N(¢,) > 0and M, = ¢, M'. Set & = ¢, N(M), so that

- % M
Ml —_— WM .
Then M, is the module corresponding to &. Let us conclude the proof by
showing that N(¢) = mN(M) and that { is in M. Since M, = £, M’ and N(M,)
=m, N(M') = N(M), N(£,) > 0, we see that

N(M,) m

= ——
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and thus
N(&) = N ))N(N(M)) = %M)N(M)Z = mN(M).

Moreover, N(M)M; = EM’ implies that N(OM)M, M = EM’'M, so that MM’
= N(M)O implies that N(M)M M = N(M){O, or, on cancelling N(M),
&0 = MM,. Since M and M, are integral, we see that M| €0, so that (0 = M
by Theorem 9.4.6. Thus, £ contained in £O implies that £ is in M. [ ]

Corollary 2: The number of nonassociated elements ¢ of M having norm
mN(M) equals the number of integral modules M; of norm m which are
strictly similar to M’.

Proof: Immediate from Theorem 1. |

By using Theorem 1, we can outline a procedure for determining a com-
plete set of nonassociated solutions of f(x, y) = m, where f(x,y) is any
primitive binary quadratic form with rational integral coefficients and non-
square discriminant and not negative-definite, and m is any positive rational
integer. Suppose that f(x,y) = ax? + bxy + cy?, D = b* — 4ac. Set

{l,b—“zz/—g} @a>0)

{ﬁ,—_D 42‘ab~/D} @<0,D>0).

Then
fGxy) = ﬁM)N(ux + By),

wherea =1, 8 = (b — /D)/2aifa>0and« =./D,f =(—D + bs/D)/2a
if a < 0 and D > 0. We may proceed as follows:

1. Determine all integral modules M, strictly similar to M’ and of norm
m

2. Determine ¢ such that M, = (¢(/N(M))M’, N() > 0.
3. Write & = ax + By.

Then, as M, ranges over all the modules defined in step 1, (x, y) ranges
over a complete set of nonassociated solutions of f(x,y) = m.

In practice, step 1 is difficult to carry out. To determine all integral
modules M; belonging to © and having norm m is quite easy, at least if
ged(m, £) = 1. This can be explicitly carried out using our factorization
theory for modules developed in Chapter 9. But then, after determining all
these modules, we must determine which are strictly similar to M’. That is,
in general, very difficult to do using a reasonably short calculation. We out-
lined a somewhat unreasonable procedure in the exercises of Section 2.
However, it is very easy if hg = 1, for in this case, every module belonging
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and since N(¢) = mN(M ), we see that N(N(M)/&) = N(M)?/N(€) > 0. There-
fore, we see that M’ =~ M,. Thus, from the element ¢ of M of norm mN(M),
we have constructed the module M, having the following properties: N(M,)
=m, M, is integral, and M; =~ M’; in fact, M, = ({/{N(M))M'. Let us try
to classify elements ¢ of M having norm m in terms of the corresponding
modules M.

Suppose that &; and &, are associate elements of M. Then there exists a
unit € of O such that &€, = €£,. But then, since eM’ = M’, we have

¢ ’ €, a1y ¢, ' &, '
v = voan™ = van ™M) = vanM-

Therefore, associate elements of M give rise to the same module M.
On the other hand, if &,, &, belong to M, both have norm mN(M), and if
they give rise to the same module, then
& S g
Non™ = won™
so that (¢,&;)M' = M. Therefore, &,£7" is a unit € of 05, = 0 and &, = €€,.

In other words &, and &, are associates. To put it another way, nonassociate
&’s give rise to different modules M.

Theorem 1: Let m be a positive rational integer, and M be an integral
module of Q(./ d). To each element & of M such that N({) = mN(M), asso-
ciate the module

_ S M
M, = N M)M .

Then M, is an integral module such that N(M,) = m and is strictly similar
to M’'. Moreover, two different elements &, and &, of M correspond to the
same module M, if and only if €, and &, are associate. Finally, every integral
module of norm m which is strictly similar to M’ arises from some & in M of

norm mN(M).

Proof: We have established everything but the last statement. Let M, be an
integral module of norm m which is strictly similar to M’. Then there exists
&, with N(€,) > 0and M, =&, M'. Set & = &,N(M), so that

< o
=M M)M .
Then M, is the module corresponding to &. Let us conclude the proof by
showing that N(§) = mN(M) and that £ isin M. Since M, = ¢, M’ and N(M,)
=m, N(M*) = N(M), N(&,) > 0, we see that

N(M,) m

N =Nar) = Nary

M,
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and thus
N = N INN(M)) = N(M) N(M)* = mN(M).

Moreover, N(M)M, = M’ implies that N(M)M M = EM’'M, so that MM’
= N(M)0 implies that N(M)M;M = N(M)EO, or, on cancelling N(M),
&0 = MM,. Since M and M, are integral, we see that M |0, so that 60 = M
by Theorem 9.4.6. Thus, & contained in £0 implies that £ is in M. [ ]

Corollary 2: The number of nonassociated elements ¢ of M having norm
mN(M) equals the number of integral modules M; of norm m which are
strictly similar to M’.

Proof: Immediate from Theorem 1. [ |

By using Theorem 1, we can outline a procedure for determining a com-
plete set of nonassociated solutions of f(x, y) = m, where f(x,y) is any
primitive binary quadratic form with rational integral coefficients and non-
square discriminant and not negative-definite, and m is any positive rational
integer. Suppose that f(x,y) = ax? + bxy + cy?, D = b* — 4ac. Set

{’ T 2a } (@>0)
M=

{ﬁ,i"z“ab—“/-j} (@<0,D>0)
Then
f(x’ y) N(M)N(ax + ﬂy)y

wherea =1, 8 = (b —/D)/2aifa>0and o = /D, =(—D + ba/D)/2a
if a < 0 and D > 0. We may proceed as follows:

1. Determine all integral modules M, strictly similar to M’ and of norm
m.

2. Determine & such that M; = ((/N(M))M', N¢&) > 0.
3. Write { =ax 4 By.

Then, as M, ranges over all the modules defined in step 1, (x, y) ranges
over a complete set of nonassociated solutions of f(x,y) =

In practice, step 1 is difficult to carry out. To determine all integral
modules M, belonging to © and having norm m is quite easy, at least if
ged(m, £) = 1. This can be explicitly carried out using our factorization
theory for modules developed in Chapter 9. But then, after determining all
these modules, we must determine which are strictly similar to M’. That is,
in general, very difficult to do using a reasonably short calculation. We out-
lined a somewhat unreasonable procedure in the exercises of Section 2.
However, it is very easy if A = 1, for in this case, every module belonging
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to O is strictly similar to every other module. Thus, in the case hg = 1, every
integral module of norm m is automatically similar to M".

Example 3: Let us completely determine the integers represented by the form
f(x,y) =x*+ xy — Ty*. Here D =29 and M = {1, w,,} = I, and* 0 =
I,,. It is possible to calculate the fundamental unit € of © by using the algo-
rithm of Section 8.7. The result is € = 2 + @,,. Since N2 + ;o) = —1,
we see that 5 = 1 by Theorem 2.3 and Example 9.6.9. Thus, m is represent-
able by the form f(x, y) if and only if there exists an integral module belong-
ing to O of norm m. In fact, the number of nonassociated solutions of f(x, y)
= m equals the number of integral modules M, belonging to © of norm m.

Let m = p3* - - - p. If M, is a module belonging to © and having norm
m, then we may factor M, into a product of powers of distinct prime modules
(note that in this example £ = 1):

M, = P¢Pg --- Pg.
And since
N(M,) = N(Py)* - - - N(Py)*

and N(P)) is either a prime or the square of a prime, we see that if M, exists,
P,...,P,e,,...,e;,are constrained by the relation

P pi = NPy - - - N(Pr)™ m

In particular, the only possible value for N(P,) is a power of one of the primes
D1 - - - » D,- Let p be a given rational prime. What prime modules P of norm
a power of p are there? Our factorization theory asserts that such a module
must necessarily be a factor of the module pO. And there are three possible
ways for pO to factor:

1. p ramified. Then p® = P? and N(P) = p. This case can occur only if
p divides the discriminant of ©, which in this case is 29. Thus, only p = 29
is ramified and 290 = P2%,, N(P,,) = 29.

2. p inert. Then p® = P and N(P) = p2. If p is odd, this case occurs if
and only if
29
=)= -1
)
But by the law of quadratic reciprocity
29 p
) -G)
so that (2;) = —1 if and only if

*Note that f(x, y) = N%N(x + yw29’) = N(M) N(x + yw29).
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Thus, if p satisfies one of conditions (2), then p© = P and N(P) = p?. If
p =2, then p is also inert by Theorem 9.5.4.

3. pdecomposed. Then pO = PP’, P %~ P’, N(P) = N(P') = p. Again by
our previous work, we know that p is decomposed if and only if (%9> =
-+1, which occurs if and only if

p= =1, £4, +5, 46, +7, +9, 4+13(mod 29). 3)

Thus, if p satisfies one of conditions (3), then p® = PP’, P # P’, N(P) =
N(P') =p.

Using this threefold classification of rational primes, let us see what
integers can occur on the right-hand side of Eq. (1). It is clear that only even
powers of inert primes can occur. However, any power of a decomposed or
ramified prime can occur. Thus, we have the following result:

The positive integer m = p3' - - - p is represented by the form x* 4 xy —
7y if and only if all inert primes (those in the list in Eq. (2)) among p,, . . ., p;
occur with an even exponent.

Thus, for example, 22-32.17!1.137 is not represented since 17 is inert and
appears to an odd exponent.

To explicitly find all representations of m by f(x, y) it is simplest to
consider the case m = p a prime. The general case is more tedious but
follows the same lines as the prime case. From what we have just said we
have the following:

. The form x? + xy — Ty?* represents a prime p if and only if either p = 29
orp=41, 44, 45, +6, +7, +9, +13(mod 29).

If p = 29, there is only one module P of norm 29, and so there is a single
solution of x2 4+ xy — 7y? = 29, up to associates. Thus, if (x,, ,) is any one
solution, all solutions (x, y) can be obtained by writing each number

:I:(xo + yong)(z + 6029)2" (n = 0, :I:l, :|:2, .o .)
in the form x + yc,,.
If p is a decomposed prime, that is, a prime satisfying Eq. (3), then there
are two integral modules of norm p. If p© = PP’, then P and P’ are the only

integral modules of norm p. Thus, there are two nonassociated solutions to
x% + xy — 7y? = p in this case. If £, = x; 4+ y,0,, corresponds to P, then

¢ 0
P=m50—610.

Therefore, we may let & = (x, + y,) — ¥.1@,, correspond to P’. Then, all
solutions (x, y) are obtained by writing each of the numbers

+@2 + @20)*(x; + y1@25),

(n=0, :l:l, :l:z,v-')
+@2 + @20)*(x; + ¥ — y1039)
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in the form x + yw,,. For (x,, y,) we can take any particular solution of
x2 4+ xy — Ty? =p. )

In the case of representations of a composite number m, there generally
will be more than two modules of norm m. We shall leave this subject to the
exercises. However, we may summarize the result to be proved there as
follows:

Let m = p3* - - - p& be representable by the form x* 4+ xy — Ty*. Let T =
the sum of those a, for which p, is decomposed. Then the equation x* + xy —
Ty* = m has 2T nonassociate solutions.

Let us complete this long-winded example by showing how the above
theoretical calculations can be handled numerically. Let us determine all
solutions of the equation x 4 xy — 7y = 35. Since 35 = 5-7 and

(3)=0)-
5 7 ’
we see that the equation may be solved. Moreover,
50 = 5I,, = P,P’;
70 = T71,, = P,P,.
There are four modules of norm 35, namely P;P,, PsP,, P'P,, P5P’, and so

there are four nonassociated solutions. We may explicitly calculate P and P,
using the calculations in the proof of Theorem 9.5.3. We easily derive that*

Ps = {5, 3— 29} = 3 _é\/ﬁlz!?

2
P, — {7, 1 —3/23} _1 —2. /—29129_

Set &, = (3 — /29)/2, &, = (1 — A/29)/2. Then
§1=2— m, $1=2—0=2—(1—wy) =1+ 0y
2 =1— &2 =1—(1 — @) = 0.

Thus, the four nonassociate solutions of x2 4+ xy — 7y? = 35 correspond to
€162 = (2 — @31 — @39) =9 — 20,
$:82 = (2 — @20)w,0 = —T + @
E182 = (1 + @y9)1 — @39) = —6 — @
$1€2 = (1 + @30)020 = T + 2025.

Thus, four nonassociated solutions are (x, y) = (9, —2), (—7, 1), (—6, —1),

(7, 2). All the solutions may be obtained from the nonassociated solutions by
using the formula derived above.

*In this case it is easier to use ad hoc reasoning since we know that all modules belong-
ing to I,4 are principal (because 43, = 1). In general, however, Theorem 9.5.3 must be
used.
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The above example was carried out in such great detail because the
phenomena which are exhibited are really quite general. The only very special
feature of the example is the fact that the class number A¢ is 1. Because of
this, it was not necessary for us to check which of the modules M, of norm m
are strictly similar to M’. This is because A5 = 1 implies that all modules
belonging to O are strictly similar. There is another case in which we can get
around the problem of determining the strict similarity. Suppose, that instead
of considering the problem of representing m by a single form f(x, y), we
consider the problem of representing m by some form of discriminant D. As
we have seen, the strict equivalence classes of primitive forms of discriminant
D correspond in one to one fashion with the strict similarity classes of
modules belonging to © = {1, fw,}. Therefore, if

WACS )R e

are a set of primitive forms of discriminant D, one form from each equiva-
lence class, then their corresponding modules

MlsMZ,-'-,Mh

represent all the strict similarity classes of modules belonging to ©. Since
equivalent forms represent the same integers, determining whether m is repre-
sented by some form of discriminant D is the same as determining whether
m is represented by one of the forms fi, ..., f;. And we know that this is
the case if and only if there is a module M belonging to 0, of norm m and
strictly similar to one of M',, M}, ..., M}. However, any module is strictly
similar to one of the modules M',, . .., M}. Therefore, we have the following
result.

Theorem 4: Let m be a positive rational integer. Then m is represented by
some primitive form of discriminant D = f2A, if and only if there exists an
integral module M belonging to © = {1, fw,} such that N(M) = m.

If M is a module belonging to O, and if gcd(N(M),f£) = 1, then we may
factor M into a product of prime modules belonging to O:

M= P¢ ... P¢, P, distinct.
Assume that ged(m, £) = 1. If m = p2 - - - p® is the factorization of m into
powers of distinct primes, then N(M) = m if and only if

Py - pit = N(Py)" - - - N(Pp)™.

And now the same reasoning as used in the above example may be applied
to yield the following corollary:

Corollary 5: Let m be a positive rational integer and let D be the discrimi-
nant of a primitive binary quadratic form. Adopt the notation given at the
beginning of this section. Assume that gcd(m, f£) = 1. Then m can be
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represented by some primitive binary form of discriminant D if and only
if every prime appearing to an odd exponent in the factorization of m is
either ramified or decomposed in 0 = {1, fa,}.

Let us keep the same notation as in the corollary and let us make the
further assumption that p is a prime and that p ¥ £. We showed in Theorem
9.5.4 that p was ramified, inert, or decomposed in 0 = {1, f£;} according

as p|A,, pYA, and (—f’l) =—1, or pfA, and (g) = +1, respectively.

Therefore, we may rephrase our corollary.

Corollary 6: Let us continue the notation of Corollary 5. Then m can be
represented by some primitive binary quadratic form of discriminant D if
and only if every prime p appearing to an odd exponent in the factorization

of m satisfies (—g—) = +1 or p|A,.

Now we can tell the full story concerning the representability of pnmes
by forms of a given discriminant.

Corollary 7: Let us again continue the notations introduced at the begin-
ning of the section. Let p be a prime such that p } £. Then

(i) p can be represented by a primitive form of discriminant D if and
only if either p|A, or (p) +1.

(ii) If g is a prime such that g} £ and ¢ = p(mod A,), then either pand
q are both representable by a form of discriminant D or both are not
representable.

Proof: Part (i) follows immediately from Corollary 6. Part (ii) follows imme-
diately from Theorem 9.5.6. [ ]
Example 8: Let D = 149 = 12.149. Then the primes represented by some
form of discriminant 149 are p = 149 and those primes p such that (1;9)

+1. Since 149 = 1(mod 4), we see that A, = 149, so that the primes repre-
sented are 149 and those lying in certain reduced residue classes modulo 149.

From Corollary 7, we may finally deduce the following result about the
representability of arbitrary integers prime to f£:

Corollary 9: Again continue the notation of Corollary 5. Let m be a posi-
tive integer such that ged(f, m) = 1. Write m = as?, a square-free. Then m
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is representable by a primitive form of discriminant D if and only if the con-
gruence x* = D(mod 4a) is solvable.

We shall outline two proofs of Corollary 9 in the exercises.

11.4 Exercises

1. Show that the form x2 4 2y? represents a prime p if and only if p =1
or 3(mod 8) or p = 2.

2. Show that x2 + 3y? represents a positive rational integer m if and only
if mis of the form m = k?p, - - - p,, where p,, . . ., p, are distinct primes
= 3 or = 1(mod 3).

3. Show that x? 4 7y? represents a positive rational integer m if and only
if m is of the form m = k?p, --- p,, where p,, ..., p, are distinct
primes =7 or = 1, 2, or 4(mod 7).

4. (a) Show that a prime p such that p } 6 is represented by some form of
discriminant —24 if and only if p =1, 5, 7, or 11(mod 24).

(b) Use part (a) and the facts proved in the text, as well as a congruence
argument, to show that x2 + 6y? represents a prime p if and only
if p =1, 7(mod 24), whereas 2x2? + 3y? represents a prime p if
and only if p =5, 11(mod 24).

5. Use the theory of the text to find all solutions to the Diophantine equa-

tion x% 4+ xy — 3y? = 39.

6. Let n be an odd rational integer and let (%) denote the Jacobi symbol

(see Section 4.4 Exercises 9-20).
(a) Show that the number of integral modules of Q(./ d) belonging

to I, and of norm n equals Em["(%).

(b) Let f(x, y) be a form of discriminant D such that gcd(D, n) =1,
and let 4, = 1. Show that the number of nonassociated solutions

to f(x, %) = nis just i (1)
7. Use Exercise 6 to calculate the number of representations of m by x2 +
Ty2.
8. Same question as Exercise 7 except for x2 + 3y2.

Exercises 9-13 will be aimed at deriving many of the results of this section
by means of a completely elementary method.
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9. A rational integer n is said to be properly represented by the primitive
form f if there exist rational integers x, y such that f(x,y) =n and
ged(x, y) =1.

(a) Show that n can be represented by f'if and only if # can be written
in the form n = k?n,, where n, is properly represented by f.

(b) Show that n is properly represented by fif and only if there exists
a form g = fsuch that g = nx? + b,xy 4+ ¢, y2.

10. Show that if a nonzero rational integer n is properly represented by
the primitive form f of discriminant D, then the congruence x? =
D(mod 4|n]) is solvable. (Hint: Use Exercise 9(b).)

11. Show that if the congruence x? = D(mod 4|ﬁl) is solvable, then n is
represented by some primitive form of discriminant D.

12. Suppose that D is a nonsquare integer such that 4, = 1. Let £ be a pri-
mitive form of discriminant D. Show that f represents » if and only if
the congruence x? = D(mod 4|n]) is solvable.

13. Deduce Corollary 9 from Exercises 10 and 11.
14. Prove Corollary 9 by using the methods of the text.

15. Which primes are represented by forms of discriminant 15?

11.5 Composition Theory for Binary Quadratic Forms

Let us continue our analysis of the preceding section and derive more
precise results concerning multiplication of modules and the representability
of integers by forms. Our change in viewpoint in this section will be as
follows: Whereas we previously considered the possibility of representing m
by some form of discriminant D, we now wish to focus on the represent-
ability of m by a given form f. For this purpose, we shall define a product of
classes of forms. This product, called the composition of the classes, was first
introduced by Gauss in his Disquisitiones Arithmeticae and will enable us to
significantly extend our results of Section 4. Gauss worked directly with
forms, whereas our approach, as usual, will be to work with modules and
then derive the results on forms from the results on modules. In fact, the
theory of modules was developed by Dirichlet in order to simplify Gauss’
presentation of the theory of composition.

Let us first recall our approach to Diophantine equations of Chapter 6.
There, we studied a number of Diophantine equations using a number of
formal identities. At the time, it must have seemed that these identities were
pulled from the air, and the fact that such identities existed at all must have
seemed like a total accident. In this section, we shall explain these identities
and shall show how to systematically manufacture further such identities in
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order to study the representability of integers by binary quadratic forms.
This, simply stated, is the goal of composition theory.

To get a concrete feel for the problems we are considering, let us recall
the identities used in connection with the two-square problem and Pell’s
equation. In the two-square problem, we considered the following identity:

3 + yDx3 4+ ¥3) = (x1x, — ¥172)* + (x1y2 + %2912 ¢))

(or, to be more precise, we used (1) with y, replaced by — y,). From the
point of view of quadratic fields, this identity merely states the fact that if

o, =x; +ya/—1 and a, = x, + y,o/—1, then
N(o,)N(&,) = N(o,0,).

Recall that we used identity (1) to derive representations of composite
rational integers m as a sum of two squares. For example, since 12 - 32 =
10 and 22 4 5% = 29, we were able to conclude (by setting x, =1, y, =3,
x, =2, y, = 5) that

x]xZ - ylyz == 1'2 - 3'5 = _'13
X1 Y2+ X, =15+ 3.2 =11,

so that 132 4 112 = 10-29 = 290. One primary theoretical use of identity
(1) was to reduce the problem of representing a positive rational integer
m by the form x? + y? to the case of prime m.

When we considered Pell’s equation, we considered a very similar identity,
namely

(>} — dyDi — dy}) = (01X, + dy1y2)* — d(x1y, + x291)% V)
(or, to be more precise, we used (2) with y, replaced by —y,). If we set
&, =%, + A/dy, &, = x, + o/ d y,, then identity (2) is equivalent to

N(e,)N(;) = N(@,z).
Identity (2) can be used to derive solutions to x2 — dy? = m. For example,
since 3% —3.12 =6 and 5% — 3.22 =13, upon setting d =3, x, =3,
y,.=1,x,=35,y, =2, we derive
X%, + 3y1y, =21, X1 Y2 + %y, =11,

so that 212 — 3-11% = 6-13 = 78. Can we use identity (2) to reduce the prob-
lem of representing m in the form x2 — dy? to the case where m is a prime?
This is what happened in the two square-problem. But, unfortunately, the
phenomenon does not repeat itself here. For example, set d = —6. Then
22 4 6-12 = 10, so that x2 4 6y? represents 10 = 2.5, but x2 4 6y? repre-
sents neither 2 nor 5. This seeming numerical accident is explained by the
fact that, in addition to identity (2), which in this case reads

(&} + 6yD(x5 + 6y3) = (x1x, — 6y,1¥2)% + 6(x1y, + X271)%, (2
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we have the further identity
(@x% + 3y12x3 + 3p) = @x,x; — 39132)? + 61y, +yix)t ()

Therefore, the product of two integers represented by the form f,(x, y) =
2x? + 3y? is represented by f;(x, y) = x2 4 6y2. And note that 2 and 5 are
represented by f3(x, ), since £3(1, 0) = 2, f,(1, 1) = 5. Thus, by identity (3),
fi(x, y) represents 10, as we observed above. Thus, there are two ways to
build up solutions of x* 4 6y = m. We may use identity (2) or identity (3).
Are there any solutions which cannot be built up in this way from primes?
Surprisingly, the answer is no. Indeed, we may prove* that every rational
integer m represented by x2 + 6y? is of the form s2p, --- p,, Where s is a
rational integer and p,, ..., p, are primes which are represented by either
x2 4 6y2 or 2x2 4 3y? and where the number of p, represented by 2x2 + 3y2
is even. Thus, to reduce the problem of representing integers by the form
x% 4+ 6y2 to the case of representing primes, we must necessarily consider
two problems. First we must determine all primes represented by x2 -+ 6y?,
and then we must determine all the primes represented by 2x2 -} 3y2. Thus,
we see that the theory of the form x2 + 6y? is intertwined with that of
2x2 + 3y2. Why?

The reason is simple. By Example 3.10 there are precisely two strict equi-
valence classes of forms of discriminant —24, namely the classes

{x* + 6y} and {2x% + 3y2}

Thus, the reason that more than one identity is required to generate the
rational integers represented by x2 + 6y? = m is, somehow, a reflection of the
fact that the strict class number A*,, is 2. In the case of the form x? 4 y2,
the discriminant is —4 and h*, = 1. We shall give a more precise descrip-
tion of this relationship as we proceed.

Before we go on to give any general results, let us clarlfy precisely where
identities (2") and (3) come from. The class of modules corresponding to
{x2 4 6y?} is {M}, where M = {1, .,/—6} = I_;. To obtain identity (2'),
we consider &, = x; + 41/ —06, 0, = X, + y;o/—6 in M. Then o, also
belongs to M, and N(«,)N(®,) = N(x,a,). But since ,0, is in M, o, is of
the form x; + y;./—6, so that N(a,&,) = x3 + 6y3. Specifically, x; =
XX, — 6Y1¥2, Y3 = X,¥, + Xx,¥;. On the other hand, the class of modules
corresponding to {2x% + 3y?} is {M,}, where M, = {2, /—6}. If &; = 2x,
+ ¥4/ =6, 00, = 2x, + y,./—6 belong to M, then a,a, belongs to M? =
2M and thus is of the form 2(x + y./—6). Therefore, the identity N(«,)N(x,)
= N(o,a,) asserts that

(2x% + 3y})(2x3 + 3y3) = x3 + 6y}
And direct computation shows that x; = 2x,x, — 3y,,, ¥; = X, ¥, + y:%,.

*See Example 14.
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Thus, we get identity (3). The reason the form f;(x, ) = x* 4+ 6y? appears
on the right-hand side of (3) is that M3 is 2M, which is strictly similar to M,
the module corresponding to f;. (We shall see just why this is so later in the
section.) ,

Let us begin our development of composition theory by looking at the
module side of the coin. Let us fix a ring of coefficients O in the quadratic
field Q(./ d). Exactly as in Section 9.6 (see Definition 9.6.12), where we
viewed the set 9o of similarity classes of modules as an abelian group, we
may view the strict similarity classes of modules as a group under the opera-
tion {M,}-{M,} = {M,M,}. Here again {0} is the identity and {M}~! ={M"}.
Denote this group by €. Then @, has order A¢, the strict class number of ©.

Definition 1: The collection @, of all strict classes of modules belonging to
0, together with the operation of multiplication of strict classes, is called the
strict class group of 0.

We shall see below how a knowledge of the strict class group of O allows
us to get information about the representation of integers by binary forms.
Let us be content for the moment with computing @, for a few coefficient
rings O.

Example 2: Let O =1,,. We have seen (Example 4.3) that in this case,
h§ = 1. Therefore, @, consists of the single class {0}, and the law of multipli-
cation is the only one available, namely {0}.{0} = {©}.

Example 3: Let © = I_;. We have seen (Example 3.10) that in this case

s = 2. Therefore, G, consists of two classes, and they are given by {0} and
{P,}, where P, = {2, ,/—6}. Moreover, we previously showed (Theorem
9.5.3) that P? = 20 and thus

{Py}-{P.} = {20} = {0}
since O and 20 are strictly similar. Moreover, we must have {0}-{0} = {0},
{0}.{P,} = {P,}-{0} = {P,}. We may display the law of multiplication of €,
as in Fig. 11.1. Note that {0}~! = {0}, {P,}* = {P,}, as can be easily seen in
Fig. 11.1.

{0} {P2}

{0} {0} {P2}

{P2} {P2} {0}
Figure 11.1

Such a multiplication table can be set up for @, in general. If @, has & = h}
elements, then the table will have h? entries. If & is large, obtaining the table
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can be a very complicated task. We did, however, give an explicit method for
multiplying two modules in Remark 9.3.13 and so the task is feasible. But the
main point for our purposes is that the table is a finite table of data. And once
this finite collection of data is assembled, it can be used for calculation with-
out further ado. This should not leave the impression that @, is in any sense
easy to deal with. There are many open questions concerning Cg.

Let us use our correspondence between classes of modules and classes of
forms to define the product of two strict equivalence classes of forms. Suppose
that {f,} and {f,} are two strict equivalence classes of primitive forms of dis-
criminant D. We may define the product of { f,} and {f,} as follows: Suppose
that D = f£2A,, where A, is the discriminant of Q(./d). Our correspon-
dence between module classes and classes of forms allows us to associate to
each of {f} and {f,} a strict similarity class of modules belonging to © =
{1, £,}. Let these module classes be {M,} and {M,}, respectively. Let us
define the product {f;}:{f.} to be the strict equivalence class of forms corre-
sponding to {M,}-{M,}. The product {f,}-{f>} is called the composition of the
classes of forms {f;} and {f;}. The results concerning products of classes of
modules can be immediately translated over to composition of forms.

Proposition 4: Let § denote the collection of strict equivalence classes of
primitive binary quadratic forms of discriminant D. Then § forms a finite
abelian group with respect to composition of forms. The order of § is Ag.

Remark 5:

(i) The identity element of ¥ is the strict class { f,} corresponding to {6}.
(i) If {f} corresponds to {M}, then {f}~! corresponds to {M'}.

Example 6: Let D = —24 = 12.(—24). We have seen that there are two
classes of forms of discriminant —24, namely {x2 4 6y2}, {2x2 4 3y?}. If
0 = {1, ,/—6}, then these two classes of forms correspond to the module
classes {0} and {P,}, respectively, where P, = {2, ./—6}. From the multipli-
cation table for {0} and {P,} (see Example 3), we derive the following table
of compositions for forms of discriminant —24:

{x2 + 6y%} {2x2 + 3y%}
{x2 + 6y2} {x2 + 6y} {2x2 + 3y}
{2x2 + 3y2} {2x2 + 3y} {x2 + 6y%}

Now that we have the concept of the multiplication of forms let us show
that we now may derive the general procedure for obtaining the identities
mentioned at the beginning of the section.
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Theorem 7 (Gauss): Let f; and f, be primitive binary quadratic forms of
discriminant D, and let f; be any form belonging to the composition {f,}-{f.}.
Then there exist rational integers u,, u,, u,, u,, v,, v,, v;, ¥, such that

J1(x1s Y Ofa(%25 ¥2) = f(x3, ¥3),

where
X3 =UX Xy + XYy + Usy Xy + UV Y, )
V3 =01X1X; + 0%, 5 + 031X, + VY1 Ys
Proof: As usual, let © be the coefficient ring. Let M,, M,, M, be modules
belonging to O such that for i =1, 2, 3, M, = {«,, f,} and
1
filxy) = mN(“:x + By
Now {fi}-{f2} = {fs} implies that {M,}-{M,} = {M,}; that is, (M, M,} =
{M;}. Thus, there is a y such that N(y) > 0 and
Mle = yM3.

In particular, o,0,, &, 8,, §:%,, §,5, belong to pM,. Thus, there are rational
integers u, vy, Uy, Uy, U3, V3, Uy, ¥, such that

010, = pus0ts + v, 85)

o1 By = p(uy05 + v, 83)

©)
B0y = p(us0; + v35)
BiB: = y(usos + v4f5).
Thus,
S1Gey, y)fa(xzs y2) = %.M‘)N(Ohxl + ﬂ:h)l—v-(—l@N(dzJCz + B.y2)
= N(MIIM_Z)N (@1x1 + By )@2x2 + B2y2))
- N—(]Mll—]‘{z)N(mloczx‘x2 + a1 B:%1y, + Brtiayix,
+ B1B2y1y2)
-1 (from Eq, (5), wher
~ NoM S)N(y(%x, + Bsys) chag%)?(rle (deﬁvr;’eg in
= NWIV'(TS)N(‘J’)N(%XJ + Biys) (since N(y) > 0)
=f3(x3, y:)- -

Example 8: Again consider the case D = —24. We know (see Example 6)
that there are two classes of forms of discriminant —24, namely {x? 4 6y2}
and {2x%? 4 3y?} corresponding to modules © ={1,.,/—6} and P, =
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{2, /—6}. We have seen before that 00 = O, OP, = P,, and P,P, = 20
which yields the multiplication table of Example 6.

Let us derive the identity corresponding to ©P, = P, or {x? + 6y’}-
{2x% + 3p2} = {2x2 + 3y2}. In this case a, =1, B, =./—6, a, =2,
B =~/—6, a3 =2, B; = /=6, and y = 1. Thus,

000, =2 =1.0; + 0:8; U, =1,v, =0)

o, =A/—6 =0-0a;+1-8; , =0,v, =1)
B0, =2./—6 =0-0; +2-8, (u; =0,v;, =2)
BB, = (/—6)* = —3-0; + 0- 8, (#y = —3,v,=0).

Hence,
(>% + 6y1)(2x3 + 3y3) = 2(x1x, — 3y y2)* + 3(x1y; + 2p1x,)%
Similarly, from P,P, = 20 or {2x% + 3y?}.{2x? + 3y?} = {x* + 6y*} we
have " 2 =2, ﬂl = A _6, 0y =2, ﬂz =,\/—6, o = 1, ﬂg = A _6, and
y = 2. Thus,
o8, = 4 = 2(2-003 + 0- B3) (uy =2,v, =0)
0B, =2./—6 =2(0-a; + 1- ;) (u, =0,v, =1)
B, =2/—6=20-a; + 1-85) (u; =0,v; =1)
BB = (/—6)2=2(—3-0; +0:8;) (uy =—3,v,=0).
Hence,
(2x% + 3yD2x3 + 3p3) = (2x1x; — 3y1¥2)* + 6(x1y, + y1x2)
The identity corresponding to 00 = 0 is given in Eq. (2).

Let us now show the significance of having determined the complete multi-
plication table. Let us fix a discriminant D = f2A,, A, = the discriminant
of Q(v/d), and let © = {1, £w,}, where d = the square-free part of A,. We
shall again take up the problem of determining which rational integers m are
represented by a given form f of discriminant D. As we saw in the preceding
section, this problem can be tackled in the case h§ = 1. If A > 1, then the
best we were able to prove was a criterion for m to be represented by some
form (or forms) of discriminant D. Let us now show how a knowledge of
the table of compositions for forms of discriminant D helps us to distinguish
among the representability properties of the various forms of discriminant
D. Since all forms of a given class C represent the same integers, let us speak
of the integers represented by the class C rather than integers represented by
individual forms of C. We shall again, for the most part, restrict ourselves to
integers m such that gcd(m, £) = 1.

From Theorem 7, we deduce the following result:

Corollary 9: Let theclass {f;} represent m, and let the class { /,} represent m,.
Then the composition {f,}-{f,} represents m,m,.
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We have the following partial converse of Corollary 9:

Theorem 10: Let m and » be rational integers such that gcd(mn, £) = 1and
ged(m, n)= 1. Suppose that {f} represents mn. Then there exist classes {f;}
and {f;} such that {f} = {f1}-{f.} and {f,} represents m and { f,} represents n.

Proof: Let {f} correspond to the module class {M}. Since { f'} represents mn,
there exists a module M, strictly similar to M’ and such that N(M,) = mn
(Theorem 4.1). Since gcd(mn, £) = 1, we see that gcd(N(M,), £) = 1. Thus,
by Theorem 9.4.4, we may write

M, =Pj - Py,
where P, ..., P, are distinct prime modules belonging to ©. We have
mn = N(M,) = N(P,)** --- N(P,).

Since N(P,) is a prime power and gcd(m, n) = 1, we see that N(P)* divides
precisely one of m or n. By multiplying together all P§ for which N(P)*|m,
we get a module M, such that N(M,) = m; multiplying together the P¢ for
which N(P,)*|n, we get a module M, such that N(M,) = n. Moreover, M, M,
= M,. Let {M;} (respectively, {M3}) correspond to the class of forms {f}
(respectively, { />}). Then {f,} represents m, { f,} represents n (by Theorem 4.1)

and {f} = {/1}-{/2}. [

From Corollary 9 and Theorem 10, we derive the following necessary and
sufficient condition for a rational integer m, relatively prime to £, to be
representable by {f}:

Theorem 11: Let m be a positive rational integer such that gcd(m, £) =1
and let {} be a class of primitive forms of discriminant D = £2A,. Suppose
that m = p%* - . - p%, where p,, . . ., p, are distinct rational primes. Then m
is represented by {f} if and only if { f} can be written in the form

{fy=0Ar--- £
where {f} represents p>* i =1,...,r).

Proof: Induction on r. B

We can determine all classes {f}}, ..., {f;} such that {f} ={f1}--- {/;}
using the table of compositions for the discriminant D. Therefore, Theorem
11 shows us that the problem of representing integers by { f} can be solved by
determining all the prime powers represented by each of the classes of primi-
tive forms of discriminant D. Let us see what we can say about this latter
problem.

By Theorem 4.1, we know that { f} represents a prime power p® if and only
if there exists a module M, strictly similar to M’ such that N(M,) = p*.
Assume that p ¥ £. Then M, can be written as a product of prime modules
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belonging to O:
M, =P% ... Pz
But then
p* = N(Py)" --- N(P)™. ©)

Since there are at most two prime modules of norm divisible by p, we see
that ¢ = 1 or 2. Moreover, by Theorem 9.5.2 we have the following cases:

If p is ramified in O, then p® = P? and P is prime, and N(P) = p. Then
Eq. (6) holds if and only if t =1 and P, = P, e, = a, and so M’ = P°, But
since P? = p® = 0, we see that P>~ P if a is odd and P° ~ 0 if a is even.
Thus, f represents p° if and only if either a is odd and M’ is strictly similar
to P or if ais even and M’ is strictly similar to O.

If p is inert in O, then p® = P is prime and N(P) = p?. Then (6) holds if
and only if t = 1 and P, = P, ais even and e; = a/2. But since P = p0 = 0,
we see that Pt ~ 0. Thus, frepresents p° if and only if a is even and M’ is
strictly similar to ©O.

If p is decomposed in O, then p©® = PP’, where P = P’ are prime, P and
P’ conjugate, and N(P) = N(P') = p. Then (6) holds if and only if £ =1 or
2 and M, is one of the modules P*P'*, e; 4+ e, = a. Thus, f represents p® if
and only if M’ is strictly similar to one of the modules PP’ where ¢, + e,
=gqgand e;, e, > 0.

Thus, we may summarize as follows:

Theorem 12: Let p be a rational prime, a > 0 be a rational integer, and f
be a primitive binary quadratic form of discriminant D = f£2A,. Let d be
the square-free part of A,, © = {1, fw,}, and {M} = the strict module class
corresponding to {f}. Assume that p } £.

(i) If p is ramified in © and pO = P2, then f represents p° if and only if
{M'} = {P} for a odd or {M’} = {0} for a even.
(i) If p is inert in O, then f represents p° if and only if a is even and
{M'} = {o}.
(iii) If p is decomposed in O and pO = PP’, then f represents p° if and
only if {M'} is one of the classes {P*P'*}, e, + e, = a, e, >0,
e, > 0.

Let us now simply translate Theorem 12 into the language of forms.
Maintaining the notation of Theorem 12, we have

Corollary 13: Let {f,} correspond to {O}.

(i) If p is ramified in O, pO = P2, then f represents p° if and only if
{f} ={g,} for a odd and {f} = {f,} for a even, where {g,} corre-
sponds to {P}.
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(ii)) If p is inert in O, then f represents p® if and only if a is even and

{f } = {f o}-
(iii) If p is decomposed, p& = PP’, then f represents p° if and only if
there are rational integers e,, e, = 0 such that e, 4+ ¢, = aand

{f} =g} - {gs}-1ga} - - - {85}

e; times ez times

where {g,} corresponds to {P} and {g,} corresponds to {P’}.
Proof: Exercise. |

In all cases, we see that once the classes {f,}, {g,}, and {g},} have been
computed, composition of forms allows us to compute whether a given class
of forms represents p® and in turn general rational integers m (such that
gcd(m, £) = 1). Thus, by Theorems 11 and 12 and Corollary 13 we see that
the problem of determining the rational integers represented by the primitive
form f of discriminant D can be reduced to three subproblems.

Subproblem 1: Determine the table of compositions for the classes of pri-
mitive forms of discriminant D.

Subproblem 2: For each rational prime p such that p } £, determine the
class of forms {g,} which represents p (p ramified) or p? (p inert) or the two
classes of forms {g,}, {g,} representing p (p decomposed).

Subproblem 3: Combine the solutions to subproblems 1 and 2 to determine
all rational integers m represented by {f} for which gcd(m, £) = 1.

Example 14: Let us consider the case D = —24. As we saw in Example 6,
there are two classes of forms, C; = {x* + 6y?}and C, = {2x% 4 3y?}. Let
us pursue the above program as far as we can to determine what we can say
about the integers represented by the two classes. We solved Subproblem 1
in Example 6, where we showed that

C% = C% = Cl’ Cl'Cz = Cz- (7)
Since A, = —24, £ = 1, we see that the ramified primes are 2 and 3. Since
2:12 4 3.02 =2, 2.0% + 3-1%2 = 3, we see that {g,} = {g;} = C,. Thus, C,
does not represent 2 or 3. Moreover, we see that C, (respectively, C,) repre-
sents 2° (or 3°) if and only if a is even (respectively, a is odd). If p = 2, 3 and

(%4) = —1, then p is inert (Theorem 9.5.4) and neither C; nor C, repre-

sents p. Moreover, C, represents p2. Therefore, we have {g,} = C, in this case.
Therefore, our above analysis shows that C, represents p* if and only if a

is even. Let us now assume that p 7= 2, 3 and that (_724) = 1. Then p is



344 Chap. 11 The Representation of Integers by Binary Quadratic Forms
decomposed and is represented by the classes {g,}, {g’,} corresponding, re-
spectively, to P and P’, where pO = PP’. In this case, since {P}-{P'} = {pO} =
{0}, we see that {P} = {P'} from our table of multiplication of classes. Thus,
{g,} = {g>}, and p is represented by precisely one class C; or C,. If {g,} =
{g>} = C,, then C represents p*if and only if C = C%-C¢% for some e; > 0,
e, > 0 such that e, + e, = a, so that C = C¢ = C,. Thus, C, represents
every power of p, and C, represents no power of p. If {g,} = {g’,} = C,, then
C represents p® if and only if
C=C3:Cs, e te=a
C, if a is even,
= C¢2l+e’ = Cg =
C, if a is odd.
Thus, C, represents p° if and only if a is even, and C, represents p® if and only
if a is odd.

x% + 6y 2x2 + 3y2

P represents represents
2,3 24, 38 g even 2a, 34, g 0odd
rx23 P9 aeven No powers of p
(—_24) =1

p

P23 D% any a No powers of p If x2 4 6y2 represents p
(_724) = +1 P aeven p% aodd If 2x2 + 3y2 represents p

Let us now determine the rational integers represented by C,, for example.
Using Theorem 11 and the composition law (7), we see that if m = p3* - - - per,
p, distinct primes, then C, represents m if and only if

C’l =F, .- F” (8)

where F, = C, or C, and F, represents p*. For Eq. (8) to hold, it is neces-
sary and sufficient that the number of F; equal to C, be even. Thus, by con-
sulting the above table, we see that m can be represented by C,, that is, by
x2 + 6y2, if and only if m can be written in the form m = s%q, - - - q,, where
q1s - - - 5 q are distinct primes which are represented by either C, or C,, and the
number of q, represented by C, is even. We leave it to the reader to write down
the details of the proof. By similarly considering representations by C,, we
derive that m can be represented by C,, that is, by 2x* + 3y2, if and only if m
can be written in the formm = s%*q, - - - q,, whereq,, . . . ,q, are distinct primes,
and an odd number of the q,, . . . ,q, are represented by C,.



Sec. 11.5 Exercises 345

In conclusion we would like to note the similarity and dissimilarity of
this result and the result for x? + y2. We showed (many times) that m is
represented by x2 4 y? if and only if m can be written in the form m = s2q,
-+ q,, where q,, . . ., q, are distinct rational primes represented by x2 -+ y2.
In particular it suffices to determine the rational primes represented by x* +
y2. Now to determine the m represented by x2 4+ 6y2, we need to determine
the rational primes represented by both x + 6y? and 2x? + 3y2? (e.g., 2x2 +
3y2 represents 2 and 5, while x2 + 6y represents 10 but neither 2 nor 5). Of
course, the reason for this phenomenon is that the class number A*, of the
forms of discriminant —4 is 1 (this is the case x2 + y2) and the class number
h*,, of the forms of discriminant —24 is 2 (this is the case x* + 6y?2).

One final point should be made. We know that x> 4 y? represents the
rational prime p if and only if p = 1(mod 4). No such criterion was given for
the form x% + 6y? (or for 2x2 - 3y2 for that matter). We did, however, show
that one of x? 4 6y2 and 2x2? + 3y? represents a rational prime p if and only
ifp=2,30rp+#23and (—724) = 1. It is an easy exercise to show that
this condition is equivalent to p =2 or p =3 or p=1, 5, 7, 11(mod 24).
The obvious question is whether we can separate the forms x* 4+ 6y and
2x? 4 3y? with respect to these conditions. This is possible, and the result
is that x2 4 6y? represents p if and only if p = 1, 7(mod 24), and 2x? + 3y2
represents p if and only if p = 5, 11(mod 24). The derivation of results of
this type is what is called genus theory. We, most unfortunately, do not have
space in this book to include it. It is another of the truly outstanding accom-
plishments of Gauss. But let us hasten to add that the genus theory is only a
partial success. It is possible to distinguish the primes represented by x* 4 6y?
and 2x2 4 3y? through genus theory. However, this cannot be done in gen-
eral*; for example, it is never possible if 43 is not a power of 2. One of the
major unsolved problems in this area is to give conditions that will completely
distinguish between the representation properties of all the forms of a given
fixed discriminant D. To give some indication of the difficulties involved in
this problem it may be mentioned that it has been shown that congruence
conditions cannot give criteria in general as they did for x2 4- 6y? and 2x2 4
3y2.

11.5 Exercises
1. Compile composition tables for © = {1,,/3}, © = {1, ,/10}, and 0 =
{1, /30}.

2. For each composition table of Exercise 1, calculate all the composition
identities (as in Theorem 7).

*As an example of the complications which can arise, it is true that if A is not a power
of 2, several classes of forms may represent a given prime.



346

10.

Chap. 11 The Representation of Integers by Binary Quadratic Forms

Show that if A5 = 3, then there exists a module M belonging to O such
that € = {{1}, {M}, {M?}}. "
Show that if A§ = 3, then there exists a module M belonging to O such
that {M} = {M'}.

Show that if 4§ = 4, then either (i) there exists a module M belonging
to O such that @, = {{I}, {M}, {M?}, {M3}} or (ii) there exist modules M,
and M, belonging to O such that €y = {{I}, {M,}, {M,}, {M,M,}}.

Prove Proposition 4.

Assume that 4§ = 1 and gcd(m, £) = 1. Use Theorem 12 to determine
the number of nonassociate solutions to f(x, y) =m, where fis a
primitive binary form of discriminant A,.

Same question as Exercise 7 but assume that Af = 2.

Carry out the analogue of Example 14 for the composition table for
0 = {1, A/10} (see Exercise 1).

Prove the two final statements in Example 14, concerning the represent-
ability of integers by x2 + 6y% and 2x? 4 3y2.



Values of o(n), d(n), u(n), and ()

TaBLE 1

n o(n) d(n) #(n) $(n)
1 1 1 1 1
2 3 2 -1 1
3 4 2 -1 2
4 7 3 0 2
5 6 2 -1 4
6 12 4 1 2
7 8 2 -1 6
8 15 4 0 4
9 13 3 0 6
10 18 4 1 4
11 12 2 -1 10
12 28 6 (] 4
13 14 2 -1 12
14 24 4 1 6
15 24 4 1 8
16 31 5 0 8
17 18 2 -1 16
18 39 6 0 6
19 20 2 -1 18
20 42 6 0 8
21 32 4 1 12
22 36 4 1 10
23 24 2 -1 22
24 60 8 0 8
25 31 3 ()} 20
26 42 4 1 12
27 40 4 0 18
28 56 6 0 12
29 30 2 -1 28
30 72 8 -1 8
31 32 2 -1 30
32 63 6 0 16
33 48 4 1 20
34 54 4 1 16
35 48 4 1 24
36 91 9 0 12
37 38 2 -1 36
38 60 4 1 18
39 56 4 1 24
40 90 8 0 16
41 42 2 -1 40
2 9 8 -1 12
43 44 2 -1 42
44 84 6 0 20
45 78 6 0 24
46 72 4 1 22
47 48 2 -1 46
48 124 10 0 16
49 57 3 0 42
50 93 6 0 20
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TABLE 1 (continued)

n o(n) d(n) u(n) ()
51 72 4 1 32
52 98 6 0 24
53 54 2 —1 52
54 120 8 0 18
55 72 4 1 40
56 120 8 0 24
57 80 4 1 36
58 90 4 1 28
59 60 2 -1 58
60 168 12 0 16
61 62 2 -1 60
62 9% 4 1 30
63 104 6 0 36
64 127 7 0 32
65 84 4 1 48
66 144 8 -1 20
67 68 2 -1 66
68 126 6 0 32
69 96 4 1 44
70 144 8 -1 24
71 72 2 -1 70
72 195 12 0 24
73 74 2 -1 72
74 114 4 1 36
75 124 6 0 40
76 140 6 0 36
77 9 4 1 60
78 168 8 -1 24
79 80 2 -1 78
80 186 10 0 32
81 121 5 0 54
82 126 4 1 40
83 84 2 -1 82
84 224 12 0 24
85 108 4 1 64
86 132 4 1 42
87 120 4 1 56
88 180 8 0 40
89 90 2 -1 88
90 234 12 0 24
91 112 4 1 72
92 168 6 0 44
93 128 4 1 60
94 144 4 1 46
95 120 4 1 72
96 252 12 0 32
97 98 2 -1 9%
98 171 6 0 42
99 156 6 0 60
100 217 9 0 40
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TABLE 2

Class Numbers and Fundamental Units of Real Quadratic Fields

(here @ = w3 = &/ d if d =2 or 3(mod 4),
= + vV D2if d = 1(mod 4)

d ha €1 = Fundamental Unit of I N(ey)
2 1 1+ o —1
3 1 24+ o +1
5 1 [ -1
6 1 5420 +1
7 1 8+ 3w +1

10 2 34+ -1

11 1 10 4+ 3w +1

13 1 l4+o —1

14 1 15 + 4o +1

15 2 4+ o +1

17 1 3+ 2w -1

19 1 170 + 39w +1

21 1 24+ o +1

22 1 197 + 2w +1

23 1 24 4 S +1

26 2 5+o —1

29 1 24+ o —1

30 2 11 4+ 2w +1

31 1 1520 + 2730 +1

33 1 19 + 8w +1

34 2 35 4+ 6w +1

35 2 6+ w +1

37 1 542w —1

38 1 37 4+ 6w +1

39 2 25 + 40 +1

41 1 27 + 100 -1

42 2 13 4+ 2w +1

43 1 3482 + 531w +1

46 1 24335 4 3588w +1

47 1 48 + To +1

51 2 50 + 70 +1

53 1 3+ow —1

55 2 89 + 12w +1

57 1 131 4 40w +1

58 2 99 + 13w |

59 1 530 + 69w +1

61 1 17 4+ Sw -1

62 1 63 + 8w +1

65 2 74+ 20 —1

66 2 65 4 8w +1

67 1 48842 + 5967w +1

69 1 11 4 3w +1

70 2 251 4 30w +1
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TaABLE 2 (continued)

d ha ¢; = Fundamental Unit of I N(eq)
71 1 3480 + 4130 +1
73 1 943 + 2500 —1
74 2 43+ Sw —1
77 1 44w +1
78 2 53 4 6w +1
79 3 80 4+ 9 +1
82 4 9+ —1
83 1 82 4+ %0 +1
85 2 44+ o -1
86 1 10405 + 11220 +1
87 2 28 4 3w +1
89 1 447 + 10600 —1
91 2 1574 4 1650 +1
93 1 13 + 3w +1
94 1 2143295 + 2210640 +1
95 2 39 + 4o +1
97 1 5035 + 1138w -1
101 1 9+ 2w -1
102 2 101 + 10w +1
103 1 227528 + 22419w +1
105 2 37 + 8w +1
106 2 4005 + 389w -1
107 1 962 + 9w +1
109 1 118 + 25w -1
110 2 21 + 20 +1
111 2 295 + 28w +1
113 1 703 4 146w -1
114 2 1025 + 96w +1
115 2 1126 + 1050 +1
118 1 306917 + 28254 +1
119 2 120 + 11w +1
122 2 1l+ow —1
123 2 122 + 11w +1
127 1 4730624 + 4197750 +1
129 1 15371 + 2968w +1
130 4 57 + Sw —1
131 1 10610 + 927w +1
133 1 79 + 150 +1
134 1 145925 + 12606 +1
137 1 1595 + 298w —1
138 2 47 + 4o +1
139 1 77563250 + 6578829 +1
141 1 87 + 160 +1
142 3 143 + 120 +1
143 2 24w +1
145 4 11 4+ 2w -1
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TaABLE 2 (continued)

d ha €1 = Fundamental Unit of I N(ey)
146 2 145 4+ 12w +1
149 1 28 + Sw -1
151 1 1728148040 + 140634693 +1
154 2 21295 + 17160 +1
155 2 249 + 20w +1
157 1 98 + 17w -1
158 1 7743 + 6160 +1
159 2 1324 + 105w +1
161 1 10847 + 1856 +1
163 1 64080026 + 5019135w +1
165 2 6+ +1
166 1 1700902565 + 1320156420 +1
167 1 168 + 13w +1
170 4 13+w -1
173 1 64+ w —1
174 2 1451 + 110w +1
177 1 57731 + 9384 +1
178 2 1601 + 120w +1
179 1 4190210 + 3131910 +1
181 1 604 4+ 970 -1
182 2 27 + 2w +1
183 2 487 + 36w +1
185 2 63 4 10w —1
186 2 7501 4+ 550c0 +1
187 2 1682 4+ 123w +1
190 2 52021 + 377w +1
191 1 8994000 + 650783 +1
193 1 1637147 + 253970 -1
194 2 195 + 140 +1
195 4 144+ o +1
197 1 13 4+ 20 -1
199 1 16266196520 +- 1153080099 +1
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TABLE 3

Class Numbers of Imaginary Quadratic Fields Q(+/ —d)

d haq d ha d ha
1 1 67 1 134 14
2 1 69 8 137 8
3 1 70 4 138 8
5 2 1 7 139 3
6 2 73 4 141 8
7 1 74 10 142 4

10 2 77 8 143 10
11 1 78 4 145 8
13 2 79 5 146 16
14 4 82 4 149 14
15 2 83 3 151 7
17 4 85 4 154 8
19 1 86 10 155 4
21 4 87 6 157 6
22 2 89 12 158 8
23 3 91 2 159 10
26 6 93 4 161 16
29 6 94 8 163 1
30 4 95 8 165 8
31 3 97 4 166 10
33 4 101 14 167 11
34 4 102 4 170 12
35 2 103 5 173 14
37 2 105 8 174 12
38 6 106 6 177 4
39 4 107 3 178 8
41 8 109 6 179 5
42 4 110 12 181 10
43 1 111 8 182 12
46 4 113 8 183 8
47 5 114 8 185 16
51 2 115 2 186 12
53 6 118 6 187 2
55 4 119 10 190 4
57 4 122 10 191 13
58 2 123 2 193 4
59 3 127 5 194 20
61 6 129 12 195 4
62 8 130 4 197 10
65 8 131 5 199 9
66 8 133 4
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Notation

Z IntegerS. . . .t e e e 6
@ Rationalnumbers. . .............. ...ttt 6
IR Realnumbers. .. ........ ... .ttt iineennnnnn 6
C Complexnumbers. .. .........oiuiiuiiiniiinennnnnenns 6
Lower caseitalicCh. 1-6-Integers . . . .......... ... ... .. ... 7
Ch.7-11-Rationals . ............. ..., 7

Lower case Greek letters - Elements in a quadratic field . ............. 211
QVd ) w i e e e e 210
7 1 - 12

L { / 12

BCA(@, D) - o e v v e e e e 17
Iem(@,B) - oo e 24
1N 34
XEPMOAN) . . o ot e e 40
XZEYMOAN) . ..o e e 40
A=b=c(modn). .. .o e e 44
D) e 54
F €3 TP 72
)=, gx)modnm). ..o 78
degy fr) - e e 79
ordp Qe et e e e e e e e e e 87
Ofd, . . .o 94
inda. ... e e 96
(g YLegendre symbol . . . ....... ..ottt 106
[a]. .. e 117

(&) Jacobisymbol . .. ...... ... 131
d(n) . oo e e 136
(0 () 136
() T 137
O () A 137,174
TR e e e 145
771 () SO 147
ry (n) ............................................... 169
i - e 195

BB 198,249

Al e 212

Y . (7 F S 212

N(@) oo e e e 212
T 215

28 216



354 Notation

{a,ﬁ} ............................................... 221
A(AB) - v v rw v 224
g e e e e e e e e 226
O e e e e e e e e 229
D e e e e e e 236
=3 237
BCA(@,B) e v vt e 251
Ideals are MOMZETO . - - « <« « v ot e et ettt ettt et neeeenennns 253
A=BMMOAM) .o oo e 256
(A:M). o e 258
NM .o e 258,259
MiM,y . e e e e 261
M e e 263
) R o 266
AL B o e e e 269
) e 2 283
7 283
Ry o e e e e e e 283
3 283
S 287
B a7 -2 308
8 2 P 309
M = M Qe o o o s o o o s s e s e s s s e s e s e s e s s e e e s e e e e e s e e e e e e s 314
e 314
RS 314
M 318
P 320



Diophantine Equations

Ax F DY = C i e e 2,3,18,20,23,24,51
ax + by tcz=d ... e e e 24,25
X2 = 22 S0 it e 2
X2yl =z e 2,156,159ff,208
X 4y =2 e 54,295ff
Xt oyt =t 157
Xyt = 162ff
X4yl =zl e e 5,162,295
ax? + by =0 i 65,132-133,135
2x2+3xy +8y2 41320 i 135
Yri=xd b k.o 63,208,290ff,292-293
T s 43
i 294
P2 =X b 23 e 62
PEExd — T4 e 290
B i ) PR P 295
P X — A e 295
P2 =X — T e 65
Yi=x3+@n-1)2 —4m? ... e 65
Y= AS e 133
X2 4yt =n . 4,156,165ff,194ff,205ff
X2+ y2+z22+wl=n .. 137,157,170ff
X2 —dy? =l e 157,174ff,236
X2 =2y = e 175,178,181
D L 182,209,214
ax*+bxy+cyl=n........... 4,158,192ff,210,219ff,228,246ff,307{f
X2 43Xy = 5P =65 e 246ff
X2 Xy = TP =M e 328ff
x* 4 6y> =m b 3436
2x* +3y“=m

X3 =2y = 190
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A

Abelian group, 223

Absolute value of a Gaussian integer,
196

Abstract algebra, 4

Algebraic geometry, 99

Algebraic number fields, 301ff

Algebraic number theory, 4, 98, 193,
306

Alkhayami, Omar, 185

Amicable numbers, 152, 155

Analytic number theory, 29

Archimedes, 175, 185

Arithmetic function, 136ff

Arithmetic inverse, 47, 52, 56, 57,
58, 60, 88, 102

Associate, 199, 200, 242, 249, 304,
330,333

Astrologers, 155

B

Babylonians, 159
Bachet, Claude, 170

Index

Bachet equation, 63, 133, 208, 222,
290ff

Baker, Alan, 63, 290

Basen, 17

Basis of a lattice, 288

Basis of a module, 221, 223, 260,
262, 265, 302

Belongs, 254

Bertrand’s postulate, 33

Binary quadratic form, 219ff, 307ff

Binomial coefficient, 16, 26, 32, 65,
72,121

Binomial theorem, 72

Borevich, Z. 1., 241, 306

Box principle, 186

Brillhart, John, 155

Brouncker, Lord, 175

c

Calculus, 29, 33
Calendar, 185
Casting out nines, 57
Ceasar, Julius, 185
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358

Chinese, 1, 69
Chinese remainder theorem, 68ff, 77,
119,133
Clark, A. A, 123
Class number, 282ff, 283, 291, 293,
294, 306, 310, 313, 321
Class of forms, 309, 321
Clock, 39
Coefficient ring, 228ff, 229, 264, 304
Common divisor, 17
Common multiple, 24
Complete residue system, 45, 46, 49,
52,57,58
Complete residue system modulo 4
module, 257, 259
Complete set of nonassociate ele-
ments of fixed norm, 243, 245
Completing the square, 102
Complex conjugate, 212
Complex numbers, 6, 194, 209, 210,
211
Composition of forms, 334ff, 338
Computers in number theory, 5, 57,
65, 155
Conductor, 231
Congruence, 39ff, 40, 66ff, 297
cubic, 94, 98, 104
of Gaussian integers, 204
linear, 50, 52, 57, 58, 73,.101
modulo 4 module, 256
modulo 4 prime, 78ff
modulo 4 prime power, 66ff
of polynomials, 78
Conjugate, 196, 212, 302
Conjugate, module, 263
Continued fraction, 27, 175, 182,
186, 241
Convolution of arithmetic func-
tions, 145
Correspondence between modules and
forms, 321
Coset, 256
Cubic reciprocity, 98

D

Davis, Martin, 191
Decomposed prime, 275, 279, 329,

Index

Decomposed prime (cont.)
330, 342
Dedekind, Richard, 98, 192
Degree of a polynomial mod n, 79
Denominator in a quadratic field,
218
Derivative, 72
Descent, method of, 157, 163, 166,
168,170, 296
Determinant of a lattice, 288
Different solutions mod n, 50
Diophantine approximations, 184ff
Diophantine equations, 3, 4, 11, 18,
19, 22, 23, 41, 42, 43, 132ff, 156
156ff, 191£f, 209, 214, 219, 290ff,
334
Diophantus, 2, 3, 4, 5, 163, 165
Dirichlet, Lejeune, 4, 98, 192, 334
Dirichlet’s box principle, 186
Dirichlet’s theorem, 186, 190
Discriminant:
of a, B8, 224
of a class, 310
of a form, 219, 309
of a module, 226
of a quadratic field, 228
Disquisitiones Arithmeticae, 98, 123,
192,334
Divides, 11, 12ff, 41, 198, 249
Divisibility of modules, 269
Division algorithm, 13, 18, 195, 198,
253
Division of polynomials, 79, 80
Divisor function, 136

E

Egyptians, 1
Eisenstein, F. G., 98, 121
Elementary number theory, 4
Equivalence of forms, 307ff, 308
Eratosthenes, sieve of, 30, 31
Euclid, 29, 36, 120, 153
Euclidean algorithm, 19, 25, 26, 191
Euclid’s Elements, 19
Euclid’s lemma, 27, 201, 252

for modules, 271



Index

Euler, Leonhard, 33, 34, 36, 37, 54,
58,59, 98, 108, 109, 122, 123,
170,175, 192

Euler criterion, 93, 107, 108, 109,
111,113

Euler phi function, 54, 56, 58, 59, 77,
95,96, 111, 136, 137, 146, 149,
150, 152

Euler’s theorm, 46, 59, 137

F

Factor, 12
Factorial, 55
Factorization, 10, 11, 249ff
Farey sequence, 26
Fermat, Pierre, 4, 5, 59, 98, 109, 155,
157, 162, 163, 165,170, 175, 191,
192, 295
Fermat prime, 15
Fermat’s Last Theorem, 5, 54, 98, 157,
159, 162, 192, 222, 295ff
Fermat’s Little Theorem, 46, 59, 61,
80, 82,107
Fibonacci sequence, 26, 183
Field, 7
Figurate numbers, 16
Form, 219ff
Formal derivative, 72
Four square theorem, 170
Fractional part of a number, 117
Fundamental factorization theorem for
modules, 269
Fundamental solution of Pell’s
equation, 180, 183
Fundamental theorems:
of algebra, 301
of arithmetic, 11, 28
of arithmetic in Gaussian integers,
1971f, 202
Fundamental unit, 237, 238, 240

G

Gauss, 4, 6, 32, 98, 112, 123, 158,
192,310, 313, 334, 339, 345

359

Gaussian integers, 193, 194ff, 195,
209, 214, 221, 249, 250, 252

Gaussian prime, 201, 202, 205ff

Gauss’ lemma, 112ff, 122, 123, 126, 129

Generalized integer, 192, 255

Generalized rational number, 255

Genus theory, 345

Geometric series, 37

Goldbach, Christian, 6

Goldstein, L. J., 193

Good luck charm, 155

Greatest common divisor, 1 7ff, 24, 32,
199, 249, 252

of modules, 270
Greeks, 2, 3, 16, 184
Group, 7, 237, 287

Hamilton, William, 170
Hardy, G. H., 174, 182, 241
Hexagonal number, 16
Hilbert, David, 33, 158, 191
Horoscopes, 155

Hurwitz theorem, 188

Ideal, 98, 192, 249, 252-254, 272,
273
Ideal class group, 287, 291, 337ff
Ideal number, 192
Identity, 165, 171
Indefinite form, 311
Indices, 95
of a, 96
of modules, 258
Induction, 7, 8, 28
Inert prime, 275, 279, 328, 342
Infinite descent, 157, 163, 166, 168,
170
Infinite product, 34
Infinitude of primes, 29, 33ff, 120
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Integer, 1, 6
in an algebraic number field, 304
in a cubic field, 218

in a quadratic field, 193, 214ff, 215

Integral domain, 249

Integral module, 254, 260

Inverse, arithmetic, 47, 52, 56, 57,
58, 60, 88, 102

Irrational number, 176, 192

Irreducible element, 249

Jacobi, Carl, 174

Jacobi symbol, 131, 137,279
reciprocity law, 132, 280

Johnson, Wells, 5

Julian intercalation, 186

K

Kummer, Ernst, 98, 192, 252

L

Lagrange, Joseph-Louis, 4, 98, 109,
137,170, 175,192

Lang, Serge, 306

Lattice, 288

Least common denominator, 11

Least common multiple, 24, 25, 32

Legendre, Adrien-Marie, 4, 98, 107,

127

Legendre symbol, 106ff, 115, 122,
126,132,279

Lehmer, D. H., 155

Lehmer, Emma, 155

Linear algebra, 213

Linear combination, 213

Linearly dependent, 302

Index

Linearly independent, 213, 214, 227,
302

Littlewood, J. E., 170

Logarithm, 92, 96

Logic, 191

M

Mathematical induction, 7, 8

Matiyashevich, Yun, 191

Mersenne prime, 32, 58, 153-155

Merten’s conjecture, 151

Minkowski, Hermann, 285, 288, 296

Mobius function, 138, 147ff

Mobius inversion formula, 146ff

Module, 221, 254, 302

Modulo, 40

Mordell, L. J., 63, 290

Multiple, 12

Multiplicative, totally, 139

Multiplicative arithmetic functions,
138f£f, 139, 147

Mystics, 155

N

Narrow sense, similar in, 314
Negative definite form, 311
Niven, Ivan, 186

Norm, 196, 212, 302

Norm form, 303

Norm form equations, 300ff
Norm of a module, 258, 259
nth power residue, 92
Numerology, 153

o)

Odometer, 39
Order, 234



Index

Order mod n, 94
Order mod p, 86ff
Ordered basis, 315, 316

Pell’s equation, 157, 174ff, 191, 209,
214,236,238

Pentagonal number, 16

Perfect number, 152ff, 153

Persian intercalation, 185

Phi function, 54, 56, 58, 59, 77, 95,
96,111,136, 137, 146, 149, 150,
152

Pi, 184

Pigeon hole principle, 186

Pollard, Harry, 306

Polynomial congruences, 66£f, 99,
100

Polynomial identity, 16, 90

Polynomials, congruent, 78

Positive definite form, 311

Positive solution of Pell’s equation,
179

Power residue, 92, 96

Prime, 10, 27, 29-31, 249

Prime discriminant, 228

Prime module, 268ff, 274ff

Primitive class, 311

Primitive form, 311

Primitive Pythagorean triple, 161

Primitive root, 85ff, 86, 96

Principal ideal, 253, 291

Product formula for ¢ (s), 34

Product of modules, 261 ff

Proper equivalence, 308

Properly represented, 334

Putnam, Hillary, 191

Pythagorean equation, 2, §, 156,
159ff, 208

Pythagorean theorem, 2, 159

Pythagorean triple, 2, 158, 162, 163,
169

Pythagoreans, 2, 153, 159
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Quadratics:
congruence, 98, 101ff
diophantine equation, 4, 156, 192ff
field, 4, 158, 193, 210ff, 290
formula, 102
nonresidue, 105, 111
polynomial, 78
reciprocity, 98, 100ff, 115, 122ff,
130, 131
reciprocity, first form, 122
reciprocity, second form, 127
residue, 95, 104ff, 105, 111, 171
Quartic reciprocity, 98
Quaternions, 170
Queen of Mathematics, 6

Ramified prime, 275, 276, 279, 328,
342

Rational integers, 217

Rational numbers, 6

Real numbers, 6, 211

Reduced form, 313

Reduced residue system, 53, 54, 59,
71, 204

Reduction theory, 313

Relatively prime, 17

Remainder, 13

Represented by a class, 310

Represents, 307, 325ff, 340

Residue system, complete, 45, 49,
57, 58,62

Riemann, Bernhard, 34

Riemann hypothesis, 151

Riemann zeta function, 34

Ring, 7, 230

Ring of coefficients, 228ff, 229, 304

Robinson, Julia, 191
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Selfridge, John, 155

Septagonal number, 16

Set theory, 7

Shafarevich, L., 241, 306

Sieve of Eratosthenes, 30, 31
Similar in the narrow sense, 314
Similar modules, 263, 283, 305
Similarity class, 283
Simultaneous congruences, 66ff
Square, perfect, 15, 16, 49
Square free integers, 210, 216, 220
Square free part, 111

Squares, sum of four, 137, 157, 170ff

Squares, sum of two, 4, 156, 165ff,
194ff, 205, 310

Stark, Harold, 290

Strict class group, 33 7ff

Strict class number, 314

Strict equivalence, 308

Strict similarity class, 314

Strict similarity of modules, 313ff,
314

Sum of modules, 266

T

Talisman, 138, 155

Taylor’s formula, 72

Thue, A., 190

Totally multiplicative, 139, 144

Trace, 212

Triangular number, 16

Tuckerman, B., 155

Twin primes, 29

Two square theorem, 4, 156, 165ff,
194ff, 205ff, 310

Index

Unimodular substitution, 308

Unique factorization, 11, 17, 27ff,
33,193, 195, 1971f, 202, 209,
249ff, 273

Unique factorization domain (UFD),
249

Unit, 195, 197, 2341f, 240, 242, 249,
296, 304

Unit theorem, 234ff, 236, 237

Vector space, 213

w

Wallis, John, 175

Waring’s problem, 158

Well ordering principle, 7, 163

Wilson’s theorem, 46, 59, 60, 64, 85,
95,98,109

Wohlstenholme’s theorem, 65

Wright, E. M., 174, 182, 241

Zeta function, 34ff
Zuckerman, Herbert, 186



